JOURNAL  OF 

MATHEMATICS  AND  PHYSICS 

Massachusetts 
Institute  of  Technology 


Volume  X 
1930-1931 


EDITORS 

FREDERICK  S.  WOODS,  Professor  of  Mathemstics,  Chairman 
FREDERICK  O.  KEYES,  Professor  of  Physico-Chemical  Research 
VANNEVAR  BUSH,  Professor  of  Electric  Power  Transmission 
MANUEL  S.  VALLARTA,  Associate  Profesaor  of  Physics 
CLARENCE  L.  E.  MOORE,  Professor  of  Mathematics 


MANAOINO  EDITOR 

PHILIP  FRANKLIN,  Associate  Professor  of  Mathematics 


CONTENTS 


PAGE 


An  Extension  of  I^mlau’s  Theorem  in  the  Analytical  Theory 


of  Numbers . 1 

By  Shikao Ikehara 

Some  Formulas  for  the  Strength  of  the  Magnetic  Field  of  a 

Cylindrical  Coil . 13 

By  Robert  F.  H.  Chao 

The  Ger)metr)'  of  Algebraic  Pfaffians . 19 

By  C.  L.  E.  Moore  and  P.  Frankmn 


The  Calculation  of  Resistances  to  Ground  and  of  Capacitance  50 
By  Herbert  Bristol  Dwight 

Gn  Tauberian  Theorems  of  Hardy  and  Littlewocd  and  a  Note 

on  W'intner’s  Paper . 75 

By  Shikao  Ikehara 

Gn  Integral  Functions  with  Real  Negative  Zeros  .  .  .84 

By  Shikao  Ikehara 

A  Note  on  Infinite  Products . 92 

By  Shikao  Ikehara 

Pfaffians  in  Parametric  Form . 95 

By  C.  L.  E.  Moore  and  P.  Franklin 

The  Mapfiing  Theorem  of  Koelie  and  the  Problem  of  Plateau  10') 
•  By  Jesse  Douglas 

Stirling  Expansions  Derived  by  Means  of  Finite  de  I^  Vallee- 


Poussin  Summation . 131 

By  Raymond  D.  Douglass 

Geodesics  of  Pfaffians . 157 

By  P.  Franklin  and  C.  L.  E.  Moore 
iii 


402250 


IV 


CONTENTS 


PAGE 

Synthesis  of  a  Finite  Two-terminal  Network  whose  Driving- 

point  Impedance  is  a  Prescribed  PTmction  of  Frequency  191 
By  Otto  BUrne 

letter  to  the  Editor . 237 

By  G.  VV.  O.  Howe 

Dirac  Equations  in  General  Relativity 

1.  Four  Dimensional  Theory . 239 

By  J.  A.  SCHOUTEN 

Dirac  Equations  in  General  Relativity 

2.  Five  Dimensional  Theorj- . 272 

By  J.  A.  SCHOUTEN 

A  New  Deduction  of  the  Gaussian  Distribution  .  .  .  284 

By  Norbert  VVTener 

Algebraic  Matric  Elquations . 289 

By  Philip  Franklin 

The  Problem  of  Plateau  for  Two  Contours  .  .  .  .315 

By  J  ESSE  Douglas 


»  AN  EXTENSION  OF  LANDAU’S  THEOREM  IN  THE 
ANALYTICAL  THEORY  OF  NUMBERS 

By  Shi  KAO  Ikbhaka 

1.  Introduction 

Abel’s  theorem  states  that  if  is  convergent,  then  lim  2Io,x" 
exists  as  X  1  by  real  values;  and  is  equal  to  ^a..  The  converse 
theorem,  however,  that  the  existence  of  lim  53fl,,x"  implies  the 

S-»l-0 

convergence  of  ''ot  unconditionally  true.  Tauber  ‘ 

showed  that  if  lim  ^a,x"  »  A  and  lim  *  0.  it  follows  that 

*  A .  Hardy  and  Littlewood  *  have  shown  that  lim 

0 

»  A  and  the  auxiliary  condition  that  na,  >  —  K  form  a  suffi¬ 
cient  hypothesis  for  this  condition:  ”  A.  The  term 

“Tauberian  theorems”  is  applied  to  theorems  of  this  type, 
namely  those  which  involve  some  hypothesis  on  the  rapidity  of 
growth  of  the  terms  of  a  series,  and  under  this  assumption  proceed 
in  the  ordinary  sense  from  the  given  summability  of  the  series  by 
some  particular  method  to  its  convergence. 

The  methods  of  Hardy  and  Littlewood  are  difficult,  involving  as 
they  do  repeated  differentiations  and  they  are  furthermore  but 
little  systematized,  so  that  each  ptarticular  theorem  involves  a 
considerable  amount  of  manipulation  peculiar  to  itself.  Robert 
Schmidt  *  attacked  the  problem  by  means  of  theory  of  moments 
and  gave  a  general  theory  of  Tauberian  theorems  adequate  to  deal 
with  the  majority  of  known  cases. 

Introducing  the  method  of  Fourier  analysis.  Professor  Wiener  * 
brought  about  not  only  a  systematization,  but  a  simplification 
of  a  large  portion  of  the  field  in  the  theory  of  Tauberian  theorems. 
He  puts  Tauberian  theorems  in  the  form:  if  a  function  has  a  mean 
value  of  a  certain  type  for  large  values  of  its  arguments,  and  if 
1  1 
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the  rate  of  growth  of  the  function  is  subject  to  certain  restrictions, 
then  the  function  has  a  limiting  value  at  infinity.  Closely  related 
to  theorems  of  this  type  are  theorems  which  read  as  follows:  if  a. 
function  has  a  mean  of  a  certain  given  type  at  infinity,  and  its 
growth  is  restricted  in  a  certain  given  manner,  then  it  has  a  mean 
of  a  certain  other  given  type  at  infinity. 

By  means  of  theorems  of  this  type,  he  applied  his  method  to 
prove  the  Og,  Tauberian  theorems  for  Abel,  Lambert,  and  Borel 
summation,  and  the  Ces^ro  summability  of  the  Fourier  integral.* 
Moreover,  his  proof  of  the  theorem  on  Lambert  summation 
practically  proves  the  classical  theorem  of  the  distribution  of 
primes,  and  is  the  first  method  of  proof  that  does  not  assume  the 
validity  of  the  theorem  first.  S.  B.  Littauer  •  developed  other 
theorems  of  this  character  which  may  be  applied  to  questions  of 
the  summability  of  Fourier  series  and  integral. 

The  author  wishes  to  e.\pre8s  deep  gratitude  to  Professor 
Norbert  Wiener  for  his  encouragement  and  guidance  during  the 
progress  of  this  paper. 

11.  Wiener’s  Tauberian  Theorems 


For  our  purpose  we  state  Professor  Wiener’s  Tauberian  theorems 
as  follows:  Let  |.Mt(x)}  be  a  class  of  real  functions  which  are 


(*(logx)» 


^  both  at  0  and  at  «,  and  let  Mt{x)  be  a  real  function 


which  is  also  O  (  — 77- — ^  J  at  0,  and  at  «>,  and  which  are  both 
\  X  (log  x)*  / 

bounded  over  hery  interval  (c,  1/c).  Let  {3/t(x)}  be  non-negative 
and  measurable,  and  let  any  real  number  A  be  given,  then  there  is  a 
k  such  that 


is  not  zero  for 


Mk(x)x 


•“dx 


-A  <u  <A. 


Let  A/i(x)  be  continuous  except  for  a  finite  number  of  finite  jumps. 
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Let  be  a  non-negative  measurable  function  such  that 
.(a)  ^  ^  ^  ~  ^  Mt(x)dx  =  C  J"  Nt(x)dx; 


(b) 

Then 

(c) 


r-(;) 

sX '(;) 


Mk{x)dx  is  bounded.  (0  <  y  <  » ) 


Mt{x)dx  =  C 


M,(x)dx. 


Following  Professor  Wiener’s  method  of  proof  we  shall  show 
that  our  extension  leaves  his  theorem  still  valid. 

Introducing  transformations 

X  =  «*;  y  =  *Af*(x)  * 

xA/,(x)=  0(x)  =/({); 


the  theorem  can  be  put  in  the  form:  Let  lJVt(()i  be  a  class  of 
bounded  functions  which  are  0{\j^)  at  :k  <*>,  and  let  Nt{0  be  a 
bounded  function  which  is  also  0(l/'{*)  at  ±  <*>.  Let  Ni,(^)  be 
measurable  and  non-negative',  and  let  any  real  number  A  be  given, 
then  there  is  a  k  such  that 

f\,a)e^^d( 

is  not  zero  for 

—  A  <  u  <  A. 

Let  be  continuous,  except  for  a  finite  number  of  finite  jumps. 
Let  /(()  be  a  non-negative  measurable  function  such  that 

(a)  lim  r  /({  -  yi)N,(i)di  »  C  T  ; 

(ft)  J  /({  —  i\)Nk{i)di  is  bounded.  [—  <«><ii<<»] 

Then 

(c)  lim  r  /({  -  v)Nt(^)di  =  C  r  Ntii)di. 
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L«t  R(i)  be  an  absolutely  integrable  function,  then  we  shall 
show  that 

-  f)/?(r)rfr 

satisfies  (c). 

Since  R  is  absolutely  integrable  and  both  /  and  Nk  are  non¬ 
negative,  we  can  invert  the  order  of  integration,  i.e., 

f_j((  -  n)mm  - 

Write 

fja  -  -  ^(n); 


the  function  is  then  a  bounded  function  approaching  0  as  i;  tends 
toward  —  ». 

We  have 


-r)df| 

■  I  f-l  I  I X* 

,  -I- maxl^f-(ij  -  f)l  r  |-R(f)|df. 

f2ia  »/ — ■ 

It  follows  that 


ii*"- 1  f  ~ 

and  as  B  is  arbitrary,  that 


maxl^f-(i»)|  J*  |/?(f)|df, 


/?(r)f (n  -  f)df 


0, 
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or  as  we  may  write  it,  that 

^  Cm  -  v)Nim  r  Rim  f*  N,im 

- 

The  boundedness  of  N  follows  from  that  of  and  the  absolute 
integrability  of  R.  Thus  any  function  Ni^)  satisfies  (c). 

Let  us  put 

h,(u)  =  f"^Nta)e^d( 

which  we  assume  not  zero  for 

-A  <  u  <A. 

By  the  Plancherel  theory  of  the  Fourier  transform, 
gt(u)  »  l.i.m.  f 

«-»■  »/-M 

exists  as  a  measurable  function  the  square  of  whose  modulus  is 
Lebesgue  integrable  from  —  oo  to  We  have 

gk(u)du  «  J'  «*•*</«  »  htifi)  -  A*(a). 

The  function  ht(u)  is  thus  a  non-vanishing  function  in  the  finite 
region  of  u. 

Let  be  a  bounded  function  which  is  0(l/(*)  at  ±  » .  Let 
J(u)  -  J^JV(C)/-J(, 

and  let 

t(u)  *  l.i.m.  f  i(N(()e*^d$. 

M~*m  J-B 

As  above,  we  have 
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Let  US  make  the  further  restriction  that 
t{u)  =  0  [|m|  2: 

The  proof  is  as  follows:  consider 

hk{u)t{u)  -  f*(u)j(«) 
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sponding  functions  without  the  N.  Then  it  can  be  shown  that 
Af  («)^(i«)  -  g^(u)s^(u) 


Similarly, 


l.i.m. 

ff-*m 


lim 


s^iu)  s(u) 


=  «(«). 


h^u)  h,{u) 


uniformly  in  u.  Since 


hUMt^ju)  -  t'iu)s'*{u)  s^(0)  s^(a) 

ZhUMj  h^a)' 


we  have 

.  sifi)  s{a) 

J. 

Write 

then 

JV({)  -  f[ 

Also 

J'  w(u)e  *'^du  is  quadratically  summable;  hence,  by  means  of 
the  Schwartz  inequality  we  can  show  that 

I /?({)!</{  and 

are  bounded.  From  the  above  /?(()  is  absolutely  integrable  from 
—  oo  to  00.  Thus  Ar*({)  satisfies  (c). 


III.  On  Landau’s  Theorem 
We  propose  to  prove  the  theorem : 

Let  <p{x  +  »y)  “  S  converge  absolutely  when  x 

Let  the  analytic  function  <p  be  continued  on  to  the  line  x  =  1,  and 
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let  it  be  analytic  there,  except  for  a  pole  of  order  1  with  residue  A 
a/  X  +  *  1 ,  then 

1  " 

lim  •jzY.dh  ^  A. 

S-*m  tr  1 

Landau '  proved  this  theorem  with  the  aid  of  the  additional 
condition  that: 

ifiix  +  iy)  ~  0(\y\*). 

We  shall  proceed  to  prove  that  the  other  condition  is  not  necessary 
to  the  proof  of  the  above  theorem. 

Let  us  first  consider  a  generalized  theorem  of  Hardy  and 
Littlewood,*  which  reads: 

Suppose  that  (i)  the  series  ^  a,X;r*  w  absolutely  convergent  for 
c  >  Of  >  0;  (ii)  the  function  F{s)  defined  by  the  series  is  regular  for 
o  >  c,  where  0  <  c  ^  a«,  and  continuous  for  o  ^  c;  (iii)  F(s) 
“  O  where  C  <  Jr,  uniformly  for  a  ^  c;  (iv)  -*  1 ; 

(v)  a.  is  real,  and  satisfies  one  or  other  of  the  inequalities. 
a,  >  -  -  X»_i),  a,  <  #lX;“‘(X,  -  X*_i),  or  is  complex 

and  of  the  form  0|X,*~'(^  ~  (vi)  F{s)  has  a  simple 

pole  at  the  point  s  c,  and  that  the  residue  at  the  pole  is  g.  Then 

“  Ci  +  o*  +  oi  +  •  •  •  +  a«  ~  • 


If  we  suppose  that  in  the  above  theorem  a„  >  0,  that  F(s)  is 
regular  on  the  line  r  «  c,  and  that  the  equation  F{s)  “  O(e*‘'0  is 
replaced  by  F{s)  *.0(1/1*),  the  theorem  reduces  to  that  of 
Landau.  ^ 

We  shall  show  that  the  theorem  of  Hardy  and  Littlewood  can 
be  proved  without  use  of  the  conditions  (iii),  and  (v). 

Consider  that: 

^(x)  »  ^  o,n-'. 


Integrating  this  function  from  x  to  b{x  and  b  >  1),  we  have 


i: 


<fi{x)dx 


(log  n)  (log  n)  ’ 


(1) 
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In  this  integration  we  changed  a  pole  to  a  logarithmic  singularity. 
If  we  integrate  (1)  again  from  x  to  b  (x  and  b  >  1),  we  obtain: 


(log  n)*  (log  n)  (log  n)  ^ 


(2) 


It  will  be  noticed  that  the  second  integration  transformed  loga¬ 
rithmic  singularity  to  a  finite  quantity;  in  other  words,  the  whole 
expression  of  (2)  is  bounded.  The  second  and  third  term  in  (2) 
converge  for  a  sufficiently  large  value  of  b.  The  first  term  is  thus 
a  bounded  monotone  non-increasing  function.  Hence  it  should 
reach  a  definite  limit  as  x  -4  1 ;  i.e., 


Next,  we  evaluate 


.Li  (log  n)2 


C. 


(3) 


i£('  -  ¥) 


tr‘~^er*'‘*dy 

(l-^)co8(«  +  log  n)ydy 


Writing 


We  have  from  (4) 


rB(n  4-  log  n) 
V>(x  -h  iy)  « 


^  [1  -  cos  (tt  -h  log  (4) 


o,n-*(l  -  cos  B(u  -f  log  w)) 

^  wB{u  +  log  n)»  ^  ^ 


when  X  ^  1 .  Since  this  series  is  less  term  by  term  than  the 
convergent  series  (3),  this  is  certainly  convergent. 

The  expression  (3)  can  be  put  in  the  form : 
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^  jT  (  *  -  J  +  *y)  +  <fi{x  -  iy)2  co»  uy 

-  il<p{x  +  iy)  -  ifi(x  -  !>)]  sin  uy\dy. 


Placing  X  *  1,  we  get  finally 


hfo  ( ’  “  I ) 

-  »[^(1  +  iy)  —  ^(1  -  iy)2  sin  uy\dy 

^  —  a,[l  -  cos  B(u  -f-  log  «)] 
^  airB(n  +  log  «)* 


^(1  +  iy)  “  ^ 

where  g{iy)  is  an  analytic  function.  Then 


<fiiy  +  iy)  +  v>(l  -  iy)  -  giiy)  +  g(  -  iy)  -  G{iy). 


Hence: 


jT  [^(1  +  iy)  +  ^(1  -  »>)]  cos  uydy 

»  I  Giiy)  cos  uydy 
Jo 

1  r* 

=  -  I  Giiy)disin  uy) 

U  ,/o 

I  r*  1  r* . 

=  -  I  (7(ty)  sin  wyrfy - (  sin  uyG\iy)dy 

'  M  «/o  M  «/o 

-0)- 


Similarly: 


>1  A 

^(1  +  iy)  -  ^(1  -  iy)  =  r.  +  f(*>)  +  r  “  «(“  *» 
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and  therefore 


”  *X  ~  ~  **" 


Since 


—  2A  f  -h  i  f  H{iy)  sin  uydy 

Jo  y  Jo 


0  y 

sin  uy 
uy 


d{uy)  +  0 


il) 


A 

•  r  Jo  uy  ^  "  2 


we  have  from  (6) 


E  g«[l  -  cos  B(u  -I-  log  n)] 
nirB{u  +  log  n)* 


lim  -r^ 

•  2t 


sin  uy  ,  A 

- duy  »  — 

uy  2 


If  we  place  «  *  log  x  in  (7),  we  have: 

—  cos  B  log  xn 


lim  L  — (- 
.-»•  «-i  »ir  V  • 


B  (log  xn)» 


A, 


(7) 

(8) 


which  is  true  for  every  B.  It  may  be  mentioned  here  that  the 
only  restriction  placed  on  a,  is  that  it  be  positive. 

To  sum  up  our  argument:  We  have  shown  in  (5)  that  the  class 
of  functions  we  are  dealing  with  is  bounded.  Since  the  weighting 
factor  is  (1  —  \y\lB),  the  Fourier  transform  of  ^(x  +  iy)  in  (4) 
is  zero  from  a  certain  point  on.  But  we  may  extend  the  range 
as  far  as  required  by  increasing  B.  Moreover, 


( 


1  —  cos  B  log  xn  \ 
B  (log  xn)*  ) 


in  (7)  is  a  bounded  measurable  function,  which  is  0(tl(xn)*)  at  0 
and  00. 

Hence  we  have 


1  ^ 

li*n  Tr2I  a*  **  A. 
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Thus  Wiener’s  condition  is  satisfied :  and  Landau’s  theorem  is 
proved  without  making  use  of  the  additional  condition.  More¬ 
over,  Hardy  and  Littlewood’s  theorem  is  proven  without  use  of 
the  conditions  (iii)  and  (v). 

As  an  immediate  consequence  of  our  theorem,  we  can  prove  the 
prime  number  theorem.  Suppose  that  A(fi)  is  zero  unless  fi  is  a 
power  of  a  prime  p,  in  which  case  A(n)  is  equal  to  log  p. 

Since 


21  A(n)ii”*“'»  » 

%m\ 


i'jx  +  iy) 

r(*  +  h) 


and  since  this  function  has  a  pole  of  order  1  with  residue  1  at 

*  +  »>  «  1, 


»  I 
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SOME  FORMULAS  FOR  THE  STRENGTH  OF  THE 
MAGNETIC  FIELD  OF  A  CYLINDRICAL  COIL 


By  Robbrt  F.  H.  Chao 

The  strength  of  the  magnetic  field  near  a  circular  coil  or 
solenoid,  in  a  non-magnetic  medium,'  is  a  useful  quantity  to 
compute  in  several  classes  of  electrical  work.  In  work  with 
laboratory  instruments  the  strength  of  held  near  a  coil  is  often 
required  to  be  known.  In  designing  magnetic  shields  for  circular 
coils,  the  held  in  a  non-magnetic  medium  is  required.  In 
computing  the  effect  of  current-limiting  reactors  on  structural 
steel  members  near  them,  the  strength  of  the  magnetic  held  is  of 
importance. 

In  this  paper,  a  number  of  formulas  for  the  strength  of  the 
magnetic  held  are  derived,  which  cover  a  large  part  of  the  held  of 

*  a  coil,  and  comparisons  are  made  with  published  formulas. 

•  The  simplest  formulas  are*  those  for  the  strength  of  held  of  a 
single,  circular  hlament  carrying  current,  and  these  will  hrst  be 
given. 

The  magnetic  potential  near  a  circular  hlament  carrying  a 
current  of  /  amperes  is  ‘ 

«/  2t/  •  I  /p\"*^‘ 

where  the  dimensions  are  in  cm.  and  are  as  indicated  in  Figure  1, 
where 

X  X 

^  *  »*  *  Vx»  -f  y» 

and  where  P»  and  PJ  denote  zonal  harmonics  and  their  deriva¬ 
tives.  See  Appendices  I  and  11.  The  letter  n  denotes  integers. 

'  Absolute  Measurements  in  Electricity  and  Magnetism,  by  Andrew  Gray, 
ed.  of  1893,  Vol.  II,  Part  I,  page  47,  eq.  (82). 
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If  the  circular  filament  have  its  center  at  the  origfin  of  codrdi- 
nates,  as  in  Figure  2,  the  terms  involving  even  values  of  n 
vanish  and  eq.  (1)  becomes 

<!>/  ir/r  3  a*  3.5  a* 


10  dy  10r*Lr  4  ■  4.6  r* 

Equations  (3)  and  (4)  are  suitable  for  points  at  a  distance  from 

*  See  "  Fourier’s  Series  and  Spherical  Harmonics,"  by  W.  E.  Byerly,  First 
Edition,  page  280. 
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the  center  of  the  circle  so  that  ajr  is  less  than  approximately  1. 
For  points  near  the  center  of  the  circle,  or  near  the  axis,  Gray’s 
formulas  (9)  and  (10)  can  be  used.* 

Equation  (3)  can  be  checked  by  means  of  a  formula  for  the 
mutual  inductance  of  two  circular  filaments  with  parallel  axes.* 


Fig.  2. — Circular  Filament  with  Center  at  Origin. 

By  dividing  by  xa*  and  then  putting  the  smaller  radius  equal  to 
zero  so  that  /C,  =  1,  eq.  (10i4)  becomes  the  same  as  eq.  (3)  of 
this  paper. 

Example:  Find  the  radial  component  of  the  magnetic  field  near 
a  single  turn  of  fine  wire  carrying  10  amperes  (See  Fig.  2).  a  = 
2  cm.,  *  *  8  cm.  and  y  =  1  cm.  By  eq.  (4), 

~To%^  0.04833(0.1832  -  0.0275  -f  0.0028) 

«  0.00766. 

By  eq.  (10),  Reference  3, 

-  -  0.00791(1  -  0.0330  +  0.0007) 

=  0.00766. 

*  “Absolute  Measurements  in  Electricity  and  Magnetism,"  by  Andrew  Gray, 
ed.  of  1893,  Volume  II,  Part  I,  page  248  and  ed.  of  1921,  page  212,  equations 
(9)  and  (10).  Change  1680r'  to  1680a*x*.  A  simplification  can  be  made  by 
talcing  a  factor  7  out  of  the  last  bracket  of  each  formula. 

*  S.  Butterworth,  Phil.  Mag.,  Volume  31, 1916,  page  443  and  Scientific  Paper 
of  the  Bureau  of  Standards  No.  320,  eq.  10  A. 


Fig.  3. — Cylindrical  Coil  or  Solenoid. 

density.  The  radical  component  of  the  magnetic  held  of  a 
cylindrical  coil  whose  dimensions  are  indicated  in  Fig.  3,  is 

4^*) — ]  <*' 

where 

/>* «  X,*  +  y. 

9*  “  Xf*  +  y*, 


The  corresponding  expression  for  the  axial  component  of  the 
held  of  a  cylindrical  coil  has  been  published.*  It  is  as  follows, 

*‘'The  Force  between  Unequal  Reactance  Coila  with  Parallel  Axes,"  by 
H.  B.  Dwight  and  R.  W.  Puraaell,  General  Electric  Renew,  July,  1930,  page  401. 
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the  notation  being  changed  to  that  of  this  paper : 


rNI\ 

a*  , 

a* 

^/*i(mi) 

-pp.(«) 

V+Tu') 

3.5  f  o‘  ,  ,  o*  ,  . 


x( 


5  r*  ^  c* 

1  +  7~  +  7I~  + 
4  a*  16 


c« 

448a»  / 


(6) 


If,  in  Fig.  3,  the  point  P  lie  l)etween  the  planes  of  the  ends  of 
the  coil,  *i  and  mi  are  negative. 

For  the  zonal  harmonics,  see  the  appendices,  or  values  may  be 
taken  from  tables  (See  Reference  2).  The  last  bracket  in  each 
term  is 


*  where  n  is  an  odd  number. 

Expressions  (5)  and  (6)  are  suitable  for  points  in  any  direction, 
at  a  distance  from  the  center  of  the  coil,  so  that  ajp  and  ajq  are 
less  than  approximately  1 .  For  computing  the  a.xial  component 
of  the  field  near  the  center  of  the  coil  or  near  the  a.xis,  equations 
(28)  and  (31)  of  Gray  can  be  used.* 

The  work  described  herein  was  done  in  connection  with  a 
thesis. in  the  Department  of  Electrical  Engineering  at  Massa¬ 
chusetts  Institute  of  Technology  under  the  direction  of  Dr.  H.  B. 
Dwight. 

*  "Absolute  Measurements  in  Elec,  and  Mag.,”  by  A.  Gray,  ed.  of  1921, 
pages  222  and  225.  Change  5a  to  5a*.  Note  that 

,..-..  +  (.+1)’  .„d  + 

Use  only  the  ed.  of  1921  for  eq.  31. 
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Appendix  I — Zonal  Harmonic  Functions. 

PM  »  1. 

PM  “  M. 

PM  »  5  (3m*  -  1). 

P,(m)-5(5m*-3m). 

PM  =  ^(5  V  -  2.3.5m*  +  1.3), 

PM  «  2l  “  2.5.7m*  +  3.5m). 

PM  »  (7.9.11m*  -  3.5.7.9m*  +  3.3.5.7m*  -  1.3.5), 

PM  «  ^(9.1  1.13m*  -  3.7.9.11m‘  +  3.5.7.9m*  -  3.5.7m). 

Note  that  the  brackets  contain  binomial  coefficients  as  well  as 
other  factors. 

Appendix  II — First  Derivatives. 

P.'(m)  =  0, 

PiM  -  1. 

Pt'(M)  -  3m, 

P/(m)  =  ^  (3.5m*-  1.3), 

P/(m)  =  ^(5.7m*  -  3.5m), 

P»'(m)  =  ^  (5.7.9m*  -  2.3.5.7m*  +  1.3.5), 

P.'(m)  =  ^  (7.9.1  1m»  -  2.5.7.9m*  +  3.5.7m), 

P/(m)  =  (7,9.1  1.13m*  -  3.5.7.9.11m*  +  3.3.5.7.9m*  -  1.3.5.7), 


THE  GEOMETRY  OF  ALGEBRAIC  PFAFFIANS ' 


By  C.  L.  E.  Moore  and  P.  Franelin 

1.  Introduction.  If  a  Pfafiian  expression  in  n  variables  be 
equated  to  xero,  and  the  variables  interpreted  as  co-ordinates  in 
n-space,  there  is  determined  a  held  of  “planar”  elements  analo¬ 
gous  to  the  tangent  “planes"  (n  —  1  spaces)  to  a  family  of 
“surfaces”  (n  —  1  dimensional  manifolds).  This  geometry  has 
already  been  studied  to  some  extent  by  one  of  the  authors.* 
The  object  of  the  present  paper  is  to  provide  a  basis  for  further 
generalization  in  this  direction,  by  studying  in  detail  certain 
simple,  concrete  examples.  Accordingly  we  confine  our  atten¬ 
tion  to  Pfafhans  whose  coefficients  are  polynomials  in  the  vari¬ 
ables,  of  at  most  the  second  degree,  and  place  our  emphasis  on 
the  three-dimensional  case. 

In  the  three-dimensional  case,  when  the  coefficients  are  of 
the  first  degree,  there  is  a  congruence  of  straight  lines  among  the 
integral  curves.  A  classification  of  these  congruences  is  made, 
as  well  as  a  description  of  a  set  of  normal  forms  to  which  all  cases 
may  be  reduced  by  affine  transformations.  The  behavior  under 
projective  transformations  is  also  discussed,  and  the  appropriate 
set  of  homogeneous  variables  for  Pfaffians  defined. 

2.  The  two-dimensional  affine  case.  Since  the  vanishing  of  a 
Pfaffian  in  two  variables, 

(2.1)  i4(x,  y)  dx  -b  B{x,  y)  dy  —  0, 

is  an  ordinary  differential  equation,  it  possesses  an  integrating 
factor,  and  the  linear  elements  are  simply  those  of  a  family  of 
curves.  In  spite  of  the  fact  that  here  all  cases  are  integrable, 

*  Presented  to  the  American  Mathematical  Society,  September,  1930. 

*  Cf.  C.  L.  E.  Moore,  this  Journal,  vol.  IX,  pp.  320-332,  J.  A.  Schouten, 
Maik.  ZtiUchrift,  vol.  30,  1929,  pp.  149-172,  and  the  references  there  given. 
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we  shall  find  it  suggestive  for  the  later  developments  to  discuss 
the  equation  (2.1). 

If  i4  and  B  are  constants,  the  integral  curves  are  a  family  of 
parallel  lines,  and  the  only  singular  points  are  at  infinity. 

If  A  and  B  are  each  polynomials  of  the  first  degree  in  x  and  y, 
it  is  well  known  that  the  equations  of  the  integral  curves  may 
be  found  by  elementary  methods.  VVe  may  obtain  more  insight 
into  the  nature  of  the  integral  curves,  however,  by  reducing 
equation  (2.1)  to  certain  normal  forms.  We  do  this  by  suitably 
chosen  afhne  transformations  of  the  x,  y  plane. 

Let  us  first  note  that  we  may  rewrite  equation  (2.1)  in  the 
form 

(2.2)  dQ  +  dxdy  -  ydx)  -  0, 
where  dQ  is  an  exact  differential.  If  the  curves 

(2.3)  Q~  k 

are  central  conics,  they  have  the  same  principal  axes.  If  they 
are  parabolas,  they  have  the  same  axis.  In  both  cases,  as  well 
as  the  degenerate  cases  when  Q  is  not  a  true  conic,  a  rotation 
of  our  axes  will  reduce  equation  (2.2)  to  the  form: 

(2.4)  (Axdx  -f  Bydy)  +  {Edx  -j-  Fdy)  +  C{xdy  —  ydx)  *  0. 

Unless  AB  O  ^  0,  a  suitable  translation  of  the  axes  to  a  new 
origin  will  make  E  and  F  zero.  VV'hen  AB  C*  ^  Q,  while 
C  ^  0,  we  may  make  E/F  =  V  —  A /B  \i  v/t  take  the  right  sign 
for  the  radical.  This  gives  as  normal  forms  under  euclidean 
transformations : 

(2.51)  Axdx  +  Bydy  +  C{xdy  —  ydx)  *»  0, 

(2.52)  (ax  —  by)  (adx  +  bdy)  +  L(adx  —  bdy)  ■=  0, 

(2.53)  Bydy  -|-  Edx  *=  0. 

By  an  afhne  transformation,  we  may  further  reduce  equation 
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(2.51)  to  one  or  other  of  the  forms: 


(2.511) 

(2.512) 

(2.513) 

(2.514) 

(2.515) 

(2.516) 


xdx  +  ydy  +  C{xdy  —  ydx) 
xdx  —  ydy  +  C(xdy  —  ydx) 
ydy  +  xdy  —  ydx 
xdy  —  ydx 

xdx  +  ydy 
xdx  —  ydy 


Here  C  may  be  positive  or  negative,  but  is  different  from  zero. 
To  reduce  equation  (2.52)  we  introduce  the  lines  ax  +  by  and 
ax  —  by  as  new  axes,  and  then  change  the  scale  to  give: 


(2.521) 

or,  when  L  —  0, 

(2.522) 


ydx  —  dy 


ydx  *  0. 


'  Finally,  from  equation  (2.53)  we  obtain: 


(2.531) 

(2.532) 

(2.533) 


ydy  —  dx  «  0, 
ydy  *  0, 
dx  -  0. 


The  integral  curves  of  these  eleven  normal  equations  for  affine 
transformations  may  be  described  geometrically.  VVe  have,  in 
order,  a  family  of  equiangular  spirals  (2.511);  imaginary  trans¬ 
forms  of  these,  i.e.  curves  cutting  a  family  of  hyperbolas  under 
constant  (hyperbolically  measured)  angle  (2.512);  a  family  of 
exponential  curves  y  *  ke*'*  (2.513);  the  straight  lines  through 
the  origin  (2.514);  concentric  circles  (2.515);  equilateral  hyper¬ 
bolas  (2.516);  exponential  curves  y  »  ke*,  projectively  equiva¬ 
lent  to  those  of  (2.513),  (2.521);  {parabolas  (2.531);  parallel  lines 
for  (2.522),  (2.532),  (2.533). 
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For  the  forms  (2.511)  and  (2.512),  which  may  be  considered 
the  general  case,  as  well  as  for  forms  (2.515)  and  (2.516),  there 
are  among  the  integral  curves  two  straight  lines,  the  common 
tangents  (real  or  imaginary)  for  the  family  of  conics  associated 
with  each  type.  Such  straight  line  solutions  for  the  more  spe¬ 
cialized  cases  will  be  treated  later  in  the  table  preceding  The¬ 
orem  IV,  where  projective  transformations  are  used,  and  the 
line  at  infinity  is  also  shown  to  be  a  solution. 

3.  Straight  line  integral  curves.  We  have  just  established 
Theorem  I.  When  the  coefficients  of  the  Pfaffian  in  two  variables 
are  each  polynomials  of  the  first  degree,  there  are  in  general  two 
finite  straight  line  integral  curves. 

That  this  theorem  is  not  true  when  the  degree  of  the  poly¬ 
nomial  coefficients  is  higher  than  the  first,  may  be  seen  by  writing 
in  place  of  equation  (2.1): 

(3.1)  A  -  Bp  ^0, 
and  differentiating  it  to  get : 

(3.2)  A,  +  A,p  -  B,p  -  B„p^  -  Bp'  -  0. 

This  shows  that  the  integral  curves  will  have  a  zero  second 
derivative  whenever  the  co-ordinates  x  and  y  satisfy 

(3.3)  A*B^  +  ABiB,  -  A,)  -  B*A,  •  0. 

In  the  case  of  the  theorem,  the  partial  derivatives  reduced  to 
constants,  and  this  relation  was  equivalent  to  two  linear  relations 
between  A  ^nd  B,  each  of  which  gave  a  straight  line, 

(3.4)  A  —  Bm  “  0, 
with 

(3.5)  +  m{B.  -  A,)  -  ^4.  -  0. 

But,  for  the  straight  line  (3.4),  the  derivative  p  satisfies 

(3.6)  pmBy  -f  mB,  —  pA^  —  A,  ^  0, 

which,  compared  with  (3.5),  necessitates  p  ^  m,  unless  we  have 
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Ag  —  Bytn  »  0,  and  this  case  is  disposed  of  by  interchanging 
the  roles  of  x  and  y  in  the  discussion. 

For  the  higher  degrees,  the  left  member  of  (3.3)  no  longer 
factors  in  the  general  case,  and  even  when  it  does  give  linear 
factors  these  need  not  have  derivatives  satisfying  (3.1).  For  the 
nth  degree  case.  (3.3)  gives  a  locus  of  the  (3n  —  l)st  degree. 
Wlienever  an  integral  curve  cuts  this  locus,  it  has  a  point  of 
inflexion  at  the  intersection. 

4.  ProjectiTe  transformations  and  homogeneous  co-ordinates. 
We  note  that  a  projective  transformation  of  the  plane  will,  in 
general,  cause  the  degree  of  the  coefficients  of  the  Pfafhan  (2.1) 
to  be  increased  by  unity.  The  inverse  transformation  illus¬ 
trates  that  there  are  some  special  equations  which  may  have 
their  degree  lowered  by  a  suitably  chosen  projective  transfor¬ 
mation. 

To  further  discuss  this  situation,  we  introduce  homogeneous 
co-ordinates  by  putting: 

(4.1)  X  »  xi/xi,  y  -  xt/xt. 

With  this  notation,  a  Pfafhan  (2.1)  whose  coefficients  are  poly¬ 
nomials  of  the  nth  degree  becomes,  after  multiplication  by 

x»"+*, 

(4.2)  .di(xidxj  —  xidxi)  +  Aiixidxt  —  x*dxi)  -  0. 

Here  the  coefficients  A\  and  At  are  homogeneous  polynomials  in 
the  three  variables,  of  the  nth  degree. 

The  equation  just  written  suggests  the  more  general  form: 

(4.21)  dxi  dxt  dxi  »  0, 

Xi  Xt  X| 

A\  At  At 

of  which  it  is  a  special  case. 

Another  form  is 


(4.22) 


Pidxi  4-  Pidxt  +  P^xt  -  0, 
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where  the  Pi  are  homogeneous  functions  such  that 

(4.23)  PiXi  +  PtXi  +  PiXi  -  0. 

These  forms  are  readily  shown  to  l)e  equivalent.  For,  when  the 
determinant  of  (4.21)  is  multiplied  out,  it  clearly  gives  a  form 
like  (4.22),  with  the  condition  (4.23)  satisfied.  Conversely,  if 
any  three  homogeneous  functions  Au  At,  At  are  taken  such  that 

(4.24)  PiAi  +  PtA,  +  PiAt  -  0, 

the  equations  (4.22),  (4.23)  and  (4.24)  will  have  as  a  consequence 
the  equation  (4.21).  P'or  example,  we  might  use  the  identity 

(4.25)  P,(-  Pt)  +  PtiPi)  +  Pi(0)  -  0, 

and  so  obtain  the  reduced  form  (4.2).  This  shows  that  all  the 
three  forms  given  are  in  one  sense  equivalent. 

Consider  next  the  behavior  under  projective  transformations. 
The  forms  (2.1)  and  (4.2)  are  unchanged  by  affine  transforma¬ 
tions,  but  in  general  change  their  degree  under  projective  trans¬ 
formations.  The  forms  (4.22)  and  (4.23),  on  the  other  hand,  are 
unaffected  as  to  form  and  degree  not  only  under  projective 
transformations,  but  also  under  changes  in  the  ratios  of  the 
co-ordinates  of  the  type 

(4.26)  Xi  -  Kxi',  Xt  *  Kxt\  Xt  *  Kxt\ 

the  factor  K  being  any  function  of  the  co-ordinates. 

Since  the  A,  are  any  homogeneous  functions  satisfying  (4.24), 
they  are  to  some  extent  arbitrary,  and  even  if  we  take  them  of 
minimum  possible  degree,  we  may  replace  them  by  i4<  —  Lxi, 
where  L  is  one  degree  lower  than  the  Ai,  as  is  seen  from  the 
form  (4.21).  If  we  begin  with  coefficients  of  the  nth  degree 
in  the  form  (4.22),  and  reduce  to  the  form  (4.2)  by  means  of 
(4.25)  we  shall  have  Ai  and  At  of  the  nth  degree.  However, 
if  we  begin  with  coefficients  Ai  and  /If  in  (4.2)  of  the  nth  de¬ 
gree,  and  go  over  to  form  (4.22),  the  P<  will  in  general  be  of  the 
(n  -F  l)st  degree.  Thus  there  are  two  cases  of  Pfaffians  with 


i  ' 

THE  GEOMETRY  OF  ALGEBRAIC  PFAFFIANS  25 

coefficients  of  the  nth  decree.  Those  reducible  to  the  form 
(4.2)  with  At  of  the  nth  degree,  and  those  reducible  to  the  form 
(4.23)  with  Pi  of  the  nth  degree.  Their  typical  equations  in 
non-homogeneous  co-ordinates  are  obtained  by  putting  X|  *  1, 
dx$  *  0  in  these  forms,  giving: 

(4.27)  Adx  -h  Bdy  -  0, 

I  (4.28)  Adx  -)-  Bdy  C{xdy  —  ydx)  »  0. 

For  degrees  higher  than  the  first,  these  two  cases  are  essen- 
tially  different,  but  for  constant  or  first  degree  coefficients,  they 
are  projectively  equivalent.  For,  a  projective  transformation 


(4.3)  xt'  *  2aoX>. 

may  be  effected  by  noting  that: 


1 

dxi 

dxt 

dxt 

• 

an 

an 

an 

Jfl 

X, 

x» 

ai. 

an 

a» 

At 

A, 

A, 

ait 

au 

au 

^ijdxj  Xatjdxj  l^ijdxi 

2ai,  Xj  2a,,  2a,,  x, 

2ai,'  A  y  2a,,'  A  y  2aa,'  A  y 


In  this  all  the  sums  are  from  1  to  3.  This  equation  shows  that 
the  equation  (4.21)  is  equivalent  to  a  similar  equation  in  the 
primed  letters,  with 
(4.32)  A/  ~  2a.v4y, 

at  least  when  the  determinant  of  the  ayy  is  not  zero,  i.e.  when  the 
transformation  (4.3)  is  non-degenerate. 

When  the  coefficients  At  are  constant,  we  may  find  quantities 
ay,  such  that  we  have  simultaneously: 


(4.33) 


At^  ^  2kl,yi4  y  “  0, 
At  ™  2)a,yi4y  *  0. 
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On  dividing  out  A%,  we  reduce  our  form  to: 

(4.34)  xidx,  -  x4x%  -  0, 

which  is  the  typical  form  for  this  case,  and,  in  non-homogeneous 
co-ordinates,  is  of  type  (4.27). 

When  the  coefficients  are  of  the  first  degree,  and  not  reducible 
to  constants  by  division  of  a  common  linear  factor,  we  write 

(4.35)  Ai  -  2ci>acy. 

We  may  now  determine  a<y  so  that  we  have,  simultaneously, 

(4.36)  "Zatfix  “  ^11, 

2ajyCy*  “  kan, 

Soiyfy*  -  kau, 

by  taking  k  so  that  these  equations  are  consistent.  This  makes 

(4.37)  A,'  -  W, 

so  that  by  subtracting  k  times  the  second  row  from  the  third 
row,  we  may  replace  At  by  0,  and  reduce  to  a  form  which,  in 
non-homogeneous  co-ordinates,  is  of  type  (4.27). 

As  we  have  already  classified  the  first  degree  case  of  the 
Pfaffian  (4.27),  we  may  at  once  write  down  projective  normal 
forms  for  the  form  (4.28),  which  we  have  just  shown  is  projec- 
tively  equivalent  to  the  earlier  case.  In  this  way  we  obtain  as 
canonical  values  for  Ai,  At,  At: 

(4.41)  -  xt  +  Cxi,  ±xi  -  Cxt,  0, 

$ 

to  which  the  forms  (2.511)  and  (2.512)  are  reducible, 

(4.42)  ~  Xt,  db  Xi,  0, 

to  which  the  forms  (2.515)  and  (2.516)  are  reducible, 

(4.43)  xi,  Xt,  0, 

to  which  the  types  (2.513)  and  (2.521)  are  reducible, 

(4.44)  Xf,  Xi, 


I 


I 


0, 


THE  GEOMETRY  OF  ALGEBRAIC  PFAFFIANS 


27 


for  the  type  (2.531), 

(4.45)  0,  xt,  0, 

for  the  types  (2.514)  and  (2.522),  and 

(4.46)  Xt.  0,  0 

for  the  types  (2.532)  and  (2.533). 

In  this  set,  the  plus  or  minus  signs  may  be  dispensed  with  if 
we  use  imaginary  projective  transformations. 

These  forms  may  also  be  obtained  from  a  second  point  of 
view.  For,  since  the  first  two  rows  of  the  determinant  (4.21) 
transform  in  the  same  way,  every  reduction  of  the  collineation 

(4.5)  jc/  - 

will  give  a  reduction  of  our  determinant.  The  canonical  forms 
for  such  collineations  not  the  identity,  and  non-singular  are  well 
known,*  there  being  five  types: 

(4.51)  aiiXi,  a«jct.  auXt,  (an,  On,  au  distinct), 

(4.52)  OiiXi,  onxt,  a^Xt  -f  anXt,  (oi,  On,  a«i  0), 

(4.53)  xi,  Xt  +  otiXu  Xt  +  oiiXi  -}-  a»xt,  (ott  0,  a«  0), 

(4.54)  *1,  Xt,  anXt,  (flu  ^  1), 

(4.55)  *1,  Xt,  Xt  -f  auXt,  (on  9^  0), 

where,  in  each  case,  we  have  written  x/,  xt^  x/  in  order. 

This  shows  that  our  i4<  may  be  reduced  to  these  forms.  Then, 
a  suitable  multiple  of  the  second  row  of  the  determinant  (4.21) 
may  be  subtracted  so  as  to  lessen  the  number  of  terms.  Fi¬ 
nally,  an  appropriate  combination  of  columns  and  change  of 
notation  will  convert  them  to  the  standard  forms  (4.41)  to  (4.46). 
The  additional  form  is  due  to  the  fact  that  when,  in  (4.51), 
<*11  —  On,  the  C  of  (4.41)  vanishes,  and  we  have  the  form 

*  Cf.,  e.g..  Woods,  Higher  Geometry,  pp.  240-246,  Veblen  and  Young,  Pro¬ 
jective  Geometry,  vol.  I,  pp.  274-276,  and  BOcher,  Higher  Algebra,  pp.  290-295. 
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(4.42).  For  this  first  case,  the  first  two  columns  must  be  re¬ 
placed  by  their  sums  and  differences  resjjectively,  and 


(4.56) 


On  +  Qii 
On  —  On 


The  classification  just  made  assumes  that  the  collineation  (4.5) 
is  non-singular,  i.e.  has  a  non-vanishing  determinant.  When 
(4.5)  as  it  stands  has  a  zero  determinant,  we  modify  the  last 
row  of  (4.21)  by  a  multiple  of  the  second,  thus  replacing  (4.5)  by 

(4.57)  x/~At-hkxt. 


This  is  singular  for  at  most  three  values  of  k,  we  use  any  value 
distinct  from  these  three.  W’e  have  also  omitted  the  identity, 
as  in  this  c^u^^  the  A{  would  be  multiples  of  the  Xi,  and  (4.21) 
would  cease  to  be  an  equation. 

Since  all  the  collineations  (4.57)  have  the  same  fixed  points 
and  fixed  lines,  it  is  natural  to  ask  the  significance  of  these  for 
the  Pfaffian.  Recalling  that  a  singular  (mint  of  the  Pfaffian  is 
a  point  for  which  the  ratios  of  the  differentials  are  not  restricted, 
so  that  all  the  differential  elements  at  the  point  are  solutions, 
we  may  state: 

Theorem  II.  The  singular  points  of  a  Pfaffian  (4.21)  are  the 
fixed  points  of  the  corresponding  collineations  (4.57). 

For,  the  singular  points  of  the  Pfaffian  (4.21)  are  those  for 
which  the  three  minors  of  the  first  row  vanish,  while  the  fixed 
points  of  the  collineation  (4.57)  are  those  for  which  the  Xi  and 
the  Ai  are  proportional,  and  these  are  clearly  equivalent  con¬ 
ditions. 

We  also  have: 

Theorem  III.  The  straight  line  integral  curves  of  the  Pfaffian 
(4.21)  are  the  fixed  straight  lines  of  the  corresponding  collineations 
(4.57). 

For,  a  fixed  line  of  the  collineation  (4.57),  not  necessarily 
pointwise  fixed,  corresponds  to  a  linear  combination  of  the 
equal  to  a  constant  times  the  corresponding  linear  combination 
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of  the  A  i.  Consequently,  if  this  linear  combination  is  set  equal 
to  zero,  the  same  will  be  true  for  this  combination  of  the  dxi, 
and  the  At,  and  we  shall  have  a  solution  of  the  Pfaffian  (4.21). 
Conversely,  if 

(4.58)  SbiXi  =  0, 

is  a  straight  line  solution  of  the  Pfafhan,  for  points  and  differen¬ 
tials  on  this  line  we  have  also: 

(4.59)  '  Sb/ixi  -  0, 

which  show  that  the  bi  are  proportional  to  the  coefficients  of  the 
Ai  in  (4.21),  and  since  this  vanishes, 

(4,6)  ZbiAi  -  0. 

Thus  the  line  is  a  fixed  line  of  the  collineation. 

These  theorems,  combined  with  the  known  fixed  points  and 
fixed  lines  of  the  collineations  (4.51)  to  (4.55),  and  the  methods 
of  reduction  to  the  forms  (4.41)  to  (4.46)  enable  us  to  easily 
write  down  the  singular  points,  and  singular  lines  for  these  latter 
forms.  We  have,  namely: 

(4.41)  fixed  lines,  X|  ±  ixi  «  0  (upper  sign)  or  ±  x*  (lower 
sign)  together  with  Xj  —  0;  the  three  intersections  of 
these  giving  the  fixed  p>oints, 

(4.42)  same  as  (4.41), 

(4.43)  fixed  lines,  X|  *  0,  xi  =  0;  the  fixed  points  are  (1,  0,  0) 
and  (0,  1,  0), 

(4.44)  fi,\ed  line,  X|  =  0,  fixed  point  (1,  0,  0), 

(4.45)  fixed  lines,  Xt  *  0  and  all  the  lines  through  (0,  1,  0); 
fixed  points  (0,  1,0),  and  all  the  points  on  Xj  =  0, 

(4.46)  fixed  lines,  all  those  through  (1,  0,  0);  fixed  points,  all 
the  points  on  Xt  0. 

The  possibilities  as  to  singular  points  and  straight  line  solu¬ 
tions  are  given  in  detail  above,  but  we  note  one  evident  prop¬ 
erty  in 
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Theorem  IV.  Every  straight  line  integral  curve  of  a  Pfaffian 
(4.21)  goes  through  at  least  one  singular  point,  and  each  singular 
point  is  on  at  least  one  straight  line  solution. 

5.  The  three-dimensional  affine  case.  While  the  Pfaffian 

(5.1)  A{x,  y,  t)dx  +  B{x,  y,  z)dy  +  C(jc,  y,  z)dz  «  0, 

does  not  in  general  possess  an  integrating  factor,  some  of  the 
methods  of  section  2  may  be  used  in  case  the  A,  B  and  C  are 
linear  functions.  We  will  omit  from  our  discussion  all  the  inte- 
grable  cases;  in  particular  this  excludes  the  case  where  the 
coefficients  A,  B,  C  are  all  constants.  We  note  that  terms  like 

(5.11)  axdx,  bdx, 

are  integrable  as  they  stand,  while  the  remaining  six  terms  may 
be  F>aired  up,  and  reduced  by  the  relation 

(5.12)  cydx-\-exdy‘ic-^e){ydx-\-xdy)/2-j-{c-e)(ydx-xdy)/2. 
Thus  the  Pfaffian  may  be  written  in  the  form: 

(5.13)  dQ  4-  a(ydz  —  zdy)  +  bizdx  —  xdz)  +  c{xdy  —  ydx)  —  0, 

where  dQ  is  the  exact  differential  of  a  quadratic  expression  in 
X,  y,  z. 

Let  us  determine  those  planes 

(5.14)  z  ^  px  -h  qy  +  r, 

in  which  the  integral  curves  are  a  family  of  conics  which  form 
the  solution  of  an  equation : 

(5.15)  dRix,  y)  -  0. 

Since  the  form  of  this  equation  is  unchanged  by  affine  transfor¬ 
mations,  e.g.  that  used  to  go  from  co-ordinates  in  the  plane  (5.14) 
to  the  X,  y  of  space;  elimination  of  z  from  (5.14)  and  (5.13)  will 
have  to  give  such  an  equation.  That  is,  the  inexact  part  of  the 
resulting  equation : 

(5.16)  .  {ap  bq  —  c)  (ydx  —  xdy) 
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must  vanish  identically,  so  that 

(5.17)  c  ^  pa  qb, 

and  the  planes  (5.14)  sought  are  those  parallel  to  the  direction 
a,  b,  c.  As  this  direction  has  a  geometric  interpretation,  if  we 
take  a  new  z  axis  in  this  direction,  the  transformed  Pfafliian 
(5.13)  will  have  a  «  6  *  0,  and  reduce  to 

(5.18)  dQ  +  C{xdy  —  ydx)  dQ  +  Cx^d{y/x)  -  0. 

The  second  form  provides  a  simple  illustration  of  a  general  theo¬ 
rem  on  Pfafliians  in  three  variables,  which  states  that  they  may 
be  reduced  to  one  of  the  three  forms  dz  +  udv,  udv,  or  dz.  The 
reducing  transformation,  usually  a  complicated  functional  trans¬ 
formation,  in  our  case  may  be  taken  to  be  an  orthogonal  one. 
The  last  two  types  occur  here  when  dQ  *  0,  or  when  in  (5.13) 
fl  —  5  «  c  “  0.  These  are  integrable  cases,  the  integral  surfaces 
being  the  planes  through  a  fixed  line  in  the  first  case  and  a  family 
of  quadrics  or  planes,  in  the  second,  with  equation  Q  k. 

As  the  interpretation  of  the  direction  with  x,  y,  z  components 
a,  b,  c  applies  to  oblique  co-ordinates,  or  affine  transformations 
of  our  space,  the  form  (5.18)  will  be  preserved  as  long  as  the 
direction  of  the  z  axis  is  unchanged.  If  this  direction  does  not 
give  an  infinite  intersection  with  the  quadrics  Q  ^  k,  we  may 
take  the  corresponding  diametral  plane  for  these  quadrics  as 
the  X,  y  plane,  and  reduce  the  Pfaffian  to  the  form : 

(5.2)  zdz  +  dR(x,  y)  +  C{xdy  —  ydx)  *  0. 

When  there  is  one  infinite  intersection,  the  Pfaffian  (5.18)  will 
be  in  the  form : 

(5.3)  dz  -f  dR{x,  y)  +  C{xdy  —  ydx), 

or  else  will  not  contain  z,  and  we  shall  have  an  integrable  case. 

We  may  now  simplify  the  terms  independent  of  z  by  affine 
transformations  in  the  x,  y  plane  previously  used  to  reduce 
equation  (2.2).  By  referring  to  the  forms  (2.511)  to  (2.533), 
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and  taking  account  of  the  restrictions  as  to  sign  caused  by  the 
2  term,  after  omitting  the  integrable  cases,  we  find  as  canonical 
forms  for  the  Pfafhan  (5.13)  under  afhne  transformations: 


(5.21) 

xdx  -f  ydy  +  zdz  -f-  C(xdy  —  ydx) 

-  0, 

(5.22) 

xdx  +  ydy  —  zdz  +  C(xdy  —  ydx) 

-  0, 

(5.2.f) 

xdx  —  ydy  4-  zdz  +  C(xdy  —  ydx) 

-  0, 

(5.24) 

ydy  -f-  zdz  xdy  —  ydx 

-  0, 

(5.25) 

ydy  —  zdz  +  xdy  —  ydx 

-  0, 

(5.26) 

zdz  -f  xdy  —  ydx 

-  0, 

(5.27) 

zdz  -|-  ydx  —  dy 

“  0, 

(5.28) 

zdz  +  ydx 

-  0, 

(5.31) 

xdx  4-  ydy  +  dz  +  C(xdy  —  ydx) 

»  0, 

(5.32) 

xdx  —  ydy  4-  d2  4-  C(xdy  —  ydx) 

-  0, 

(5.33) 

ydy  4-  dz  4-  xdy  —  ydx 

-  0, 

(5.34) 

dz  4-  xdy  —  ydx 

“  0, 

(5.35) 

dz  4-  ydx  —  dy 

“  0, 

(5.36) 

dz  +  ydx 

-  0. 

A  picture  of  the  configuration  of  differential  elements  satisfying 
any  one  of  these  may  be  visualized  by  noting  that  in  planes 
through  the  z  axis  the  integral  curves  are  conics  (or  parallel  lines 
for  (5.26)  and  (5.34)),  while  in  planes  parallel  to  the  x,  y  plane, 
the  integral  turves  are  the  solutions  of  the  forms  (2.511)  to 
(2.533)  which  have  been  described  earlier. 

6.  Straight  line  integral  curves.  In  view  of  the  classification 
just  made,  we  may  regard 

(6.1)  axdx  -f  bydy  +  czdz  +  C(xdy  —  ydx)  *  0, 

as  the  general  type  of  Pfafhan,  and  if  we  add  the  Pfaffian 

(6.2)  axdx  +  bydy  -|-  edz  +  C(xdy  —  ydx)  =  0, 
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we  will  have  included  all  but  the  special  cases  (5.27),  (5.28), 
(5.35)  and  (5.36).  The  straight  line 

(6)  *  "  .Y  +  P\t,  y  *  K  +  pit,  *  Z  -f*  Pit, 

will  be  an  integral  curve  provided: 

(6.11)  apx' bpi' cpi'  •  a, 

aP\X  +  bpiY  -b  cPtZ  +  C(PiX  —  P\Y)  «*  0, 
or, 

(6.21)  ap,*  +  bpi*  -  0, 

aPiX  -f  bpiY  +  ept  +  C{PiX  —  P\Y)  *  0. 

For  each  value  of  X,  Y,  Z,  except  the  singular  point  0,  0,  0 
for  (6.11),  these  conditions  give  a  linear  and  a  quadratic  relation 
on  the  Pi,  so  that  they  determine  two  values  of  their  ratios. 
This  establishes: 

Theorem  V.  When  the  coefficients  of  the  Pfaffian  in  three  vari¬ 
ables  are  each  polynomials  of  the  first  degree,  there  are  in  general 
just  two  straight  lines  through  each  finite  point  with  the  exception 
0  of  the  singular  point. 

The  integral  curves  of  a  Pfaffian  of  the  present  type,  in  any 
plane  not  parallel  to  the  s-axis,  will  be  those  of  a  Pfaffian  in  two 
variables,  and  hence,  by  Theorem  I,  will  include  two  straight 
lines.  This  establishes: 

Theorem  VI.  For  the  Pfaffian  (5.13),  there  are  in  general,  in 
each  finite  plane,  not  parallel  to  the  axis,  just  two  straight  lines. 
This  result  is  also  evident  from  the  fact  that  if 

(6.3)  Lx  +  A/y  =[-  iVr  +  /C  -  0, 

is  a  given  plane,  and  we  put 

aX  -  CY bY  CX  ~  cZ°^  e  ’ 

these  equations  determine  either  the  ratios  of  X,  Y,  Z,  or  the 
values  of  X  and  Y,  and  the  factor  of  proportionality,  or  the  value 
3 
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of  Z,  may  then  be  determined  from  (6.3).  The  two  lines  found 
from  (6.11)  or  (6.21)  for  this  point  X,  Y,  Z  will  then  be  parallel 
to  the  plane  (6.3)  and,  since  they  contain  a  point  in  it,  will  lie 
in  the  plane. 

Incidentally,  we  note  that  the  Pfafiian  gives  a  plane  through 
each  point,  and  also  a  point  in  each  plane. 

It  is  interesting  to  note  the  way  in  which  the  straight  lines 
just  found  may  be  grouped  into  the  rulings  of  quadrics.  Con¬ 
sider  the  quadrics: 

(6.4)  ax*  -f  6y*  -f  c{z  —  sC)'  +  abc^  »  0. 

This  will  contain  the  straight  line  (6)  as  a  ruling  if: 

(6.41)  api*  +  bp^  cfh^  *  0, 
ap\X  +  bpiY  cPiiZ  —  sC)  *  0, 

aX'-\-bY^  +  c{Z  -  sCy  +  abcs'  *  0. 

Elimination  of  Z  from  the  last  two  equations  gives: 

(6.42)  acpt'X'  -I-  bcpy  K*  -f  (apiX  +  bptY)' +  abc^p^s'  =  0, 
which,  by  means  of  the  first  equation,  reduces  to: 

(6.43)  —  abiPtX  —  ptY)*  +  abc'pys^, 
or, 

(6.44)  cPiS  --  ±  {PiX  -  p,Y). 

If  the  lower  Aign  be  taken,  in  view  of  (6.44)  the  second  of  the 
equations  (6.41)  becomes  identical  with  the  second  of  (6.11), 
and  as  the  first  of  each  set  are  identical,  we  see  that: 

One  set  of  rulings  of  the  family  of  quadrics  (6.4)  are  integral 
curves  of  the  Pfaffian  (6.1);  the  other  set  correspond  to  a  similar 
Pfaffian  with  the  sign  of  C  reversed. 

For  the  lines  on  the  Pfaffian  (6.2),  we  start  with  the  quadrics: 
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This  will  contain  the  straight  line  (6)  as  a  ruling  if : 

(6.51)  a/h*  +  -  0.  _ 

aP\X  +  bp%Y  +  ePi/{\  +  C/V  —  ab)  »  0, 

aX'  +  bY'^  2eZ/(l  +  C/^^ab)  +  «  -  0. 

The  first  two  of  these  equations  may  be  combined  to  give: 

(6.52)  -  ab(PrX  -piY)*~  Ai‘«*/(1  + 
so  that: 

(6.53)  {PtX  —  P\Y)  ^  dc  />ie/(V  —  o6  -1-  C), 
and,  if  the  lower  sign  be  taken, 

(6.54)  ept  +  CiPtX  -  /hT)  = 

In  consequence  of  this  relation,  the  second  of  equations  (6.51) 
becomes  identical  with  the  second  of  (6.21),  and  as  the  first  of 
each  set  are  the  same,  we  conclude  that: 

One  set  of  rulings  of  the  family  of  quadrics  (6.5)  are  integral 
*  curves  of  the  Pfaffian  (6.2),  the  other  set  correspond  to  a  similar 
Pfaffian  with  the  sign  of  C  reversed. 

Since  changing  s  in  the  equation  (6.4)  converts  one  quadric  into 
a  second  similar  to  it,  with  the  origin  as  the  center  of  similitude, 
this  family  of  quadrics  all  have  the  same  tangent  cone  with 
vertex  at  the  origin.  They  also  have  the  same  intersection  with 
the  plane  at  infinity,  and  thus  may  be  characterized  as: 

A  family  of  quadrics  with  a  common  plane  section  {at  infinity) 
and  a  common  tangent  cone. 

We  note  that  the  quadrics  are  determined  as  soon  as  the  ver¬ 
tex  of  the  cone,  the  plane  of  section,  and  one  of  them  is  given. 

To  interpret  the  family  of  quadrics,  (6.5),  we  observe  that  it 
is  a  limiting  form  of  the  family  just  discussed.  For,  if  we  set 

(6.55)  s  ->  z'  -f-  ejc 
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in  the  Pfaffian  (6.1),  and  let  c  approach  zero,  it  takes  the  form 


-wjr 
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(6.2).  If  we  make  this  change  in  equation  (6.4)  and  at  the  same 
time  put 

e  u 

(6.56)  "  “  c(C  -f  Vr^)  "  2eyl—b  ’ 

when  c  approaches  zero,  it  assumes  the  form  (6.5).  This  family 
of  quadrics  is  such  that  each  member  is  tangent  to  the  plane  at 
infinity  at  the  same  point,  at  which  it  osculates  any  other  mem¬ 
ber  of  the  family  to  the  second  order.  That  is,  the  common  cone 
and  plane  section  coincide,  to  form  a  tangent  plane. 

The  discussion  just  made  enables  us  to  describe  the  rulings  of 
the  Pfafhans  (5.2t),  (5.22),  (5.23),  as  well  as  those  of  (5.31)  and 
(5.32),  as  geometric  configurations.  For  the  remaining  cases, 
the  equations  (6.4)  and  (6.5)  no  longer  apply,  owing  to  the  van¬ 
ishing  of  some  of  the  constants,  and  the  rulings  do  not  group 
together  to  form  quadrics  in  this  way.  The  geometric  interpre¬ 
tation  of  these  cases  may  be  found  from  consideration  of  the 
equations  (6.11),  (6.21)  or  those  formed  similarly  to  them.  For 
(5.24)  and  (5.25)  we  have  in  each  case  two  sets  of  lines,  the  lines 
of  each  set  being  parallel  to  a  given  plane  (y  ±  tz  0,  y  d:  s 
—  0),  and  intersecting  a  given  line  (y  »  0,  and  x  ±  *  0, 
X  ±  z  0).  Thus  we  have  a  second  order  congruence,  con¬ 
sisting  of  two  first  order  congruences.  Each  of  these,  considered 
projectively,  is  the  set  of  all  straight  lines  cutting  two  given 
straight  lines.*  For  (5.26)  we  have  just  one  such  congruence, 
the  rulings  being  all  parallel  to  the  plane  z  >■  0,  and  intersecting 
the  z-axis.  |^or  (5.27)  the  rulings  are  the  lines  tangent  at  finite 
points  to  the  parabolic  cylinder  z*  +  4y  ■  0,  and  parallel  to  the 
elements  of  the  cone  z*  +  xy  —  0,  together  with  lines  in  the  xz 
plane  parallel  to  the  x  axis.  We  notice  that  these  quadrics  are 
tangent  at  infinity,  so  that  there  are  only  two  finite  straight  lines 
in  each  plane,  and  through  each  finite  point,  in  general.  For 

*  For  the  relation  of  the  congruences  here  described  to  the  general  classi¬ 
fication  of  congruences,  compare  Pascal’s  Repertorium,  vol.  If,  part  2,  edited 
by  Timerding,  Berlin,  1922,  p.  1032,  p.  1036  f.;  R.  Sturm,  Linienteowutru, 
vol.  II,  Leipzig,  1893,  p.  23  f.,  p.  316  f. 
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(5.28)  the  rulings  consist  of  all  the  lines  parallel  to  the  x  axis, 
together  with  all  the  rulings  of  the  family  of  cones  (s  —  Zo)* 
+  xy  “  0.  For  (5.33)  we  have  the  set  of  rulings  y  *  const,  on 
the  hyperbolic  paraboloids  s  —  *o  “  xy.  For  (5.34)  we  have 
the  general  linear  complex,  or  null  system.  For  (5.35)  and  (5.36) 
one  set  of  rulings  consists  of  all  the  lines  parallel  to  the  y  axis, 
while  the  other  set  are  the  rulings  y  »  const,  on  a  family  of 
hyperbolic  paraboloids  (s  —  *o  +  xy  —  x*0,  s  —  ro  +  xy*0 
respectively). 

We  may  obtain  a  further  insight  into  the  structure  of  the 
quadratic  congruences  (6.41)  and  (6.51)  by  considering  them  as 
the  intersection  of  two  quadratic  complexes.  For  this  discussion 
it  is  desirable  to  introduce  the  Pliicker  line  coordinates.*  The 
coordinates  of  a  line  joining  the  point  Xi,  y\,  Si  with  xt,  yt,  Zt 
may  be  taken  as  proportional  to 

(6.6)  rqi  -  Xt  -  Xi,  rqt  -  y,S|  -  yt*,, 

rqt  ^  yt  -  yu  rqt  -  s,X|  -  z^xu 

rqt^  Zt  -  *1,  rqt  -  Xiyt  -  x*yi, 

where  r  is  an  arbitrary  factor *of  proportionality. 

For  the  line  defined  by  (6),  on  taking  r  —  /t  —  U,  the  differ¬ 
ence  of  the  parameters  for  the  two  points,  we  find : 

(6.61)  9i  ”  Pi.  qt  ^  YPt  -  Zpt, 

*  P».  9*  “  Zp\  —  Xpt, 

qt  “Pi.  9*  “  -^P*  ~  Ypi. 

We  recall  the  identical  relation : 

(6.62)  qiqt  +  9*9»  +  9i9i  ”  0. 

In  these  coordinates,  the  first  of  equations  (6.11)  becomes: 

(6.63)  aqi*  -f  bqt*  +  cqt*  -  0. 

To  transform  the  second  of  equations  (6.11),  we  note  that  by 
(6.61) 

*  Paacal’t  Repertorium,  l.c.,  vol.  II,  part  2,  p.  990,  p.  1009. 
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(6.64)  Z  -  (9i  +  Xqi)/qu  F  »  Xqf)/qu 

and  when  these  are  inserted  in  the  second  of  (6.11),  the  coeffi¬ 
cient  of  X  is  zero  by  (6.63)  and  the  first  three  relations  (6.61), 
leading  to  the  transformed  equation : 

(6.65)  cq^i  —  bqiqt  +  Cg«gi  -  0. 

Had  we  used  F  or  Z  in  place  of  X,  the  transformed  equation 
would  have  been: 

(6.66)  aqiqt  —  cq^t  -|-  Cq^qt  -  0, 

or 

(6.67)  bq^t  —  aqiqt  +  Cqtqt  -  0. 

These  last  three  equations  are  readily  seen  to  be  equivalent  in 
view  of  (6.62)  and  (6.63),  since  on  multiplying  them  in  turn  by 
94,  9h  9«  respectively,  and  summing,  we  obtain,  essentially,  (6.62); 
while  on  multiplying  by  aqi,  bqt,  cqi  respectively  and  summing, 
we  obtain,  essentially,  (6.63).  Thus  the  congruence  we  started 
with  is  given  as  the  intersection  of  the  complex  (6.63),  and  any 
one  of  the  other  three,  or  as  the  intersection  of  any  two  of  the 
latter.  A  more  symmetric  complex,  which,  adjoined  with  (6.63) 
gives  the  congruence,  is  found  by  eliminating  91,  qt  and  9t  from 
the  latter  set  of  four  equations.  The  result  is: 

(6.68)  bcq^  -|-  acq^  +  (flb  -f  C*)9«*  “  0. 

The  two  complexes  (6.63)  and  (6.68)  are  each  singular,  since  each 
involves  only  one  triplet  of  codrdinates.  The  condition  for  a  line 
of  the  complex  ^(91,  qt,  91,  94,  91,  9«)  0  to  be  singular  is  that 

(6.69)  dF/dqi  •  dF/dqt  -f-  dF/dq%  •  dF/dqt  dF/dqi  •  dF/dq%  0 

for  the  coordinates  of  this  line,  and  the  complex  is  singular  when 
every  line  belonging  to  it  is  singular.*  In  this  case  the  complex 
is  known  to  be  formed  either  of  the  lines  cutting  a  curve,  or 
tangent  to  a  surface.  The  complex  (6.63)  is  of  the  first  type. 
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the  curve  being  the  conic  at  infinity,  while  the  complex  (6.68)  is 
of  the  second  type,  the  lines  being  all  tangent  to  a  certain  quadric 
cone  with  vertex  at  the  origin.  The  equation  of  this  cone  is 

(6.7)  aq^  +  bq^  +  abcq^/{0  +  ab)  —  0. 

This  is  readily  seen  to  be  the  common  tangent  cone  for  the  family 
of  quadrics  (6.4). 

We  may  by  similar  methods  transform  the  congruence  (6.21) 
to  PlUcker  coordinates.  We  thus  obtain,  as  the  equations  of 
complexes  containing  the  congruence: 

(6.71)  *  aq^  bq^  *  0, 

(6.72)  eqiqi  -  bqtqt  +  Cq^qt  -  0, 

(6.73)  eq,q,  +  aqiqt  -f-  Cq,qt  -  0, 

(6.74)  eqt*  +  bqtq*  —  aqiqt  +  Cqtqt  *  0. 

On  eliminating  ^i,  qt  from  these,  we  find: 

(6.75)  eqt  +  (Cf  ^^b)q,  -  0. 

This  is  in  agreement  with  equation  (6.53). 

We  have  seen  that  the  straight  line  curves  may  be  determined 
from  the  Pfafhan.  It  is  perhaps  worth  pointing  out  that,  except 
in  one  or  two  very  specialized  cases,  the  Pfaffian  equation  is 
determined  by  the  straight  lines.  For,  there  are  in  general  two 
such  straight  lines  through  each  point,  and  these  determine  the 
tangent  plane  to  the  curves  in  the  Pfaffian,  i.e.  the  Pfafliian 
itself,  to  within  a  factor. 

7.  Straight  lines  of  the  general  Pfafl&an.  I^t  us  consider  a 
Pfafhan  (5.1)  in  which  the  coefficients  are  not  linear  functions, 
and  investigate  the  situation  as  to  straight  line  integral  curves. 
The  condition  that  (6)  satisfy  (5.1)  is: 

(7.1)  Aptdt  +  Bptdt  -f  Cp^t  -  0, 

where  the  variables  in  the  coefficients  are  X  +  p\t,  etc.  On 
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expanding  this  relation  in  powers  of  t,  we  find  the  conditions: 
(7.2)  Ap\  +  Bpt  -f-  Cpi  ■«  0, 

-  0. 

t 

Y.Aih%pipk  -  0,  etc., 

f,  ftal 

where  the  superscripts  running  from  1  to  3  give  A,  B,  C  xn  suc¬ 
cession,  and  the  subscripts  denote  partial  differentiation  with 
respect  to  x,  y,  z  in  succession.  The  variables  in  the  coefficients 
are  here  X,  Y,  Z.  This  series  gives  an  infinite  number  of  neces¬ 
sary  conditions  for  the  functions  at  each  point,  and  no  finite 
number  of  these  conditions  are  sufficient,  i.e.  these  conditions 
are,  in  general  independent.  This  is  proved  by  a  special  ex¬ 
ample: 

(7.21)  x*dx  ydy  +  ds  «  0. 

This  expression  is  integrable,  and  the  integral  surfaces  are 

(7.22)  x"‘^‘/('*  +l)+y*/2-|-»“  const. 

As  this  family  of  surfaces  contains  all  the  integral  curves  of  the 
Pfaffian,  but  no  straight  lines  through  a  general  point,  for  n  >  1, 
there  are  no  straight  line  integral  curves  for  the  Pfaffian  (7.21). 
However,  the  straight  line: 

(7.23)  *  -  <,  y  -  P,  *  -  Z, 
for  which 

(7.24)  jr  -  0,  ^  -  1,  Pi  -  0,  p,  -  0, 

satisfies  the  first  (n  —  1)  conditions  (7.2)  and  only  fails  to  satisfy 
the  nth  condition. 

Evidently,  unless  very  special  circumstances  are  at  hand,  like 
linearity  of  the  coefficients,  there  will  be  no  straight  lines  through 
a  general  point  satisfying  a  given  Pfaffian.  We  may,  however, 
have  any  number  of  straight  lines  for  a  particular  point.  An 
ex£(mple  of  this  is  the  Pfaffian : 

(7.25)  e'dz  -f-  x*dx  +  x*f{ylx)dy  -  0, 
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where  f{u)  is  an  nth  degree  polynomial  in  u,  such  that 

(7.26)  1  4-  «/(«)  -  0 

has  (n  -I-  1)  distinct  roots,  mj,  ut,  ....  At  a  general  point, 

the  equations  (7.2)  will  be  inconsistent.  However,  there  are 
through  the  origin  exactly  (n  +  1)  straight  lines,  namely: 

(7.27)  s  ■  0,  y  «  UiX,  (#  ■•  1,  2,  ...,  n  +  1). 

8.  The  three-dimensional  projective  case.  As  in  section  4, 
we  find  that  the  set  of  Pfaffians  (5.1)  with  coefficients  of  a  given 
degree  are  not  transformed  into  the  same  set  by  projective  trans¬ 
formations.  By  analogy  with  equations  (4.21)  and  (4.28)  we 
are  led  to  construct  the  more  generalized  form: 

(8.1)  A(ydz  —  zdy)  -|-  B{zdx  —  xdz)  +  C{xdy  —  ydx) 

-|-  Fdx  +  Gdy  +  Ildz  “  0. 

The  Pfaffians  of  this  type  with  coefficients  of  a  given  degree  are 
transformed  into  Pfaffians  of  the  same  type  by  projective  trans¬ 
formations.  This  is  seen  by  introducing  the  homogeneous  co¬ 
ordinates: 

(8.2)  *  -  *i/jC4,  y  “  xt/xt,  z  -  xt/xt. 

For  these  coordinates,  the  form  (8.1)  is 

(8.11)  A  (xfdxt — xtixt)  +B(xtdxi  —  Xidxt)  -f  C(xidxt — xtdxi) 

+  F{x^Xi—xidxt)+G(x^Xi—xtdxt)-^Hix4idxt-x^Xt)  -  0. 

Since  a  projective  transformation  is  a  linear  transformation  of 
these  codrdinates,  it  clearly  leaves  the  type  of  form  unchanged. 
The  coefficients  may  here  be  taken  as  homogeneous  polynomials 
of  the  same  degree  (»). 

When  we  take  them  to  be  of  degree  unity,  or  linear  expres¬ 
sions,  each  coefficient  in  the  forms  (8.1)  and  (8.11)  has  four 
constants,  so  that  there  are  apparently  24  constants  involved, 
less  one  which  can  be  divided  out.  However,  the  relations 
between  the  expressions  in  parentheses  reduce  the  number  of 
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significant  constants  to  19.  Thus,  for  example,  in  (8.1)  we  may 
assume  the  constant  terms  oi  A,  B  and  C  removed  to  F,  G,  II, 
and  place  one  restriction  on  the  distribution  of  the  constants  in 
these  first  three  coefficients,  since  increasing  A,  B,  C  hy  mx,  my, 
mz  respectively  has  no  effect  on  the  form. 

The  discussion  of  the  two  variable  case,  and  the  forms  (4.21) 
and  (4.22)  suggest  equivalent  forms  for  (8.11),  which  we  re¬ 
write  as: 

(8.12)  dxx{Bxt  —  Cxt  +  Fx^  +  dxt{—  i4*»  -f  Cxi  +  Gxt) 

-H  dxtiAxf  —  Bxi  +  IIxa)  +  dxi{—  Fx\  —  Gxt  —  Ilxt)  *  0. 

This  is  a  form 

(8.13)  Pxdxx  +  Pidxi  -I-  Pjdxi  -f  P4xt  *  0, 

in  which  the  Pi  are  homogeneous  expressions  of  the  (n  -H  l)st 
degree,  satisfying  the  condition : 

(8.14)  PxXi  -I-  PtXi  +  PiXt  +  PiXi  “  0. 

If,  now,  the  Pi  in  (8.13)  are  arbitrarily  chosen  quadratic  expres¬ 
sions,  satisfying  (8.14),  the  number  of  independent  constants  is 
19,  i.e.  40  in  (8.13),  less  20  for  the  relations  of  (8.14)  less  one  to 
be  divided  out.  Thus  in  the  linear  case  these  forms  (8.11)  and 

(8.13)  appear  to  be  equivalent.  We  readily  check  this  for  the 
nth  degree  case  by  noting  that  if  we  use  the  abbreviations: 

(8.15)  Pi(0,  xt,  *1,  X4)  -  Pi\ 

P,(0,  0,  X,,  X4)  -  Pi",  etc. 

0 

and  put  first  Xi,  and  then  Xi  and  xi  zero  in  the  identical  relation 

(8.14) ,  we  have: 

(8.16)  P,'xt  +  Pi'x,  +  Pi’xi  -  0, 

P,"x,  +  Pi"xi  -  0. 

This  last  equation  shows  that 

(8.17)  II  -  Pt"/Xi  -  -  Pi"/xi 

is  an  nth  degree  expression,  since  the  (n  -1-  l)st  degree  numera- 
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tors  vanish  when  X4  and  xt  vanish  respectively,  and  hence  con' 
tain  these  variables  as  factors.  We  next  dehne 


(8.18) 


-  P/  -t-  P*" 

Xt 


which  are  again  nth  degree  expressions,  since  the  numerators 
vanish  with  xt.  Finally,  we  put 


(8.19)  B 


-Pt-\-  Pt’ 


F 


-P*  +  Pa' 

*1 


which  are  seen  to  be  of  the  nth  degree  by  the  same  argument. 
If  we  now  insert  the  values  given  for  >1,  B,  C,  F,  G,  H  in  equation 
(8.12),  the  coefficients  of  dxt  and  dxt  are  seen  to  be  Pt  and  Pt, 
directly,  while  the  coefficients  of  dxi  and  dxt  are  equal  to  Pi  and 
Pt  because  of  the  relations  (8.14)  and  (8.16)  connecting  the  Pt, 
F/and  P/'. 

We  may  also  write  a  determinant  form: 


(8.21) 


dxi 

dxt 

dxt 

dxt 

-  0. 

Xi 

Xt 

.  Xt 

Xt 

Ai 

At 

At 

At 

Bi 

Bt 

Bt 

Bt 

If  the  Ai  are  homogeneous  polynomials  of  the  mth  degree,  and 
the  Bi  are  homogeneous  polynomials  of  the  m'th  degree,  when 
this  determinant  is  expanded  it  will  give  an  expression  of  the 
form  (8.13)  with  P*  homogeneous  polynomials  of  the  (m  +  m')th 
degree,  satisfying  the  relation  (8.14).  Conversely,  when  the 
form  (8.13)  is  given,  we  have  merely  to  select  two  sets  of  func¬ 
tions  At  and  such  that: 


(8.22)  Pii4i  -|-  P>i4i  PiAi  -f  PtAt  *  0, 

P \Bi  P tBt  “H  P *Pi  "F  P tBt  **  0, 


in  order  to  obtain  a  form  (8.21)  whose  vanishing  is  a  consequence 
of  equation  (8.13).  However,  the  degree  (m  -f  m')  will  in  gen¬ 
eral  be  greater  than  n,  the  determinant  containing  a  factor  of 
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the  (m  +  m'  —  n)th  degree.  Moreover,  it  is  frequently  impos¬ 
sible  to  select  Ai  and  Bi  for  which  no  such  factor  cancels  out. 
For  example,  the  Pfaffian 

(8.23)  Xidxt  —  xtdxi  -f-  xtdxi  —  x^ixt  *  0, 

implies 


dxi 

dxt 

dx$ 

dxi 

-  0. 

Xi 

Xt 

Xi 

Xi 

Xi 

Xt 

0 

0 

Xi 

0 

Xt 

0 

The  additional  factor  is  here  xjX4,  of  the  second  degree.  But, 
every  determinant  which  gives  (8.23)  must  contain  an  additional 
factor  of  the  second  degree,  at  least.  For,  if  not,  one  of  the  last 
two  rows  would  have  to  be  of  less  than  the  hrst  degree,  and  hence 
consist  of  constants.  In  this  case,  a  linear  combination  of 
columns,  with  a  corresponding  linear  (projective)  transformation 
of  the  variables,  would  yield  a  new  form  with  three  zeros  in  this 
row,  and  hence  give  a  Pfaffian  with  only  three  of  the  differentials 
present.  This  is  impossible,  as  (8.23),  which  represents  the 
general  linear  complex,  or  null  system,  involves  all  four  differen¬ 
tials  no  matter  what  cobrdinates  are  used.  The  appearance  of 
this  extraneous  factor  makes  the  determinant  form  difficult  to 
work  with  when  classifying  forms  for  which  the  degree  of  the 
Pi  are  fixed,  and  we  shall  make  no  further  use  of  (8.21)  for  this 
reason. 

Let  us  now  return  to  the  form  (8.13).  When  the  Pi  are  con¬ 
stants,  we  have  an  integrable  case.  When  they  are  of  the  first 
degree,  the  coefficients  of  the  corresponding  form  (8.11)  are 
constants,  and  since  the  equation  then  becomes  a  linear  com¬ 
bination  of  the  Pliicker  coordinates,  (6.6),  for  the  straight  line 
through  Xi  with  direction  dxi,  we  have  a  linear  complex.  By  a 
suitable  linear  transformation  of  coordinates,  it  may  be  reduced 
to  the  canonical  form : 


(8.25) 


xidxt  —  xtdxi  —  0, 
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if  a  special  type  of  linear  complex,  and  to  the  form  (8.23)  if  a 
general  type  of  linear  complex. 

When  the  Pi  are  quadratic,  the  coefficients  of  (8.11)  are  of  the 
first  degree.  If  it  is  possible  to  make  A,  B  and  C  zero  by  a 
proper  change  of  coordinates,  we  may  by  a  corresponding  choice 
of  the  plane  at  infinity  for  the  non-homogeneous  codrdinates 
reduce  the  Pfaffian  to  the  form  (5.1)  which  has  been  classified 
in  the  table  (5.21)  through  (5.36).  If  no  such  choice  of  the  plane 
at  infinity  is  possible,  we  take  it  as  fixed,  for  the  present,  at 
random  and  change  to  the  non-homogeneous  Cartesian  co¬ 
ordinates.  We  may  still  apply  affine  transformations,  which 
will  effect  projective  transformations  in  the  plane  at  infinity. 
If  we  remove  the  constant  terms  from  A,  B,  C,  to  F,  G,  II,  the 
form 

(8.27)  Aiydz  —  zdy)  -f  B{zdx  —  xdz)  +  C{xdy  —  ydx) 

will  be  homogeneous,  and  is  analogous  to  (4.21).  This  latter 
form  has  been  classified  in  equations  (4.41)  through  (4.46).  By 
finding  the  two-dimensional .  projective  transformation  which 
effects  this  reduction,  and  now  interpreting  it  as  a  three-dimen¬ 
sional  affine  transformation,  we  may  leave  the  general  form  of 
the  Pfaffian  (8.11)  unchanged,  but  reduce  the  highest  terms  to 
canonical  form.  We  thus  obtain  as  a  first  stage  of  classification, 
the  forms: 

(8.31)  (—  y  +  Cx){ydz  —  zdy)  -H  (±  x  —  Cy){zdx  —  xdz) 

+  Fdx  -|-  Gdy  -f  Hdz  *  0, 

(8.32)  —  yiydz  —  zdy)  ±  x{zdx — xdz)  -1-  Fdx  -1-  Gdy  -|-  Hdz  »  0, 

(8.33)  z(ydz  —  zdy)  +  yizdx  —  xdz)  +  Fdx  -1-  Gdy  -f  Hdz  “  0, 

(8.34)  yiydz  —  zdy)  -f-  zizdx  —  xdz)  4-  Fdx  -f-  Gdy  -f-  Hdz  «  0, 

(8.35)  yizdx  —  xdz)  +  Fdx  Gdy  4-  Hdz  *  0, 

(8.36)  yiydz  —  zdy)  -f-  Fdx  -|-  Gdy  4-  Hdz  —  0. 
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In  these  forms  F,  G,  //  are  linear  expressions  in  x,  y,  z.  In  gen¬ 
eral,  a  suitable  translation  will  free  them  of  the  constant  term, 
though  this  may  be  impossible  for  all  three  in  certain  specialized 
cases.  From  the  discussion  of  (4.51)  and  (4.56)  we  note  that 

(8.315)  xiydz  —  zdy)  -f  ky{xdz  —  zdx)  +  Fdx  +  Gdy  +  Hdz  *  0 

is  an  equivalent  form  for  (8.31)  when  k  and  (8.32)  when 

k  ^  —  I,  with  both  signs  if  imaginary  transformations  are  em¬ 
ployed. 

The  six  forms  first  given  include  all  possible  types.  More¬ 
over,  there  are  forms  which  can  only  be  classified  as  one  of  these. 
However,  without  restrictions  on  F,  G,  H,  the  types  are  not 
mutually  exclusive  since  a  projective  transformation,  leading  to 
a  new  choice  of  the  plane  at  infinity,  will  sometimes  take  a  form 
from  one  class  to  another.  This  ambiguity  may  be  avoided  by 
regarding  the  types  in  order  of  simplicity  as  written,  and  in 
each  case  so  take  the  plane  at  infinity  as  to  give  the  simplest 
type.  We  shall  not  enter  into  the  conditions  on  F,  G,  H,  im¬ 
posed  by  this  convention. 

As  the  sub-division  of  the  six  cases  analogous  to  our  earlier 
classifications  would  lead  to  an  enormous  number  of  special 
types,  we  shall  not  attempt  it,  but  instead  will  indicate  how 
any  one  type  can  be  treated  by  studying  a  particular  example  of 
(8.31),  the  “  general  ”  case,  namely, 

(8.41)  x{ydz  —  zdy)  -f  y{xdz  —  zdx)  +  xdx  +  ydy  —  2zdz  *  0. 

This  is  written  in  the  alternative  form  (8.315).  The  straight  line 
(6)  will  be  an  integral  curve  of  this  Pfaffian,  provided: 

(8.42)  p\Pi  Y  +  PiPiX  —  2p\PtZ  +  Pi*  +  />!*  —  2pi*  *  0, 

(8.43)  PiiX  -YZ)+p,(Y-  XZ)  +  2p,{X F  -  Z)  -  0. 

Wben  the  point  X,  Y,  Z  is  not  on  all  three  of  the  quadrics: 

(8.44)  jcy  —  XZ  “  y,  yz  ^  x, 

the  equations  determine  in  general  two  values  of  the  ratios 
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^  :  Pi  ;  Pi,  SO  that  there  are  just  two  straight  lines  through  the 
point. 

The  singular  points  on  all  three  of  the  quadrics  (8.44)  are 
found  to  be: 

(8.45)  (0,0,0),  (1.1,1),(1,-1.-1),(-1. 1,-1),  (-1.-1,!). 

Through  each  of  these  points  there  is  a  quadric  cone  of  straight 
lines.  Thus  these  are  second  degree  singular  points.  Besides 
these,  there  are  certain  other  points  which,  while  not  singular  for 
the  Pfaffian  (8.41)  since  the  tangent  plane  is  definitely  deter¬ 
mined,  are  singular  for  the  congruence  of  straight  line  integral 
curves,  since  every  straight  line  in  the  tangent  plane  is  an  inte¬ 
gral  curve.  These  first  degree  points  are: 

(8.46)  (-1,  -1,  -1),  (-1,  1,  1),  (1,  -1,  1),  (1,  1,  -1). 

Incidentally,  we  notice  that  the  congruence  of  straight  lines  has 
just  three  in  a  general  plane,  since  the  equation  in  Pi/Pi  obtained 
by  putting  Z  *  AX  BY  C,  Pi  “  Ap\  +  Bpt,  K  *  0  is 
'  of  the  third  degree.  Placing  F  *  0  involves  no  loss  of  gener- 
*  ality,  since  from  the  form  of  equations  (8.42)  and  (8.43)  as  well 
as  their  geometric  interpretation,  if  X,  Y,  Z,  Pi  satisfy  them,  the 
same  will  be  true  of  A'  +  Pj/,  Y  -|-  p*/,  Z  +  p»/,  p<. 

We  have  only  given  five  solutions  of  the  three  quadrics  (8.44), 
while  eight  were  to  be  expected.  The  other  three  are  at  infinity. 
They  have  no  geometric  significance,  since  when  we  find  their 
homogeneous  coordinates,  and  substitute  them  in  the  Pfaffian 
for  these  coordinates,  the  coefficient  of  dxi  which  must  then  be 
introduced  does  not  vanish. 

The  situation  we  have  just  explored  for  the  Pfaffian  (8.41)  is 
typical  of  that  for  the  general  forms  (8.31)  through  (8.36),  when 
the  F,  G,  H  do  not  satisfy  special  conditions.  That  is,  there  are 
two  straight  lines  through  the  general  point  which  are  integral 
curves,  a  certain  number  of  points,  singular  for  the  congruence, 
for  which  a  plane  pencil  of  lines  exists,  and  some  second  degree 
points,  singular  for  the  Pfaffian  as  well  as  for  the  congruence. 
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These  last  lie  on  the  three  quadrics: 

(8.5)  Bz-  Cy\-  F  •  0,  -  >1*  +  Cx  -f  G  -  0, 

Ay  —  Bx  +  //  *  0. 

The  notation  goes  back  to  (8.11),  (8.12)  and  the  equations  may 
be  written  explicitly  as  to  the  second  degree  terms  by  comparing 
(8.27)  with  the  set  (8.31)  through  (8.36).  For  the  first  four 
cases  we  have  three  quadrics,  with  five  finite  intersections,  giving 
singular  points  of  the  Pfafhan,  and  three  intersections  at  infinity. 
For  the  last  two  cases  we  have  two  quadrics  and  a  plane,  with 
three  finite  intersections,  giving  singular  points  of  the  PfafTian, 
and  one  intersection  at  infinity.  The  intersections  at  infinity 
only  have  a  geometric  interpretation  when  the  further  condition : 

(8.51)  Fx -f  Gy  + //*  -  0, 

is  satisfied.  The  form  of  (8.12)  suggests  that  this  be  adjoined 
to  the  set  (8.5).  This  is  satisfied  in  consequence  of  (8.5)  when 
all  the  coordinates  are  finite,  but  not  otherwise.  When  (8.51) 
holds,  the  quadrics  (8.5)  have  a  curve  of  intersection,  and  there 
is  a  singular  line  for  the  Pfafhan.  The  cases  which  specialized 
into  (5.1)  and  the  forms  (5.21)  through  (5.36)  are  for  the  most 
part  an  example  of  this,  the  quadrics  (8.5)  here  intersecting  in 
a  conic  and  a  point.  The  plane  of  the  conic  was  already  at 
infinity,  and  the  reduction  we  used  brought  the  point  to  the 
origin.  There  are  other  cases,  however,  where  the  singular 
line  is  a  third  degree  curve  which  degenerates  into  a  conic  and 
a  straight  line. 

9.  The  n-dimensional  case.  The  methods  we  have  used  may 
be  applied  to  the  Pfafhan  in  n-variables. 


lA4xi 


though  the  details  liecome  in  some  cases  rather  complicated. 
In  particular,  we  note  that  when  the  At  are  expressions  of  the 
first  degree,  the  form 


(9.11)  laijXidXi  +  "ZbidXi 
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rontains  a  quadratic  cone  (in  n  —  1  dimensions)  of  straight  line 
integral  curves,  through  each  point  not  in  certain  special  classes. 
This  is  also  true  for  the  form: 

(9.2)  ZAii{x4xi  —  XjdXi)  -  0,  (*,  j  *  I,  2,  ....  «  -|-  1), 

when  the  Ai^  are  homogeneous  of  the  first  degree.  In  this  case, 
the  form  is  explicitly: 

(9.21)  ZoiikXiXjdxk  *  0, 

Oiik  +  +  Clkii 

all  three  subscripts  running  from  1  to  n  +  1.  The  form  is 
suggested  as  the  projective  generalization  of  (9.11). 


THE  CALCIILATION  OF  RESISTANCES  TO  GROUND 
AND  OF  CAPACITANCE 


By  Herbert  Bristol  Dwight* 

Synopsis. — The  calculation  of  the  resistance  to  ground  of  different  shapes 
of  conductors  or  groups  of  conductors  is  fundamentally  the  same  as  the  cal¬ 
culation  of  capacitance.  In  this  paper  are  presented  (1)  a  series  calculation 
for  a  cylinder  of  finite  length;  (2)  curves  for  large  groups  of  vertical  ground 
rods;  (3)  a  fcrmula  (No.  27)  for  buried  metallic  strip;  (4)  a  formula  (No.  31) 
for  the  capacitance  of  a  round  plate  by  the  average  potential  method,  showing 
that  that  metho<l  is  in  error  by  8  per  cent  in  that  case;  (5)  a  curve  (Fig.  8)  for 
the  ra|)acitnnce  of  a  rectangular  plate,  with  a  correction  for  the  error  due  to 
the  average  potential  method.  It  ia  shown  that  the  error  due  to  the  average 
potential  method  is  very  small  in  the  case  of  a  long  cylinder  such  as  a  ground 
rod  or  an  antenna. 

The  resistanre  Iietween  metallic  conductors  buried,  or  partially 
buried,  in  the  ground,  is  capable  of  calculation  if  it  is  assumed  that 
the  ground  has  uniform  resistivity.  While  this  assumption  is 
seldom  realized  in  practice,  the  calculations  are  very  useful  in  the 
design  of  ground  ainductors.  The  problem  is  identical  with  that 
of  the  calculation  of  the  capacitance  of  the  same  conductors. 
The  flow  of  current  lietween  the  conductors  follows  the  same 
laws  as  the  flow  of  dielectric  flux.  It  is  more  convenient  in  many 
capacitance  problems  to  calculate  the  repulsion  between  the 
charges  rather  than  to  solve  the  flow  problem,  and  that  methfxl 
will  lie  used  in  the  problems  descrified  in  this  paper. 

E.xpressions  are  available  for  the  capacitance  of  very  few  shapes 
of  finite  bodies.  The  capacitance  of  an  isolated  sphere,  in  abso¬ 
lute  electrostatic  units,  or  statfarads,  is  equal  to  the  numlier  of 
centimeters  in  its  radius.  The  capacitance  of  two  spheres  near 
together  is  known,  but  is  obtained  by  a  rather  complicated  pro¬ 
cess.  See  “Theory  of  Alternating  Currents”  by  Alex.  Russell, 

*  Massachusetts  Institute  of  Technology,  and  New  England  Power  Con- 
strurtion  Company. 
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ed.  of  1914,  Chapter  VIII.  The  capacitance  of  two  or  more 
spheres  far  ap>art  is  more  readily  computed,  as  may  be  noted  from 
examples  in  this  paLper. 

A  formula  is  available  for  the  capacitance  of  an  ellipisoid  of 
revolution.  It  is  given  in  Scientific  Papier  No.  568  of  the  Bureau 
of  Standards,  by  F.  W.  Grover,  p>age  576.  (See  also  eq.  17  of  this 
jiaper.) 

The  capiacitance  of  a  thin  round  plate  is  ' 


where  a  is  the  radius. 


Cylinder 

A  case  occurring  very  frequently  is  that  of  a  cylinder,  the  same 
general  problem  being  encountered  when  a  rod  is  driven  vertically 
into  the  ground  and  when  a  rod  or  wire  is  buried  in  a  horizontal 
piosition. 

Two  approximate  formulas  have  been  offered  for  this  problem, 
which  give  results  differing  by  5  pier  cent  for  a  ^  inch,  8  foot 
ground  rod,  and  by  3  pier  cent  for  an  antenna  wire  yi  cm.  in 
diameter  and  100  meters  long.  See  equations  (17)  and  (19)  of 
this  piapier  and  the  references  given  with  them. 

In  this  piapier  a  calculation  for  the  capiacitance  of  a  rod  of  finite 
length  is  given,  which  is  in  the  form  of  convergent  series.  It  gives 
precise  results  when  large  numbers  of  terms  are  computed.  The 
calculation  follows  the  general  method  used  by  the  writer  in 
calculating  the  capiacitance  of  a  long,  three-conductor  cable.* 
Uniform  distribution  of  charge  is  first  assumed  and  then  other 
distributions  of  charge  are  successively  added,  so  as  to  keep  the 
piotential  of  the  conductor  the  same  at  all  pxiints. 

In  Figure  1  is  indicated  a  circular  cylinder  of  length  2L  cm. 
and  radius  a  cm. 

'  "The  Newtonian  Potential  Function,”  by  B.  O.  Peirce,  ed.  of  1902,  page 
161. 

*“The  Direct  Method  of  Calculation  of  Capacitance  of  Conductors,”  by 
H.  B.  Dwight,  Trans.  A.  I.  E.  E.,  1924,  page  95S. 
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First  find  the  potential  at  the  point  P  on  the  cylinder  due  to 
uniform  charge  density  q  per  cm.  along  the  cylinder.  The 
potential  at  P  due  to  the  ring  dy  is  * 


a 

where 


Pt,  Pi  ..  .  represent  zonal  harmonics  whose  values  are  all  less 
than  1  and  where  r*  ■  a*  -f  y*. 


Fig.  1. 


-Cylindrical  Conductor. 


Where  cylinders  are  dealt  with  in  this  paper,  the  length  is 
ab»)ut  100  or  more  times  the  radius,  and  all  except  the  first  term 
in  a  power  series  in  a  such  as  (2)  may  be  neglected.  Integrating 
the  first  term  from  y  »  0  to  L  —  x,  the  potential  at  P  due  to  the 
part  of  the  rod  to  the  right  is 


q  logn 


L  -  X  -|-Va»  +  (L  -  xY 


.  M  iii 


where  logn  denotes  natural  logarithm. 

This  becomes,  by  expanding  and  omitting  terms  in  a  except 
logn  a, 

Jlogn— +  +  +  ■  ■■)■ 

The  potential  at  P  due  to  the  part  of  the  rod  to  the  left  is 
•  "Fouriar  Series  and  Spherical  Harmonics,"  by  W.  E.  Byerly,  page  153, 
eq.  (6). 
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obtained  by  changing  x  to  —  x.  The  total  potential  at  P  due  to 
the  uniform  charge  q  per  cm  is 

2L  /  X*  x«  x*  \ 

+  +  (3) 

It  is  now  desirable  to  hnd  the  potential  at  P  due  to  a  charge 
whose  density  varies  as  the  square  of  the  distance  from  the  mid¬ 
section  of  the  rod.  The  charge  on  the  circle  dy  will  then  be 

{x  +  y)*  ^ 

and  the  potential  at  P  due  to  it  is 

Va»  +  y* 

omitting  terms  with  a  in  the  numerator. 

Expanding  the  numerator,  and  integrating  the  three  terms 
from  y  ■■  0  to  L  —  X,  we  obtain 

,  |;[f +  2x 

+  X*  logn  (y  +  Vo*  +  y*) 

Expanding  this  and  adding  the  corresponding  expre8.sion  for  the 
potential  at  P  due  to  the  left  hand  part  of  the  rod,  we  obtain: 
Potential  at  P  due  to  charge  51  m*/Z,* 


,.[l+|(2logn^-3) 


L*  2L*  3L» 


Similarly,  the  potential  at  P  due  to  charge  gt  u*IL* 


ri,x*.x«/.,  2L  25  \ 


X*  X*  x‘* 

T*~2L'~  ID 
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and  the  potential  at  P  due  to  charge  qt 

1  .**.*«.**/.  .  2L  49 


3  2L*  L*  L*\  “a  10 


Z.»  2L‘»  3L“  J 

Applying  these  equations  to  a  rod  K  inch  in  diameter  and  30 
feet  in  length,  so  that  Z.  —  180  inches,  the  equations  become: 
Potential  due  to  q  per  cm. 


q  (  13.734  -  —  - 

^  V  2L*  3L* 


Potential  due  to  qi  u*/L* 


JC® 

1  +  10.734—  -  -  - - —  - 

L*  L*  2L*  3L* 


Potential  due  to  qt  u*/L* 


/I  .  JC» 

*  V  2  I* 


JC^  X^  Jf* 

+  9.567—  -  —  -  ~  - 
L*  L'  2U 


Potential  due  to  u*/I«* 


(1  JC*  JC*  JC* 

-  +  —+  —  +  8.834—  -  —  - 
3^  2U^  L*  L» 


Let  10.734^1  «  q. 
The  potential  due  to 


10.734  L* 


,(.093  +^,-  .093^^-  .047||- .03li| - (11) 

Adding  (7)  and  (11),  the  potential  due  to  the  first  2  charges  is 
9^  13.827  -  -59311-  ^SO^I-  -28111-  -  -  -  V 


(12) 
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Let  9.567  91  ■  .593^, 

qt  *  .062</. 

Potential  at  x  due  to  .0629  u*/L* 

-9^.031  +  .062^ 

+  .593||-  .062||-  .031^ - -  (13) 


Adding  (12)  and  (13),  the  potential  due  to  the  first  3  charges  is 
9^  13.858  -h  .062^,-  -44211-  -31211-  -  -  -  (14) 

Similarly,  the  potential  due  to  the  first  4  charges  is 


(.3, 


875  +  .087  +  .050 -Jj  -  .362 - 

L*  L*  L* 


(15) 


Applying  this  process  again  to  the  terms  in  x*/Z,*,  x*/L*  and  x*/Z.*, 
the  potential  due  to  the  first  7  charges  is 

9  ^  13.863  -  -007||  -  .001  -  -355||  -  -  -  -  ^.  (16) 

The  average  potential,  by  integrating  from  0  to  L,  is 

9(13.863  -  .002  -  0  -  .040  -  •••)  -  13.829. 

The  total  charge  on  the  rod  is  obtained  by  integrating  from  0  to 
L  and  multiplying  by  2  and  is 

(1  +  .031  -f  .012  +  .007  -  .003  -  .001  -  0  -  -  ••  ) 

X  360  X  2.549  *  1-046  X  360  X  2.549, 
1  «  13.82  13.21 

C  “  1.046  X  360  X  2.54  *  360  X  2.54  ‘ 

This  result  can  be  compared  with  two  published  formulas  for 
the  capacitance  of  a  cylinder.  One  approximation  is  to  consider 
the  cylinder  to  be  nearly  the  same  as  an  ellipsoid  of  revolution 
and  to  use  the  formula  for  that  shape  for  the  case  when  the  diam- 
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eter  is  small  compared  with  the  length, 
of  this  paper 


1  1 .  2L 


This  is 


in  the  notation 


(17) 


which  gives,  for  the  problem  just  considered, 

2  13.73 

C  “  360  X  2.54  ' 


The  difference  is  3.9  p)er  cent. 

Another  approximate  calculation  is  to  assume  uniform  charge 
density  and  to  calculate  the  average  potential.  If  terms  in  a, 
except  the  term  logn  a,  are  omitted  from  eq.  (2),  as  was  pre¬ 
viously  done  in  this  paper,  there  is  obtained  ‘ 


_1 

C 


a 


lo*n2L±:E±il!  +  i 

a 


(18) 


Terms  in  o,  except  logn  a,  should  not  be  left  in  the  formula  if 
other  terms  in  a  have  been  neglected  in  deriving  it. 

Eq.  (18)  therefore  becomes 

(!<)) 

This  gives,  for  the  numerical  problem  just  considered. 


13.12 

C  “  360  X  2.54  * 

$ 

This  is  different  from  the  value  calculated  in  this  paper  by  less 
than  1  per  cent.  Formula  (19)  is  preferable  to  (17)  since  it  is 
more  accurate  and  no  more  difficult  to  use.  Eq.  (19)  is  therefore 
used  in  this  paper  for  the  calculation  of  ground  resistance. 

The  potential  at  the  center  of  the  rod  of  length  2L,  due  to  the 

*See  Technologic  Paper  No.  108  of  the  Bureau  of  Standards,  "Ground 
Connections  for  Electrical  Systems,”  1918,  page  221. 

*  "On  the  Capacity  of  Radio-Telegraphic  Antennae,"  by  G,  W.  O,  Howe, 
The  Electrician,  Vol.  73,  1914,  pages  829,  859  and  906. 
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uniform  charge  q  per  cm.,  is  found  by  putting  x  »  0  in  eq.  (3) 
and  is 

2q  logn  ~ , 

which  gives  13.739  for  the  case  considered.  The  average  poten¬ 
tial,  from  eq.  (19),  is 

which  gives  13.12^  for  the  same  numerical  case.  The  potential 
at  the  center  of  the  rod  is  therefore  4.7  per  cent  higher  than  the 
average  potential  due  to  uniform  charge  density. 

As  a  second  numerical  e.xample,  an  antenna  wire  of  radius  .25 
cm.  and  length  10,000  cm.  (L  =»  5,000  cm.),  may  be  taken.  By 
the  successive  approximation  calculation  of  this  paper,  \/jC 
*  .00207.  By  eq.  (17),  XJC  =  .00212,  which  is  2.5  per  cent 
larger,  and  by  eq.  (19)  1/C  =  .00206,  which  is  0.5  per  cent 
smaller. 

The  successive  approximation  method  described  in  this  paper 
can  be  used  with  groups  of  a  few  cylinders. 

It  would  not  be  expected  that  the  calculation  of  the  average 
potential  due  to  uniform  charge  distribution  as  in  (19),  would 
necessarily  give  a  close  approximation  to  the  capacitance  of  a  rod, 
for  the  potential  at  the  end  of  the  rod  is  nearly  50  per  cent  less 
than  the  potential  at  the  middle,  when  uniform  charge  is 
assumed.  The  successive  approximation  calculation  is  needed  to 
justify  eq.  (19).  In  other  cases  discussed  later  in  this  paper,  the 
highest  and  lowest  potentials  do  not  differ  by  more  than  a  few 
per  cent,  uniform  charge  distribution  being  assumed.  In  such 
cases  the  average  potential  method  can  be  expected,  and  is  shown, 
to  give  values  of  capacitance  which  are  very  close  approximations 
to  the  true  values.  On  the  other  hand,  in  the  case  of  a  thin, 
round  plate  the  average  ptotential  method  gives  a  value  of  C 
about  8  per  cent  too  low. 

A  successive. approximation  method  using  mechanical  Integra- 


a 


V 
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tion  has  been  used  by  Dr.  F.  W.  Grover  in  Scientific  Paper  of  the 
Bureau  of  Standards,  No.  568,  1928,  page  577,  to  show  that  the 
average  potential  method  is  correct  to  within  2  or  3  parts  in 
1000  for  a  long  straight  antenna  wire. 

Since  this  paper  was  written,  Dr.  Grover  has  communicated 
to  me  the  following  series  which  he  has  adapted  from  eq.  20  (b) 
of  the  paper  “Losung  zweier  Potent iaiprobleme  der  Elektro- 
statik,"  by  E.  Hallen,  Arkiv  fdr  Matematik,  Astronomi  och 
Fysik,  V’ol.  21A,  No.  22,  1929,  Stockholm: 

C  2  .  1.22741  2.17353  .  11.0360 

where 

«  »  2  logn  —  • 
a 

This  gives,  for  the  first  example, 

I  13.02 

C  “  360  X  2.54  ’ 

to  compare  with 

2  13.12 

C  “  360  X  2.54  * 


by  the  average  potential  method.  For  the  second  example,  it 
gives 

^  -  .00205. 


to  compare  with  .(N)206  by  the  average  potential  method.  It  is 
to  be  expected  that  the  average  potential  method  would  give 
too  large  a  value  for  1/C  since  it  does  so  in  the  case  of  a  thin  disk 
(see  the  sentence  following  eq.  31). 

The  resistance  to  earth  of  a  conductor  deeply  embedded  in  the 
earth  is  * 


R 


P 

“  4irC’ 


(20) 


*  Technologic  Paper  No.  108  of  the  Bureau  of  Standards,  “Ground  Connec¬ 
tions  for  Electrical  Systems,”  Appen.  Ill,  p.  219,  and  “An  Investigation  of 
Earthing  Resistances,”  by  P.  J.  Higgs,  Jour.  I.  E.  E.,  England,  Vol.  68,  1930, 
Appendix,  p.  745. 
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where  C  is  the  capacitance  in  electrostatic  units,  or  statfarads,  of 
the  conductor  when  isolated  in  air,  and  p  is  the  resistance  per  cm. 
cube  of  the  earth.  The  same  expression  gives  the  resistance 
between  two  bodies  deeply  buried  in  the  earth,  if  C  is  the  capaci¬ 
tance  of  the  two  bodies  in  air,  when  one  is  positive  and  one 
negative. 

If  the  bodies  are  near  the  surface  of  the  ground,  the  flow  lines  at 
the  plane  of  the  ground  surface  lie  in  that  plane,  and  the  flow 
problem  corresponds  to  the  cap>acitance  of  the  body  or  bodies 
together  with  their  images  in  the  ground  surface.  If  C  includes 
the  capiacitance  of  the  images,  the  resistance  of  the  body  or 
bodies  is  given  by 

(21) 


The  resistance  to  the  earth  of  a  rod  driven  vertically  to  a  depth 
L  6m.  in  the  earth  is  given  by  (19)  and  (21)  and  is 


The  resistance  of  a  buried  straight  rod  or  wire,  no  p>art  of  which 
is  near  the  surface  (usually  a  horizontal  conductor)  is  given  by 
(19)  and  (20)  and  is 


where  the  length  of  the  rod  or  wire  is  2L  cm. 

Two  Ground  Rods  in  Parallel 

As  vertical  ground  rods  are  used  to  a  considerable  extent, 
because  of  their  ability  to  reach  permanent  moisture,  calculations 
for  ground  rods  in  p>araliel  will  be  described. 

Let  two  p>arailel  vertical  rods  of  depth  L  cm.  and  radius  a  cm. 
be  separated  by  s  cm.  between  centers  and  be  connected  elec¬ 
trically  in  ptarallel.  Then  it  is  required  to  find  the  cap>acitance 
of  these  rods  and  their  images,  that  is,  of  two  rods  of  length  IL. 
Assume  that  both  rods  have  uniform  charge  q  p>er  cm. 


5 


HERBERT  BRISTOL  DWIGHT 


The  potential  at  distance  x  from  the  center  of  one  rod  due  to 
the  charge  qdy  on  the  other  rod  is 


Fig.  2. — Two  Rods  Connected  in  Parallel. 


The  potential  at  x  due  to  uniform  charge  q  per  cm.  on  the  other 
rod  is  obtained  by  integrating  from  y  —  0  to  L  +  x  and  from 
y  >=  0  to  L  —  X,  and  is 


The  average  potential  on  one  rod  due  to  uniform  charge  on  the 
other  is  obtained  by  multiplying  by  dx/L  and  integrating  from 
X  “  0  to  L,  and  is 


Adding  the  average  potential  of  the  rod  due  to  its  own  charge, 
and  dividing  by  4qL,  the  value  of  1/C  for  the  pair  of  rods  is  given. 
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Then,  by  (21),  the  resistance  to  earth  of  the  pair  of  rods  is 


+  logn 


2L  +  Vj*  -f  4L* 


.  s  Vj*  +  4Z.* 
2L  2L 


(26) 


A  short  alternative  calculation,  which  is  good  for  spacings  of  20 
feet  or  more,  is  to  replace  each  ground  rod  by  a  half-buried  sphere 
which  is  equivalent  in  resistance  to  one  isolated  ground  rod. 
The  resistance  to  earth  of  a  ground  rod  of  ^  inch  diameter  and 
10  feet  depth  is,  by  (22), 

X  6.155. 


The  hemisphere  which  is  buried  and  its  image  above  the  ground 
surface,  make  up  a  complete  sphere  whose  capacitance  as  an 
isolated  conductor  is  equal  to  its  radius  A  in  cm.  By  (21),  the 
resistance  of  the  hemisphere  to  earth  is 


R 


p 

2tA 


Therefore,  the  radius  of  the  hemisphere  which  is  equivalent  to  the 
isolated  ground  rod  is 


A 


L 

6.155 


1.625  ft. 


The  capacitance  of  two  spheres  at  a  distance  s  center  to  center, 
connected  in  parallel,  is  quickly  calculated  when  s  is  not  small. 
Let  the  spheres  carry  equal  charges  q. 

The  potential  of  the  surface  of  each  sphere  is 


where  the  dimensions  are  in  centimeters.  If  the  distance  between 
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the  centers  is  10  feet, 


2  X 


— ! - /_!_  + 

12  X  2.54  V  1.625  10/ 


.715 


2  X  12  X  2.54 


For  two  spheres  widely  separated 


2  X 


-J _ f-L-) 

12  X  2.54  V  1.625  / 


.615 


2  X  12  X  2.54 


The  ratio  of  the  conductivity  to  earth  of  the  two  spheres  10  feet 
apart  to  that  of  two  isolated  spheres  is 


.615 

.715 


.86. 


The  ratio  calculated  by  (26)  is  .88,  showing  2.5  per  cent  difference 
at  10  feet  sptacing.  The  difference  is  .5  per  cent  for  20  feet  spac¬ 
ing.  The  conclusion  may  therefore  be  stated  that  for  two  10  foot 
ground  rods  the  short,  sphere  method  of  calculation  is  a  good 
approximation  for  spacings  of  20  feet  or  more.  With  three  or 
four  10  ft.  ground  rods,  with  10  ft.  spacing  at  the  comers  of  an 
equilateral  triangle  or  a  square,  the  error  due  to  the  sphere  method 
is  approximately  4  per  cent,  and  less  with  larger  spacings. 

Groups  of  Ground  Rods 

The  potential  of  a  rod  due  to  its  own  charge  and  the  charges  of 
several  other  rods  can  be  found  by  several  applications  of  (25). 
Similarly,  the  potential  of  the  surface  of  a  sphere  due  to  its  own 
charge  and  the  charges  of  several  other  spheres  is 

7  +  7  +  7  + •••. 

A  St  St 

where  for  an  approximate  calculation  qi,  qt,  qt,  etc.,  may  be 
assumed  equal. 

Ground  rods  are  used  singly  and  in  small  groups  for  measure¬ 
ment  purposes,  and  in  large  and  small  groups  for  permanent 
grounds  as  at  substations.  It  is  desirable  to  be  able  to  compare 
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various  groups  of  rods,  assuming  uniform  conductivity  of  the  soil. 
For  this  purpose,  sets  of  curves  are  given  in  Figs.  3  to  6.  From 
them  it  is  possible  to  estimate  how  many  ground  rods  and  how 
much  area  will  be  required  for  a  certain  number  of  ohms  to  ground 
in  a  given  locality,  from  measurements  on  a  few  temporary  test 
ground  rods. 


For  low  resistances,  divide  both  scales  by  10. 

For  high  resistances,  multiply  both  scales  by  10. 

Fig.  3. — Resistance  of  One  Ground  Rod  of  ^  Inch  Diameter. 

The  basis  of  comparison  used  is  the  resistance  of  one  isolated 
ground  rod  of  K  inch  diameter  and  10  ft.  depth.  By  means  of 
Fig.  3,  the  resistance  of  single  rods  of  various  depths  can  be  found, 
and,  if  desired,  the  resistivity  of  the  soil.  In  Fig.  4  the  conduc¬ 
tivity  of  2,  3  and  4  rods  is  given  in  terms  of  the  conductivity  of 
isolated  rods,  and  in  Fig.  5  larger  numbers  of  rods  are  covered. 


rain  rana  raiif  fiffi 

MtU  lilts  l»SS  »ii! 

ssKsSsSigsHSaigi 


■■MS  ■■■■■ 

aaaaa iaaaa 


Craanet 

/ttcA  /O  F't.  Dee/o. 

3  Rc^ts  on  Sfui/oterm/  Tr/a^yA 
Roiis  on  •Sfuare. 


O  to  to  to  so  90  70  90  90  /OO 

Fig.  4. — Conductivity  of  (iround  Rods  in  Parallel. 


O  /O  to  50  to  SO  90  70  90 

A^o.  oA  Grounef  /focfs 

Fig.  5. — Conductivity  of  Ground  Rods  in  Parallel,  on  an  Area. 
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Fijfure  6  gives  the  information  in  different  form,  and  shows  the 
lowest  resistance  that  can  be  obtained  from  a  given  area.  This 
information  is  often  of  value,  as  it  may  save  one  from  the  wasteful 
attempt  of  putting  additional  ground  rods  in  an  area  which  could 
not  give  the  desired  low  resistance  even  if  an  infinite  number  of 


o/  Grounii 
otr^r  on  ^roa 


Fig.  6. — Condurtivity  of  Ground  Rods  in  Parallel,  on  an  Area. 


rods  were  used.  For  example,  if  25  ground  rods  are  distributed 
over  a  square  area  of  5,000  sq.  ft..  Fig,  6  shows  that  the  resistance 
is  1.25  times  the  resistance  of  an  infinite  number  of  rods  in  the 
same  area.  No  matter  what  the  resistance  in  ohms  may  be,  if  it 
is  desired  to  have  less  than  80  per  cent  of  the  resistance  with  25 
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rods  there  is  no  use  in  putting  more  rods  in  the  area  of  5,000  sq. 
ft.,  but  it  is  necessary  to  utilize  a  larger  area. 

Fig.  6  shows  also  that  if  there  are  more  than  10  rods,  10  feet 
deep,  there  is  no  use  in  using  closer  than  10  ft.  spacing. 

It  is  usually  desirable  not  only  to  use  the  ground  area  effec¬ 
tively,  but  to  utilize  the  rods  effectively,  since  they  involve 
considerable  cost.  If  one  wishes  the  rods  to  be  at  least  70  per 
cent  as  effective  as  they  would  be  if  isolated,  that  is,  to  have  at 
least  70  F>er  cent  of  the  conductivity  of  isolated  rods,  it  is  seen 
from  Figs.  5  and  6  that  it  is  necessary  to  use  over  30  ft.  spacing 
for  16  rods  in  a  square  area,  over  40  ft.  for  25  rods  and  over  60  ft., 
for  49  rods. 

The  curves  are  based  on  uniform  distribution  of  ground  rods 
over  square  areas,  as  indicated  in  Fig.  7.  The  boundary  of  the 


Fic.  7. — Distribution  Used  for  Calculating  the  Curves. 

area  runs  through  the  outer  rods.  While  the  curves  are  calcu¬ 
lated  for  square  areas,  they  give  an  estimate  for  rectangular  areas. 
A  reading  from  the  curves  applies  to  a  single  area  which  contains 
all  the  ground  rods  in  the  vicinity. 

In  the  calculation  of  cases  involving  more  than  four  spheres, 
equal  charges  were  assumed  for  the  spheres.  The  potential  of  a 
comer  sphere  was  calculated,  and  that  of  an  innermost  sphere. 
The  average  of  the  two  was  taken  as  the  average  potential  of  the 
group.  This  procedure  was  checked  by  finding  the  actual  charges 
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on  a  small  number  of  spheres  by  simultaneous  equations.  The 
capKicitance  found  in  this  way  checked  closely  with  the  result  of 
the  approximate  calculation  described.  For  a  large  number  of 
spheres,  the  results  of  Figs.  5  and  6  are  approximate. 

The  effect  of  the  buried  wires  used  to  connect  the  ground  rods 
together  has  not  been  included  in  the  calculations.  They  usually 
lie  nearer  the  surface  of  the  ground,  and  therefore  in  earth  of 
higher  resistivity,  than  the  vertical  ground  rods.  If  the  conduc¬ 
tivity  of  each  ground  rod  be  assumed  to  be  increased  by  the  same 
percentage  because  of  the  connecting  wires,  then  the  wires  will 
have  very  little  effect  on  the  comparison  of  different  groups  of 
rods  as  shown  by  the  curves. 


Metallic  Strip 

The  resistance  to  earth  of  a  buried,  horizontal,  long,  straight 
metallic  strip  of  rectangular  cross  section  can  be  expressed  by 
formulas  similar  to  (19)  and  (20)  which  apply  to  buried,  horizon¬ 
tal  wires.  For  deriving  the  formulas,  the  method  of  finding  the 
average  potential  due  to  uniform  charge  distribution  will  be  used. 
*  Let  the  length  of  the  strip  be  2L  cm.,  its  width  be  a  cm.,  and  its 
thickness  b  cm.,  let  a  and  b  be  small  compared  with  L  and  let  b 
be  small  compared  with  a,  that  is,  less  than  about  one-eighth  a. 
Let  the  uniform  charge  density  be  q  per  sq.  cm. 

The  average  potential  of  face  a  due  to  its  own  charge  is 

g  ^  2a  logn  ~  o 

due  to  the  charge  on  the  two  faces  of  width  b 


^  4b  logn  —  ^ 


and  due  to  the  charge  on  the  opposite  face  of  width  a 
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The  average  potential  of  face  a  is,  therefore, 


^  1 4(o  4*  b)  logn  ^  4-  2(1  —  2rb  j- 


The  average  potential  of  face  b  due  to  its  own  charge  is 
q^2b  logn  ^  -f  *  ) 
due  to  the  two  faces  of  width  a 


/  \ 

9  I  4o  logn  - rb  j 


and  due  to  the  opposite  face  of  width  b. 


q^2b  logn ^  ^ 


The  average  potential  of  face  b  is, 

g  1 4(a  4-  b)  logn  —  —  2b  logn  -  —  (»•  +  1  )i  1  • 

I  rt  a  J 

The  average  potential  of  the  strip  is,  neglecting  terms  in  6*, 
r  .  .X.  2a* -2x0*1 

The  total  charge  on  the  strip  is  4qHa  +  b). 


1  if,  4L  a*  —  rab  1 

C“ZL  "^"“^■•‘2(0  +  *)*]■ 


The  first  term  of  the  bracket  of  (27)  is  in  agreement  with 
the  formula  for  a  deeply  buried  strip,  in  the  article  by  R. 
ROdenberg,  Elektrotechnische  Zeitschrift,  Vol.  46,  Sept.  3,  1925, 
page  1342.  This  article  gives  also  a  formula  for  a  buried  ring 
of  wire. 

If  it  is  desired  to  change  the  values  of  capacitance  and  induc¬ 
tance  of  an  antenna  in  some  other  way  than  by  using  round  con- 
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ductOTS  of  different  sizes,  strip  conductor  might  be  used  and  the 
capacitance  calculated  by  (37). 


Example:  Length  of  strip  «>  21.  »  60  ft., 

width  »  a  «  1.5  inches, 
thickness  »  5  «>  .25  inches. 

_1  _  6.87 +.17 

C~ 


30  X  12  X  2.54 
R 


.0077. 


P 

4rC 


for  a  completely  buried  strip. 


Rectangular  and  Round  Plates 

The  capacitance  of  a  thin  rectangular  plate  a  cm.  X  b  cm., 
whose  width  is  not  small  compared  with  its  length,  as  obtained 
by  the  average  potential  method,  is  given  by  ' 


1 

C 


1 .  o  +  Vo*  +  5*  1 ,  ft  +  Vo*  +  6* 

-l<^n - j - +  jlogn - - - 

o  ft  (o*  +  ft*)  Vo*  +  ft* 
3ft*  3a*  3a*ft* 


]• 


(28) 


The  case  of  a  rectangular  or  square  plate  is  not  quite  so  favor¬ 
able  for  the  application  of  the  average  potential  method  as  the 
case  of  a  long,  narrow  conductor.  However,  since  the  discrep¬ 
ancy  is  not  more  than  about  8  per  cent,  the  calculation  is  good 
for  most  practical  purposes. 

The  relative  accuracy  of  (28)  for  a  square  or  nearly  square 
plate  can  be  judged  by  investigating  the  case  of  a  thin,  round 
plate.  Using  the  formulas  for  potential  due  to  a  ring  given  in 
"Fourier’s  Series  and  Spherical  Harmonics,”  by  W.  E.  Byerly, 
ed.  of  1893,  pages  11  and  153,  the  average  potential  of  a  thin 
round  plate  of  radius  a  cm.,  due  to  uniform  charge  density  q  per 

*  "Capacity  of  Rectangular  Plates,"  by  G.  W.  O.  Howe,  Radio  Review, 
1920,  Vol.  1,  page  710. 
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sq.  cm.,  is  given  by  three  series  which  add  up  to  the  following: 


V  2vqa  /  ^  1  3* 

r(aver.)  --f  (2+j  +  jri 


3*.5*  3*.5*.7*  .  \ 

4*,6*.8  4*.6*.8M0 

This  series  is  convergent,  but  rather  slowly  so.  Its  sum  can  be 
found  by  comparing  it  with  the  series 

T*  111 

Multiplying  the  bracket  of  (29)  by  0.4094  to  make  the  6th  terms 
alike,  it  is  found  that  1/C  or  K(aver.)/Ta*g  is  very  slightly  greater 
than 

1.696 


Multiplying  the  bracket  of  (29)  by  0.2931  to  make  its  6th  term 
equal  to  the  7th  term  of  (30)  and  all  its  succeeding  terms  dis¬ 
tinctly  less  than  the  corresponding  terms  of  (30),  it  is  found  that 
1/C  is  less  than  1.710/o.  The  difference  between  these  two 
limiting  values  is  0.8  per  cent,  and  the  value  of  1/C  as  given  by 
the  average  potential  method  is  very  nearly  equal  to  the  smaller 
limit,  namely 

(3.) 

I 

The  value  of  1/C  is,  however. 


by  eq.  (1).  The  average  potential  method,  therefore,  gives  a 
value  of  1/C  for  a  thin  round  plate,  which  is  8  per  cent  too  high. 
Dr.  F.  W.  Grover  has  recently  communicated  to  me  that  in  1925 
he  obtained  the  following  result  for  a  round  disk  carrying  uniform 
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charge  density,  by  using  mechanical  integration, 

K(aver.)  1.6966 
va*q  a  ’ 

which  confirms  the  above  result. 

It  is  of  interest  to  compute  the  potential  of  the  center  of  the 
plate,  due  to  uniform  charge  distribution.  It  is  Iraq.  The 
average  value  is,  as  found  above, 

1.696 

— - —  X  ra*q  *  1.696raq. 

The  potential  of  the  center  is  18  per  cent  higher  than  the  average 
potential.  This  comparatively  large  percentage  may  account  to 
some  extent  for  the  8  per  cent  error  in  this  case  due  to  the  use  of 
the  average  potential  method.  It  may  be  remembered  that  in 
the  case  of  the  rod  calculated  in  this  paper  the  potential  of  the 
middle  point  of  the  rod  was  only  4.7  per  cent  higher  than  the 
average  potential  due  to  uniform  charge  distribution,  and  the 
average  potential  method  gave  .very  accurate  results. 

The  potential  of  the  center  of  a  thin  rectangle,  a  cm  by  b 
cm.,  is 

,  /  .  b-h  Vo*  +  6*  ...  o  +  Vo*  +  6*  \ 

Iqia  logn - - - 1-  b  logn - ^ - J  •  (32) 

The  potential  of  a  corner  of  the  rectangle  is  ^  as  much. 

The  average  potential  of  a  square  plate  of  side  b  cm.  is,  by 
(28),  2.973  bq.  The  potential  of  the  center,  by  (32),  is  3.5256^, 
which  is  18.6  per  cent  greater  than  the  average  potential.  If  the 
square  of  side  b  cm.  has  the  same  area  as  a  circle  of  radius  r  cm., 
the  average  potential  of  the  square  plate  is  2.91Zqr-^r  and 

1  1.677 

C~  r  ' 

This  is  1.1  per  cent  less  than  1.696/r  for  the  circular  plate. 

All  the  above  figures  for  a  square  plate  correspond  so  closely  to 
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those  for  a  circular  plate  of  the  same  area  that  the  conclusion 
may  be  drawn  that  the  true  value  of  1/C  for  a  square  plate  is 
approximately  8  per  cent  less  than  the  value  given  by  (28)  by 
the  average  potential  method. 

When  the  length  of  a  rectangular  plate  is  5  times  its  width,  the 
potential  at  the  center  is  found  from  equations  (28)  and  (32)  to  be 
15  per  cent  higher  than  the  average  potential,  thus  indicating 
that  the  error  due  to  the  average  potential  method  is  nearly  8 
per  cent.  When  the  length  is  10  times  the  width,  the  difference 
of  the  two  potentials  is  13  per  cent,  indicating  almost  as  large  an 
error  as  before. 

When  the  length  is  100  times  the  width,  the  difference  of  the 
two  potentials  is  8.6  F>er  cent.  The  average  potential  method 
seems  more  suitable  for  long,  narrow  rectangles  and  for  long 
cylinders  than  for  squares. 

Vi 


m  mm 

C  im 


Fig.  8. — Capacitance  of  a  Rectangular  Plate. 
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The  capacitance  of  rectangles  as  calculated  by  the  average 
potential  method  can  be  obtained  from  the  full  lines  of  Fig.  8. 
These  values  of  a/C  are  too  large,  and  the  broken  lines  show  an 
estimated  correction. 

In  conclusion,  the  average  potential  method  of  calculating 
capacitance  and  resistance  to  ground  is  a  very  useful  device.  It 
is  most  accurate  with  a  long,  straight  conductor,  and  gives  errors 
up  to  about  8  per  cent  with  a  thin,  rectangular  or  round  plate. 

Resistance  to  Alternating  Current 

The  resistance  to  alternating  current  of  a  circuit  consisting 
of  an  overhead  wire  several  miles  long  with  the  earth  as  a  return 
path,  is  a  special  problem,  involving  proximity  effect.  Formulas 
for  this  problem  are  given  by  J.  R.  Carson  in  the  Bell  System 
Technical  Journal,  October,  1926.  By  putting  the  frequency 
equal  to  60  cycles  in  his  eq.  (34),  and  noting  that  r  of  his  formula 
is  small  for  usual  values  of  ground  resistivity,  it  is  found  that 
the  resistance  of  the  path  through  the  earth  is  1/10  ohm  per  mile, 
for  60K:ycle  current,  and  that  this  value  is  constant  within  a  very 
*  few  per  cent,  for  high  and  low  values  of  earth  resistivity  which 
may  be  encountered.  The  value  is  proportional  to  the  fre¬ 
quency,  at  low  frequencies.  The  greater  part  of  the  alternating 
current  is  in  a  path  one  or  two  miles  wide  and  deep,  parallel  to 
the  overhead  wire.  If  the  resistivity  is  high,  the  current  spreads 
out  and  if  it  is  low,  the  current  flows  closer  to  the  overhead  wire. 
The  calculation  is  based  on  uniform  resistivity  and  it  is  probable 
that  extreme  local  changes  in  resistivity  would  affect  the  above 
result,  but  that  gradual  changes  would  make  very  little  difference 
in  it.  If  there  is  an  overhead  ground  wire  or  cable,  its  impedance 
is  in  parallel  with  that  of  the  earth  path. 

The  calculations  previously  described  in  this  paper  have  been 
based  on  direct  current,  but  as  the  earth  paths  considered  are 
usually  considerably  shorter  than  one  mile,  differences  between 
60-cycle  alternating  current  and  direct  current  would  scarcely 
be  appreciable.  The  60-cycle  resistance  of  the  earth  path  be- 
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tween  two  stations  is  the  sum  of  the  resistances  to  earth  of  the 
stations  plus  1/10  ohm  p>er  mile  for  the  distance  between  them, 
measured  along  the  transmission  line.  It  should  be  noted, 
however,  that  the  resistance  is  difficult  both  to  measure  and  to 
calculate  for  the  common  cases  where  there  are  overhead  ground 
conductors  on  steel  towers,  unless  the  terminal  resistances  to 
ground  are  extremely  low. 


ON  TAUBERIAN  THEOREMS  OF  HARDY  AND  LITTLE- 
WOOD  AND  A  NOTE  ON  WINTNER'S  PAPER 

By  Shikao  Ikehaea 


Norbert  Wiener  '  developed  a  general  method  for  proving 
theorems  called  Tauberian  by  Hardy  and  Littlewood.  Theorems 
are  in  the  form:  if  a  function  has  a  mean  value  of  a  certain  type 
for  large  values  of  its  arguments,  and  if  the  rate  of  growth  of  the 
function  is  subject  to  certain  restrictions,  then  the  function  has 
a  limiting  value  at  infinity.  By  means  of  theorems  of  this  type 
N.  Wiener  proves  the  Ot  Tauberian  theorems  for  Abel,  Lambert, 
and  Borel  summation.  Moreover,  he*  shows  an  application  to 
Fourier  series.  In  case  of  the  summability  of  Fourier  series  and 
integrals  S.  B.  Littauer  *  is  able  to  apply  the  general  method 
successfully.  In  this  p>aper  we  shall  show  the  simplicity  and 
powerfulness  of  the  new  machinery  applying  to  certain  problems. 

'  The  general  Tauberian  theorem  by  N.  Wiener  reads: 

Key  Theorem.  Let  K\ix)  and  Kt(x)  be  two  bounded  functions 
which  are  O  (  -77— — r;  |  a/  0  and  «.  Let  Ki(x)  be  measurable 
and  non-negative,  and  let 

J*  K\{x)x''^dx  ^  0  [—  «  <  u  <  «]. 

Let  Kt{x)  be  continuous,  except  for  a  finite  number  of  finite 
jumps.  Let  g(x)  be  a  measurable  function  bounded  below  and  such 

'  N.  Wiener,  “A  New  Method  in  Tauberian  Theorem*,”  Jocb.  of  Math. 
AND  Phys.,  Mass.  Inst,  of  Tech.,  7  (1928),  pp.  161-184. 

’  N.  Wiener,  “A  Type  of  Tauberian  Theorem  Applying  to  Fourier  Series,” 
Proc.  London  MtUk.  Soc.  (2),  30  (1929),  pp.  1-8. 

*S.  B.  Littauer,  “A  New  Tauberian  Theorem  with  Application  to  the 
Summability  of  Fourier  Series  and  Integrals,”  JouE.  or  Math,  and  Phys., 
Mass.  Inst,  of  Tech.,  8  (1929),  pp.  216-234. 
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that 

(a) 

lim  r  g{\x)K\{x)dx  —  W 
\—0{»\Jo 

r  Kiix)dx. 
>0 

ib) 

f  g(\x)K,(x)dx 
Jo 

is  bounded. 

[0  <  X  <  xj  Then 

{c) 

lim  1  g(Xx)Kt(x)dx  =  W 
\-^0{»\Jo  « 

rK,(x)dx. 

>0 

[*]  indicates  that  at  these  points  it  may  be  consistently 
substituted  for  0. 

I  am  deeply  indebted  to  Professor  Wiener  for  his  suggestion 
of  the  topic  and  for  his  guidance  in  this  paper. 


§  1.  On  Tauberian  Theorems  of  Hardy  and  Littlewood 

Recently  Hardy  and  Littlewood  *  proved: 

Theorem  1.  If  f{t)  is  positive  ‘  and  integrable  •  over  every  finite 
ranf’e  (0,  7^  and  e~*f(t)  is  integrable  over  (0,  «)  for  every  x  >  0; 
and  if 

(LI)  g(x)  =  r «-*'/(/)<// -//r- 

Jo 

where  a  >  0,  II  >  0,  when  x  ->  0;  then 
(1.2) 

when  jc  X .  The  result  is  still  true  when  a  >  0,  II  ^  0  if  we 
interpret  (1.1)  to  mean  g{x)  =  o{x~^)  and  (1.2)  similarly;  and  it 
is  still  true  when  a  *=  0,  II  >  0. 

W'e  write  (1.1) 


x"e~*‘f{t)dt  =  I  xf‘~'e~*f{t)d{xt), 

Jo 

*  (i.  H.  Hardy  and  J.  E.  Littlewood,  ‘‘  Notes  on  the  Theory  of  Series  (XI): 
On  Tauberian  Theorems,"  Proc.  London  Math.  Soc.  (2),  30  (1929),  pp.  23-37. 

*  In  the  wider  sense. 

*  In  the  sense  of  Lebesguc. 
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and  substituting  x/  *■  f  and  -  g(/),  we  get 

(1.11)  JT “  ^X" 

Likewise,  (1.2)  can  be  transformed  to 

(1.21)  “  wJjKtim. 

Then  we  state 

Theorem  !«.  Let  Ku  and  g  satisfy  the  conditions  laid  down 
for  them  in  the  Key  Theorem.  If  (1.11)  is  true,  and 

Xv-H*  (!)<(« 

is  bounded.  [0  <  x  <  Then  (1.21)  is  true. 

Theorem  2.  If  f{t)  is  positive  arid  integrable  over  (5,  1),  for 
every  6  >  0,  and  V'fft)  is  integrable  over  (0,  1)  for  sufficiently  large 
n;  and  if 

(1.3)  ^  “  X 

where  a  >  0,  II  >  0,  when  n  -*<*>  by  integral  values;  then 

(1.4) 

when  X  — >  0.  The  result  is  still  true  when  o  >  0,  //  =  0,  if  (1.3) 
and  (1.4)  be  then  interpreted  as  in  Theorem  1. 

Since '  gn  decreases  when  n  increases,  we  may  replace  t  = 
e~^f{e~“)  »  A(w).  We  have 

(1.31)  g(x)  =  f  e-‘“h(u)dw  -  //X-, 

Jo 

(1,41)  H(x)  =  f'hMdo,  ~ 

’  Loc.  cit.,  p.  24. 
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*  It  is  easy  to  see  that  Theorem  2  is  intimately  connected  with 
Theorem  1»,  and  in  turn,  it  is  equivalent  to 
Theorem  3.  If  f{t)  is  positive  and  integrable  aver  every  finite 
range  (0,  T),  and  «'**/(/)  is  integrable  over  (0,  « )  for  sujfficiently 
large  x;  and  if  (1,1)  holds,  with  o  >  0,  when  x  — ►  «  ;  then  (1,2) 
holds  when  x  -4  0, 

This  theorem  differs  from  theorem  1  only  in  an  exchange  of 
roles  between  large  and  small  values  of  x;  the  truth  of  the  theorem 
is  asserted  in  the  Key  Theorem, 

Theorem  4,  Suppose  that  f(t)  is  positive  and  integrable  over 
every  finite  range  (0,  T),  and  that 

m 

(/-bx)'’ 


where  p  >  0,  is  integrable  over  (0,  *)  for  some  (and  so  for  all) 
X  >  0,  Suppose  further  that 


(2.1) 


f(t)dt 
(t  +  X)' 


H 

x" 


where  0  <  a  <  p,  //  >  0,  when  x  ->  « .  Then 

(2.2)  f (X)  -  £/m  - 

when  X  -4  « . 

Furthermore,  if  (2,1)  holds  when  x -4O,  then  (2,2)  holds  when 

X  -4O.  , 

Transforming  (2,1)  and  (2,2)  as  before,  we  write 

“  X  r-^‘(i  + 

Kt(i)  -  JT’ 
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Theorem  4».  Under  the  same  conditions  laid  down  for  Ku  Kt 
and  g  in  the  Key  Theorem,  if 

“  ^X" 

X  [0  <  *  <  «  ]. 

Then 

(2.21)  .  Hm  CgixOr^^d^  - 

r/o  r/o 


And  we  add  that  the  converse  is  also  true. 

In  order  to  indicate  Wiener’s  method  of  proof,  we  prove 
Theorem  4,. 


“  X*  (-^'(1 + 

and 

K,{i)  -  fr-'-'rfr 

•/o 

Furthermore  we  know  that 


r(g)r(p  -  <r) 

r(p) 

1 

0-0 


r  fdt 
Jo  ('-'^'(1  + 


r(<r  -  i«)r(p  -  <r  +  fa) 

r(p) 


has  no  zero,  where  i  is  any  real  number.  It  is  evident  that 


r  m  ,, 

Jo  {I  +  X) 

is  bounded  for  all  x  >  0.  Let  us  assume  that 
/(/)  -  0  for  0  S  S  1, 

but  this  restriction  does  not  affect  the  asymptotic  property  of 
(2.1).  When  x  -*  0,  this  expression  is  still  bounded.  Since  /(t) 
is  positive,  g(t)  is  certainly  non-negative.  Thus  they  satisfy  the 
Key  Theorem. 


Since  • 


for  larKC  x,  and 


JT  ^  0. 


where  6  is  any  real  number,  then  the  converse  of  Theorem  4, 
holds. 


§  2.  A  Note  on  Wintner's  Paper 


In  the  I>aplacian  problem  of  functions  of  lar^e  numbers  we 
consider  a  moment  integral  of  the  type 


S(x)  -  J'  (—  »  <oS/S6<  +  «), 


where  \f(t)  |  is  constant  in  no  part  interval  and  which  is  domi¬ 
nated  by  large  values  of  x.  l^place  derived  in  several  ways  to 
which  there  are  some  objections  a  simple  evaluation  of  S(Arj. 
Wintner  •  investigated  the  extent  of  the  problem  under  rigorous 
conditions. 

He  calls  the  function  /(/)  defined  in  [0,  «e]  unlimitedly  differ¬ 


entiable,  when for  0  ^  /  <  ao  exist  and  lim  sup  |/*(/)|  <  « 


(if  o  0,  1,  ••*)•  And  an  n.-iunction  is  defined  as  follows:  let 
u{t)  be  a  function  defined  for  0  £  /  <  «  such  that  »<*’(/)  exists 
for  all  /  and  n.  l^t  w‘»^(0)  —  0,  0  £  j  <  m  and  <i>‘"’(0)  ^  0, 
furthermore  «'(/)  >  0  for  /  >  0  and  thereby  w(/)  is  not  bounde<l 
in  [0,  00  and  thus  it  is  not  unlimitedly  differentiable.  Let. 
finally,  the  first  derivative  of  the  inverse  function  of  ’Vwf/) 
(m  >  0,  /  >  0)  in  [0,  «  ]  be  unlimitedly  differentiable. 

We  may  write  in  the  following  way  Wintner’s  Main  Theorem. 
Let  4'(/)  be  an  unlimitedly  differentiable  /unction  in  [0,  and 


*  Loc.  cit.,  p.  30. 

*A.  Wintner,  “Unterauchungen  Uber  Funktionen  groaaer  Zahlen,”  Math. 
Zeitschrift,  28  (1928),  pp.  417-429. 
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/<*/  «(/)  be  an  iU,-function,  so  that  the  function  ♦(/)  defined  by 
♦(/)  -  ^ 


is  unlimitedly  differentiable  in  [0,  write  Af,  and  Mn,for  the 
upper  limits  of  I ♦•"*(/)  1  and  !♦,*"*,(/)  I  in  [0,  «],  respectively. 
Then  we  get  the  inequality  for  "V*  2  1, 


Jo  »-o  ( yx)^ 


OTx) 


"+• 


(«  -  1,  2,  •  •  •). 


where 


(4) 

and 

(5) 


A.  -  al7,.U.  +  (  *f..  +  'e  |■I>|■(0)|  ) , 

“•  »! 


His  inverse  problem  reads  as  follows:  Let  ir(t)  and  u{t)  be 
defined  in  [0,  1]  a5  unlimitedly  differentiable  functions  such  that 
w<'^(0)  —  0,  0  S  j  <  m;  w<"*(())  ^  0;  furthermore,  «'(/)  >  0  for 
U  <  /  £  1.  Then  there  is  a  sequence  { A,|  such  that  the  inequality 
(A)  is  satisfied  for  all  n  ^  I  and  some  for  x  >  I,  when  the  coeffi¬ 
cients  are  f>iven  by  (4)  and  (5). 

The  discussion  of  the  moment  integral  of  the  type  mentioned 
at  the  lieginning  of  this  section  reduces  essentially  to  that  of 

J  e-*‘*it)dt. 


Let  us  consider 
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which  vanishes  algebraically  at  « .  Then  if  we  write 

♦(/)  -  Lflx/-  +  /?(/), 

we  obtain 

(6)  JT*  -  Zax,  ^ +  fj  me-’'dt. 

•  Suppose  that  we  determine  ♦(/)  such  that  at  the  origin 


g(/)  -  R{t)t- 


(1)  is  lx)unded. 

(2)  tends  to  zero  as  /  -»  0. 


Thus  instead  of  repeated  integrations  by  parts  what  we  do  is  to 
subtract  a  polynomial  from  4>  and  to  discuss  its  remainder. 

Now 


(7)  jT*  e  ^'RiDdt  -  jT*  ftit)e-‘‘^’dt 
where  xt  is  replaced  by  (. 

The  kernel  of  (7),  which  we  call  Ki((),  is  O^^^at 

(  «  ±  «  and  is  continuous. 

Writing  e~*  —  x, 

r  e-^t'e''*di 
Jo 

reduces  to 

-’J,  -r-  i«  +  i)'' 


which  has  no  zero  for  —  «  <  «  <  x .  Moreover, 

is  an  al)solutely  convergent  integral.  The  Ki(()  satisfies  the 
conditions  required  for  Kt  in  the  Key  Theorem.  We  can  con- 
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dude  then  that 

(8)  lim  f'g  ( -  IV  f'K,(()d(  -  W, 

\  *  /  *'0 

in  which  Kt  of  the  Key  Theorem  is  1 . 

We  state  the  inverse  problem  as  follows;  Let  Kt,  Ku  and  g  be 
functions  which  satisfy  the  conditions  imposed  by  the  Key  Theorem. 

-  w£K,(i)di. 

Ki{^)di  is  bounded  [0  <  x  <  a®  ]. 

-  w£  K^(k)di. 

If  we  haN-e 

K,{t)  -  1.  A:,(/)  -  e-i\  g{t)  -  Rit)t-  -  0(1), 

the  inverse  theorem  enables  us  to  write 

X*  r(X  +  I) 

*(t)e-**dt  -  2I«x,  +  o(x-'-'). 

Essential  points  in  our  method  are  that  we  do  not  assume 
the  existence  of  the  derivatives  except  at  the  origin,  that  we  can 
avoid  integrations  by  parts,  and  that  we  need,  instead  of  Taylor’s 
series,  only  the  order  of  a  polynomial  near  the  origin. 


ON  INTEf'.RAL  FUNCTIONS  WITH  REAL  NEGATIVE 

ZEROS 


By  Shikao  Ikehara 


where  the  numljers  ai,  oi,  ••  •  are  all  real  and  positive,  and  the 
product  is  at>8olutely  convergent ;  and  the  asymptotic  behaviour 
assumed  is  what  Valiron  has  called  perfectly  regular  growth.' 
It  may  l)e  supposed  that  On+i  ^  a.  for  all  values  of  n.  Let  n{r) 
be  the  number  of  numbers  a.  for  which  a.  £  r. 

The  purpose  of  this  paper  is  to  study  the  problem  considered 
by  Titchmarsh  *  from  the  standpoint  of  the  Tauberian  theorems 
developed  by  N.  Wiener,*  which  are  also  associated  with  the 
names  of  Bochner,*  Hardy,  Jacob,*  and  Littauer.* 

•  G.  Valiron,  InUgral  Functions  (Toulouse,  1923),  pp.  44-45. 

•  E.  C.  Titchmarsh,  "On  Integral  Functions  with  Real  Negative  Zeros,” 
Proc.  London  Math.  Soc.,  Ser.  2,  26  (1926),  pp.  185-200. 

•  N.  Wiener,  “On  a  Theorem  of  Bochner  and  Hardy,”  Jour.  London  Math. 
Soc.,  2  (1927),  pp.  118-123;  “A  New  Method  in  Tauberian  Theorem,"  Jour. 
OF  Math,  and  Bhys.,  Massachusetts  Inst.  Tech.,  7  (1928),  pp.  161-184; 
”A  Type  of  Tauberian  Theorem  Applying  to  Fourier  Series,"  Proc.  London 
Math.  Soc.,  Ser.  2,  30  (1929),  pp.  1-8;  “(Generalized  Harmonic  Analysis," 
Acta  Mathematica,  vol.  55  (1930),  pp.  117-258. 

‘Bochner  and  Hardy,  “Notes  on  Two  Theorems  of  Norbert  Wiener,” 
Jour.  London  Math.  Soc.,  1  (1926),  pp.  240-244. 

•  M.  Jacob,  “  Cber  ein  Theorem  von  Bochner- Hardy- Wiener,"  Jour.  London 
Math.  Soc.,  3  (1928),  pp.  182-187. 

•  S.  B.  Littauer,  "  Note  on  a  Theorem  of  Jacob,"  Jour.  London  Math.  Soc., 
4  (1929),  pp.  226-231.  “A  New  Tauberian  Theorem  with  Application  to  the 
Summability  of  Fourier  Series  and  Integrals,”  Jour,  of  Math,  and  Phys.,  8 
(1929),  pp.  216-234. 

84 


1.  It  is  well  known  that  the  density  of  the  zeros  of  an  integral 
function  is  related  to  the  rate  of  increase  of  the  modulus  of  the 
function.  In  the  case  of  functions  of  special  kinds  it  takes  a 
very  precise  form,  for  instance. 
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Theorems  of  Titchmarsh  are  as  follows: 

Theorem  I  r.  //,  aj  r  ->  x , 

(1.1)  n{r)  ~  Xr'  (0  <  p  <  1,  X  >  0), 
then,  as  X  -*  00  (*  real), 

(1.2)  log/(x)  -O'  tX  cosec  rp-x^. 

Theorem  Hr.  If,  as  x  -¥  <*> , 

(1.3)  log/(jf)  -O'  irX  cosec  Tp-*'*(0  <  p  <  1.  X  >  0), 
then 

(1.4)  «(r) 

Theorem  Illr.  Let 

(1.5)  n(x)  \xf(0  <  p  <  1). 

Then,  if  <  is  any  given  positive  number, 

log  l/(-  *)|  >  (tXcoI  irp  +  e)*'  [x  >  Xo(«)], 

whilf,  if  fi  is  any  other  positive  number, 

log  |/(  -  X)  1  >  (tX  cot  wp  -  t)xf, 

for  0  <  X  <  X ,  jX  >  A'o(«,  n)l»  except  in  a  set  of  measure  less 
than  ifX. 

We  may  express  the  result  by  saying  that 

(1.6)  log  l/(—  x)|  -o-  irXcot  rp-x* 

in  a  set  of  density  1. 

Theorem  IVr.  If 

(1.71)  log  |/(-  x)|  <  (rXcot  TP  -I-  €)x'(x  >  Xo) 

and 

(1.72)  log  l/(-  x)|  >  (tXcostp  -  €)x' 

in  a  set  of  density  I,  and  if  also  n(x)  »  o(Vx),  then 
(1.8)  n(x)  -O'  Xx'. 


j 
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2.  Cloeely  related  to  these  theorems  we  shall  prove  the  follow¬ 
ing  theorems: 

Theorem  I.  // 

(2.1)  lim  ^  r^dr  •A.  (0  <  p  <  1,  X  >  0) 

*  */o  ^ 

then 

•  Jo  K*  +  0  Jo  1  +  »■ 

The  conclusion  (2.2)  is  equivalent  to  (1.2)  in  Theorem  Ir  if 
we  notice  that :  ^ 

log/w  -  i;iog(i  +  ^) 

.r,liog(i  +  i)-ioK(i+^)} 


£«  r 

■  a  1 


xdr 

r{x  -h  r) 
\{r)dr 


0  r{x  +  r) 


log/(*)  ~ 


r(x  +  r) 


TT7* 

»X  cosec  vp***. 


The  converse  of  this  theorem  is  also  true. 
Theorem  II.  If, 

i  r  x^-^n(r)dr  ,  f  *  f- 


»—  Jo  ^(*  +  »”)  Jo  1  +  »■ 

I  4/0  ' 


Functions  of  the  type  considered  in  the  two  theorems  above 
are  characterized  by  their  as>Tnptotic  behaviour  on  the  positive 
’  E.  C.  Titchmaroh,  ibid.,  pp.  185-186. 
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real  axis.  They  are  also,  to  a  certain  extent,  characterized  by 
their  asymptotic  behaviour  on  the  negative  real  axis. 

Theorem  III.  Let 


(2.5) 
then, 

(2.6) 


lin.  i  r  ^  (0  <,<,). 

*  4/0  ' 


in  a  set  of  density  1. 
Theorem  IV.  If, 


(2.7) 


-  x*-^n(r) 
r(-x  +  r) 


dr 


1  +  r 


dr 


in  a  set  of  density  1,  then 

(2.8)  lim  ^  I 

*  Jo  • 


In  order  to  prove  our  theorems  we  depend  solely  on  the 
Tauberian  theorem  of  Wiener,*  which,  in  one  form,  reads: 

Key  Theorem:  Let  MiH)  and  A/|(()  be  two  bounded  furutions 
which  are  0(l/{*)  at  <x>.  Let  A/i({)  be  measurable  and  non¬ 
negative,  and  let 

J*  A/i({)«‘"*d(  ^0  [—  «<M<ac]]. 


Let  Mt(0  be  continuous,  except  for  a  finite  number  of  finite  jumps, 
id)  ^  o,  non-negative  measurable  function  such  that 

g(f,  -  {)Af,({)df  -  cf"^Mia)d(; 

W  J  g(v  —  i)Mi{i)di  is  bounded  «  <ij<  *], 

•  N.  Wiener,  "A  New  Method  in  Tauberian  Theorem,"  JovR.  or  Math. 
AND  Phvs.,  Massachusetts  Inst.  Tech.,  7  (1928),  pp.  161-184. 
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Then 

(c) 


lim  r 


g(r,  -  ()Af,(()d(  -  C 


In  the  Theorem  I  we  write  r  *  xly\  T  »=  1/y;  x  *  y  = 
then  (2.1)  can  be  written  as 


(2.1 1)  ^  lim^  j  ^ 

where  jand  «*  correspond,  respectively,  to  g(i>  —  ()  and 

A/i(f)  in  the  Key  Theorem.  And  (2.2)  is  by  similar  transforma¬ 
tions, 

«■!  .IT. r.[^')(rT7)«-£r^,« 

The  proof  follows  almost  directly  from  the  Key  Theorem  upon 
showing  that  the  conditions  of  that  theorem  are  fulfilled. 

The  kernel  of  (2.11)  is  f*  for  —  «  S  S  0,  and  zero  for 
0  <  ^  ^  oo .  At{=^«,itis  0(l/{*);  furthermore,  <*  is  con¬ 
tinuous.  Since 


log  (x)  j 
we  have  * 

or,  in  our  notation. 


xn(x)  jf 


dr 


n(x)dr 

r(x  -H  r)  r(x-hr) 

n(x)  =  o{x*), 
n(«*~’) 


n(x)  log  2, 


0(1). 


and  it  is  a  non-negative  measurable  function. 

X*  «(^“’) 

d^  is  bounded,  and  since  c*  is  bounded 
and  0(1,’{*)  at  independent  of  ij. 


(2.12) 


£[■^1 


is  bounded  for  —  «  <  »>  <  * . 
•  E.  C.  Titchmarsh,  ibid.,  p.  187. 
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Moreover, 


has  no  zeros  for  —  <»  <  m  <  «.  The  kernel  of  (2.21)  is  ol>- 
viously 

»  0(i/e)  (0  <  p  <  1) 


Let  us  now  form,  as  in  Wiener’s  '®  paper, 

(2.3)  K,U)  ~  f_\,(v)m  -  v)dv 

in  which  Ki(()  =  <*  in  (2.11)  and  J*  \R(7i)\dri  converges  and 


for  which  (2.21)  is  a  consequence  of  (2.11)  and  (2.12)  for  a  non¬ 
negative  measurable  function. 


Since  the  double  integral 

J*/?(f)df  -  n  +  f)A:,(£)d{ 

is  absolutely  convergent, 

r  a  -  V)d^  =  Cm-  r,)di  r  -  i)R{i)di 
=  r/?(fVf  r/({  -  n + f)A'.(f)‘/{. 

ft/.oe  •/— oe 


and 


lim  rA:,(£)/(£-n)d{  =  lim  C R{i)d![  r/(«-n+f)A',(£)d£ 

^  A  J*/?(f)df  J"A»(£)d£ 

~A  r  R{i)di  r  A  rKta)d(. 

«/_•  «  c/— « 


‘•N.  Wiener,  reference  8. 


L 
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which  is  absolutely  intej^rahle.  In  general  cases,  (2.3)  can  be 
solved  by  means  of  the  Plancherel  "  theory  of  the  Fourier  trans¬ 
form  as  shown  by  Wiener.  This  completes  the  proof. 

In  Theorem  II  we  merely  point  out  that: 

I  (-  00  <  U  <  oo;0  <  p  <  1) 

J-m  ‘  T  ^ 


and  that,  from  the  previous  consideration  of  /(()  and 


is  Imunded  for  —  «  <  ij  <  * .  Thus,  Theorem  1 1  satisfies  the 
conditions  required  by  the  Key  Theorem. 

By  the  same  method  of  proof  it  can  be  easily  shown  that 
Theorems  III  and  IV  satisfy  the  Wiener  theorem. 

3.  It  is  to  lie  pointed  out  that  Titchmarsh  proves  Theorem  Hr 
by  means  of  a  "positive”  Tauberian  theorem  due  to  Hardy  and 
IJttlewood  '*  and,  in  turn,  he  deduces  the  latter  theorem  from 
his  theorem  above. 

Theorem  of  Hardy  and  Littlewood: 

//  F(x)  is  a  positive  integrable  function  such  that,  when  t  — >  0, 


(3.1) 


then,  when  x 


“  M .  Plancherel,  “Contribution  h  I’^tude  de  la  repr^ntation  d’une  fonction 
arbitraire  par  dea  int^grales  d^hnies,*'  Rend,  di  Palermo,  30  (1910),  pp.  289-335. 

“  Hardy  and  Littlewood,  “Tauberian  Theorems  concerning  Power  Series 
and  Dirichlet's  Series  whose  Coefficients  are  Positive,"  Proc.  London  Math. 
Soc.,  Ser.  2,  13  (1913),  pp.  174-191. 


Hence 


f  F{x)e~**dx  t  *  (^  >  0), 
,  Jo 


(3.2) 


F{u)du 


r(^  +  1) 
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We  can  include  this  theorem  in  the  Taul)erian  theorem  of 
Wiener.  Write  x/  =  y;  y  =*  e*;  /  *  in  (3.1),  then 

(3.11)  lim  «  C 

and  (3.2)  l)ecomes  by  substitutions:  u  *  xy;  x  —  «“*;  y  *  f*, 

(3.21)  lim  r.^^e»d  =  C 


A  NOTE  ON  INFINITE  PRODUCTS 


By  Shikao  Ikehara 


where  the  numl)ers  Oi,  at,  •  •  •  are  all  real  and  positive,  and  the 
product  is  absolutely  convergent.  It  may  be  supposed  that 
a,+i  ^  a,  for  all  values  of  n.  I^t  «(r)  be  the  number  of  numbers 
a,  for  which  a,  ^  r.  Titchmarsh  '  proves: 

If  a ^  xn  X,  then  log/(x)  ~  Xjc.  And  the  converse  is  also  true. 
t'losely  related  to  the  theorem  alx)ve  we  have: 

If,  when  T  -*  <x> , 


1 

T  Jo  r 


then,  when  x 


x-‘  log/(x)  ~  X. 


A  nd  the  converse  is  also  true. 

By  elementary  transformations  we  can  write  (2)  as 


(4)  lim  r\^^^]dx  ~  A  fdx, 

»— •Jo  L  *3^  J  Jo 

and  (3)  as 

iT.'r  ^  X”  rb''"- 


The  kernel  in  (4)  is  1,  and 


^0  [—  00  <«<*]. 

0 

*  E.  C.  Titchmarsh,  “A  Theorem  on  Infinite  Products,"  Journal  London 
Math.  Soc.,  1  (1926),  1-3. 
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Since 

log/w  a  2X.  JT'  >  2:^n(x)  -  -  W  '<>*  2, 

(6)  »i(x)  »  o(x), 

and  hence  (4)  is  bounded  for  0  <  y  <  « . 

The  kernel  in  (5)  is  1/(1  -f  **),  which  is  O(l/x(log  x)*)  both  at 
0  and  at  oo ,  and  it  is  also 


X'rr?’'®  [-«<«<»]• 


From  the  boundedness  of  the  kernel  of  (5)  and  (6)  it  is  easy  to 
see  the  expression  of  (5)  is  bounded  for  0  <  y  <  « .  If  we  write 


Af,(x) 

3/i(*) 

fix) 


1 1 ;  [0  :S  jc  y] 
lo;  [x  >  y] 

1  . 

1  +  X*  ’ 
nix)  lx. 


then  our  theorem  satisfies  the  conditions  required  by  the  Wiener 
Theorem :  * 

Let  Afi(x)  and  M|(x)  be  two  functions  bounded  over  every  range 

it,  l/«),  which  are  O  ( -r- — at  0  and  *.  Let  MAx)  be 
\x(log  x)V 

measurable  and  non-negative,  and  let 


Afi(x)x‘“</x  0 


[—  «  <  u  <  «]. 


Let  Affix)  be  continuous,  except  for  a  finite  number  of  finite  jumps. 
Let  /(x)  be  a  measurable  function  bounded  below  and  such  that 

’  N.  Wiener,  "A  New  Method  in  Tauberian  Theorem,”  Journal  Math. 
AND  Phys.,  Mass.  Inst,  of  Tech.,  7  (1928),  161-184. 
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Then 


lim  r  J{xy) M \{x)dx  ^  C  f  Mi(x)dx; 

I  fixy)  i{x)dx  is  bounded  [0  <  y  <  *]. 
Jq 

lim  r  J{xy)Mi{x)dx  *  C  T  Mt(x)dx. 

J0  ,/q 


Here  <*>  is  put  into  brackets  to  indicate  that  at  these  points  it 
may  be  consistently  substituted  for  0. 


PFAFFIANS  I\  PARAMETRIC  FORM* 

By  C.  L.  E.  M(X)be  and  P.  Franklin 

1.  Introduction.  In  certain  previous  work  on  the  geometric 
interpretation  of  Pfaffian  equations,*  the  parametric  representa¬ 
tion  of  surfaces  has  been  modified  to  give  a  parametric  repre¬ 
sentation  of  Pfaffians.  No  precise  discussion  was  made  as  to 
what  classes  of  Pfaffians  could  be  piarametrically  represented, 
and  no  restrictions  on  the  defining  equations  which  had  to  hold 
to  yield  a  Pfaffian  were  mentioned.  In  the  present  paper  we 
investigate  the  piossibility  of  representing  the  differentials  of  the 
coiirdinates  for  a  Pfaffian  in  three  space  in  terms  of  two  param¬ 
eters,  and  find  that  if  such  a  representation  is  possible  when 
Cartesian  cocirdinates  are  used,  the  elements  of  the  Pfaffian  are 
unchanged  by  a  certain  translation,  at  least  in  the  non-integrable 
case.  When  such  a  representation  is  possible  for  a  non-integrable 
Pfaffian  as  well  as  for  its  arc  element  when  curvilinear  coiirdinates 
are  used,  the  elements  of  the  Pfaffian  are  unchanged  by  a  certain 
helical  motion  of  space.  Furthermore,  the  defining  relations 
may  not  be  taken  at  random,  but  must  satisfy  some  stringent 
conditions,  which  are  obtained.  Thus  the  method  of  piarametric 
representation,  in  its  application  to  Pfaffians,  is  relatively  re¬ 
stricted  in  scope. 

All  Pfaffians  with  a  F>arametric  representation  have  elements 
of  arc  which  can  be  expressed  in  terms  of  two  parameters.  We 
show,  however,  that  they  are  not  the  most  general  class  of 
Pfaffians  with  a  two-parameter  arc  element,  and  give  a  geometric 
characterization  of  the  latter  class. 

2.  Pfaffians  Parametric  with  Cartesian  Coordinates.  A 

'  Presented  to  the  American  Mathematical  Society. 

*  AbM  laaaly,  "  Pseudo-Surface,”  Bulletin  de  la  Sociiti  Math,  de  France, 
1888;  Nouvelles  Annales,  1900  and  1901. 
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pseudo-surface  has  been  defined  by  a  set  of  equations  of  the  form 

(1)  dx  —  Xidu  -f  Xtdr, 
dy  —  Yidu  4*  Yidv, 
dz  —  Zidu  +  Ztdv, 

in  which  the  X{,  Yi,  are  functions  of  the  two  parameters  u 
and  V.  It  is  assumed  that  there  is  a  pair  of  parameters  u,  v 
uniquely  determined  for  each  point  x,  y,  t.  The  nature  of  this 
correspondence  has  not  been  precisely  explained.  Presumably 
it  is  continuous,  and  arises  from  relations  supplementing  (1). 

A  simple  example  of  a  pseudo-surface  equivalent  to  a  Pfafhan 
is 

(2)  dx  —  du, 
dy  ■«  dr, 

dz  “  rdtt  —  udv. 

If,  for  any  one  point,  xt,  yo,  Zo  we  have  the  supplementary  relation 

(.^)  Mo  -  xo  +  a,  Po  -  yo  +  *, 

we  may  deduce  from  (2)  and  continuity  considerations  that 

(4)  tt  «  X  +  a,  V  ~  y  +  b 

and  hence  conclude  that  (2)  is  equivalent  to  the  Pfafhan 

(5)  ds  -  (y  -f-  b)dx  -  (x  +  a)dy, 

which  corresponds  to  a  null  system. 

I^t  us  next  consider  a  general  set  of  equations  (1),  together 
with  some  supplementary  relations  which  when  combined  with 
(1)  determine  a  continuous  correspondence  of  pairs  (u,  r)  and 
triplets  (x,  y,  z)  necessarily  for  the  most  part  one  to  infinity. 
Such  a  system  will  determine  a  Pfafhan,  since  at  each  point 
X,  y,  z  the  differentials  satisfying  (1)  for  the  corresponding  hxed 
u,  V,  but  for  arbitrary  du  and  dv  give  rise  to  a  planar  element. 

The  single  inhnity  of  points  corresponding  to  a  given  pair  of 
parameters  (m,  v)  will  in  general  constitute  a  curve.  We  dehne 
a  new  parameter  s,  as  the  arc  length  measured  along  these  curves, 
starting  from  their  intersection  with  some  arbitrary  hxed  surface 
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cutting  all  of  them.  We  thus  have  a  correspondence  between 
(jr,  y,  s)  and  (u,  v,  s)  which  is  continuous  and  in  general  one  to 
one.  Now  consider  a  simple  closed  curve  in  the  u,  v  plane,  be¬ 
ginning  and  ending  at  Mo.  po-  If  we  select  5o  arbitrarily,  the  point 
(u«,  Po,  5e)  will  yield  a  point  (xo,  >,  So).  As  we  move  around  the 
closed  M,  V  curve,  the  new  values  of  x,  y,  z  and  hence  s  will  be 
determined  by  continuity.  There  are  now  two  {xissibilities. 
Either  (a)  the  curve  in  x,  y,  z  space  will  be  closed  for  all  choices 
of  the  «,  V  curve,  or  {b)  for  some  «,  p  curve  the  final  value  of 
X,  y,  z  will  l)e  distinct  from  Xo,  yt,  *o.  We  consider  these  two  cases 
separately. 

(а)  Since  the  final  values  o{  x,  y.  z  are  the  same  as  xo,  ye,  So, 
the  right  memliers  of  (1)  give  zero  when  integrated  over  any 
closed  circuit,  and  hence  are  exact  differentials.  They  may 
accordingly  lie  integrated,  giving  in  place  of  (1): 

(6)  X  -  o  -I-  /(u,  v), 
y  •  b  -h  g(u,  v), 
z  ^  c,-j-  h(u,  v). 

If  o,  b,  c  are  unrestricted,  this  system  of  equations  represents 
the  triple  infinity  of  surfaces  obtained  from  a  single  one  by  all 
|x>ssible  translations.  The  supplementary  relations  which  make 
the  determination  of  u,  v  by  x,  y,  z  unique  must  give  two  equations 

(7)  F{a,  b,  c)  »  0, 

G{a,  b,  c)  —  0, 

restricting  these  translations  to  a  single  infinity.  Thus,  in  this 
first  case  the  system  of  equations  (1)  together  with  the  supple¬ 
mentary  relations  are  equivalent  to  an  integrable  Pfaffian.  The 
integral  surfaces  of  this  Pfaffian  only  differ  from  one  another  by 
rigid  displacements,  corresponding  to  chords  of  the  curve  (7). 

(б)  Since  the  final  point  x,  y.  z  is  distinct  from  xo,  ye,  Xo  the 
final  value  of  s  will  differ  from  5o.  This  final  value  will  depend 
on  So  and  the  closed  curve.  It  will,  in  general,  vary  if  we  keep 
ig  fixed  and  vary  the  closed  curve.  In  particular,  if  we  shrink 
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the  curve  to  a  pr)mt  in  a  continuous  manner,  the  final  value  of  s 
will  change  continuously  and  approach  5o.  Thus  this  final  value 
may  lie  made  any  one  lietween  that  first  reached  and  so.  But. 
we  may  move  around  any  of  the  u,  v  circuits  several  times,  and 
may  reverse  the  sense  of  description.  Thus  we  may  by  a  suitable 
choice  of  the  circuit,  make  the  final  value  of  s  any  whatever. 
Next  consider  the  curve  (7)  of  points  in  jc.  y,  z  space  corresponding 
to  a  particular  Uo.  Vo.  but  all  possible  values  of  5o  and  their  dis¬ 
placements  in  space  for  a  particular  circuit  through  Uo,  Vo-  Since 
du  and  dv  are  prescrilied  by  the  given  circuit,  by  (1)  the  differ¬ 
ential  vector  dx,  dy,  dz  will  be  the  same  for  all  points  of  the  curve 

(7) ,  so  that  the  motion  of  this  curve  (7)  will  lie  a  translation. 
Thus  this  curve  (7)  must  lie  such  that  it  is  possible  to  bring  the 
curve  into  itself  by  a  translation,  which  may  take  any  point  on 
it  into  any  other  point.  That  is  the  curve  (7)  of  points  for  any 
fixed  Wo,  Vo  must  be  a  straight  line.  Since  a  curve  joining  two 
distinct  values  of  w,  e  in  the  w,  v  plane  determines  in  space  a 
{larallel  displacement  of  the  corre.sponding  straight  lines  in  jc,  y,  s 
space,  these  straight  lines  are  all  parallel.  We  may  accordingly 
change  the  coiirdinates  in  such  a  way  that  these  lines  are  all 
(larallel  to  the  z  axis.  Then  the  first  two  expressions  in  (1)  will 
lie  exact,  and  a  change  of  parameters  will  make  x  =  u,  y  =  v. 
The  system  of  equations  will  now  lie: 

(8)  dx  *  du, 
dy  =  dv, 

,  dv  *  M{u,  v)du  +  N(u,  v)dv. 

In  view  of  the  supplementary  relations 

(9)  Xo  -  «o,  yo  =  fo. 
these  are  equivalent  to  the  Pfaffian 

(10)  dz  —  M(x,  y)dx  +  iV(jc,  y)dy. 

Thus  the  example  (2)  aliove  is  typical  of  this  case.* 

•  For  the  rfile  of  this  type  of  Pfaffian  in  the  canonical  form  of  Pfaffiaiii 
analogous  to  quadrics,  cf.  this  Journal,  voI.  X,  no.  1,  p.  32,  eq.  (5.31)  through 
(5.36). 
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V\’e  summarize  our  results  in 

Theorem  I.  If  a  Pfaffian  equation  with  coefficients  functions 
of  X,  y,  z: 

Adx  +  Bdy  +  Cdz  “  0, 

is  equivalent  to  a  system  of  the  form 

dx  —  X\du  4-  A'jrfr, 
dy  —  Y\du  Kjrfi’, 
dz  *  Zydu  4-  Zfdv. 

with  coefficients  functions  of  the  parameters  u,  v,  together  with  sup¬ 
plementary  relations  which  determine  a  unique  pair  u,  v  for  each 
point  X,  y,  z,  the  correspondence  being  continuous,  then  either  the 
Pfaffian  is  integrable,  and  the  integral^ 

f{x,  y,z)  ^  k 

represents  a  family  of  surfaces  which  can  all  be  obtained  from  one 
by  the  parallel  displacements  which  follow  a  certain  space  curve,  or, 
by  a  suitable  change  of  coordinates,  the  Pfaffian  may  be  reduced  to: 

dz  *  y)dx  4*  N{x,  y)dy. 

It  should  l)e  noted  that  this  theorem  places  heavy  restrictions 
on  the  functions  Xi,  Yi,  Zi  of  (1),  when  such  a  system  arises  from 
a  Pfaffian.  For,  amsider  a  linear  combination  with  constant 
coefficients 

(11)  oidx  4- fltdy  4- fljdz, 

expressed  in  terms  of  u  and  v  by  means  of  (1).  In  case  (o)  every 
such  combination  is  exact,  since  the  separate  terms  are.  In 
case  (6)  there  must  lie  two  linearly  independent  such  combina¬ 
tions  to  serve  as  differentials  of  the  transformed  x  and  y.  Since 
the  condition  for  exactness  is  the  vanishing  of  the  linear  combi¬ 
nation  of 


dXtjdv  —  dXt/dtt,  dYyjdv  —  dYt!du, 


dZy'dv  —  dZi/du 
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analogous  to  (11),  these  quantities  must  be  proportional.  That 
is,  there  must  exist  three  constants,  not  more  than  one  zero,  such 
that 

ki{dXydv  -  dXtjdu)  -  kt^dYudv  -  BYtldu) 

-  k,(aZi/dv  -  dZildu). 

('onversely,  when  this  amdition  holds,  we  may  find  two  linearly 
independent  combinations  (11)  which  are  exact,  and  hence  two 
corresponding  to  perpendicular  directions.  On  taking  these 
directions  as  the  new  x  and  y  directions  and  making  the  corre¬ 
sponding  change'in  parameters  we  shall  have  the  canonical  form 
for  b)  unless  all  three  of  the  original  expressions  are  exact.  In  this 
event,  we  have  case  (o)  and  the  constants  of  integration  in  the 
first  two  expressions  need  not  be  taken  the  same  for  all  points. 

3.  Pfaffians  Parametric  with  Curvilinear  Coordinates,  Having 
Parametric  Arc  Elements.  In  the  type  of  Pfaffian  just  discussed, 
the  arc  element,  as  well  as  the  differentials  of  the  cotirdinates, 
can  l)e  expressed  in  terms  of  the  two  |)arameters.  This  results 
from  the  fact  that  the  Euclidean  arc  element  only  involves  the 
differentials  of  the  Cartesian  coiirdinates.  Let  us  now  consider 
a  Pfaffian  such  that  the  arc  element  can  be  expressed  in  terms  of 
two  parameters,  and  also  the  differentials  of  a  properly  chosen 
system  of  curvilinear  coiirdinates  can  be  expressed  in  terms  of 
the  same  two  parameters. 

Denote  by  «,  v  the  parameters  in  terms  of  which  the  arc  element 
is  expressed.  A  given  pair  of  values  w,  v  will  yield  a  curve  in 
space.  If  we <  take  w  any  parameter  along  this  curve,  we  will 
have  a  correspondence  between  x,  y,  z  and  u,  v,  w  in  general 
one  to  one.  so  that  we  may  take  u,v,w  as  curvilinear  coordinates. 
Since  the  arc  element  is  determined  by  u,  v  and  their  differentials, 
but  w  is  not  determined  by  «,  r;  the  arc  element  in  terms  of  the 
curvilinear  cotirdinates  can  not  involve  w  explicitly.  For  arbi¬ 
trary  elements  in  space,  the  arc  element  involves  dw.  For 
elements  in  the  Pfaffian,  dw  is  given  in  terms  of  u,  v  and  their 
differentials,  and  so  may  be  eliminated.  The  system  of  equations 
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analogous  to  (1),  or  rather  (8)  for  this  case  is: 

(12)  du  *  du, 
dv  *  dv, 

dw  —  M(u.  v)du  +  N{u,  v)dv. 

From  the  fact  that  the  arc  element  is  independent  of  w,  the 
transformation  of  space: 

(13)  u'  ^  u,  —  p,  tt/  —  tr  -t-  o 

gives  a  rigid  displacement  of  space,  since  distances  are  preserved. 
Hence  the  path  curves  of  this  displacement  are  helices.  In  other 
words,  the  curves  u  =  constant,  v  —  constant  which  are  taken 
into  themselves  by  this  displacement  are  helices.  Since  these 
helices  are  all  generated  by  the  same  infinitesimal  displacement, 
they  have  a  common  axis,  which  we  may  take  as  the  axis  of  z, 
and  a  common  pitch  which  we  denote  by  tan  k.  After  making 
a  suitable  change  in  the  parameters,  if  necessary,  we  may  then 
write: 

(14)  du  —  dr, 

dv  *  cos  kdz  —  sin  kdd, 
dw  *  sin  kdz  +  cos  kdd. 

These  equations  express  the  curvilinear  coordinates  u,  v,  w  in 
terms  of  the  polar  coordinates  *,  r,  6.  We  have  for  the  arc 
element 

(15)  ds'  -  dr'  -H  +  r'dfi 

du'  +  (cos  kdv  -H  sin  kdw)'  +  ( —  sin  kdv  +  cos  kdw)'. 

Any  Pfafhan  which  becomes 

(16)  dw  *  Af(«,  v)du  +  N(u,  v)dv 

when  expressed  in  terms  of  the  coordinates  given  by  (14)  will 
lead  to  an  arc  element  expressible  in  terms  of  u  and  v  by  (15). 
The  discussion  shows  that  all  Pfafhans  whose  coordinates,  and 
arc  elements  can  have  their  differentials  expressed  in  terms  of  two 
parameters  are  of  this  type.  We  express  this  in 
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Theorem  II.  If  the  arc  element  of  a  Pfaffian  is  expressible  in 
terms  of  two  parameters  which  may  be  taken  with  some  third  co¬ 
ordinate  to  form  a  system  of  curvilinear  codrdinates  for  space,  whose 
differentials  are  expressible  in  terms  of  the  parameters,  the  elements 
of  the  Pfaffian  may  be  taken  into  themselves  by  a  family  of  helical 
displacements. 

The  simplest  example  of  this  situation  is  that  of  Theorem  I, 
where  the  helices  reduced  to  straight  lines.  Another  simple 
example  is  that  in  which  they  reduce  to  circles  with  a  common 
axis.  The  Pfaffian  (2)  may  be  written 

(17)  dz  ~  -  r^de 

in  terms  of  ]x>lar  codrdinates,  and  so  is  an  example  of  this  case.^ 

4.  Pfafl&ans  with  Arc  Elements  Expressible  Parametrically. 
There  are  Pfaffians  such  that  all  elements  of  arc  in  them  are 
expressible  in  terms  of  two  parameters  distinct  from  the  type 
just  discussed.  For  these  the  parameters  in  question  may  not 
be  linked  up  with  curvilinear  codrdinates. 

We  tiegin  with  the  integrable  case.  If  u,  v  are  the  parameters, 
and  the  Pfaffian  is  integrable,  these  two  quantities  may  be  used 
as  the  parameters  for  any  one  of  the  surfaces  forming  the  Pfaffian. 
This  follows  from  the  fact  that  if  we  start  with  any  point  on  a 
particular  integral  surface,  and  vary  u,  v  in  all  possible  manners, 
we  will  always  remain  in  the  surface  as  long  as  we  remain  in  the 
Pfaffian,  Conversely,  any  real  curve  in  the  surface  (hence  not 
a  minimal  line)  will  have  to  be  such  that  no  two  distinct  points 
on  it  have  the  same  values  of  u  and  v  in  order  to  make  the  arc 
length  different  from  zero.  Since  the  arc  element  has  the  same 
form  in  u  and  v  for  all  the  surfaces,  they  are  all  applicable  to  one 
another,  and  we  have: 

Theore.m  III.  When  the  arc  element  of  an  integrable  Pfaffian 
can  be  expressed  in  terms  of  two  parameters,  the  integral  surfaces  of 
the  Pfaffian  are  all  applicable  to  one  another. 

*  Similar  examples  are  the  canonical  forms  (5.21),  (5.22),  (5.26),  (5.31), 
(5.34),  this  Joi'RNAL,  vol.  X,  no.  1,  p.  32. 
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There  are  other  restrictions  on  the  surfaces,  since  it  must  be 
possible  to  write  their  equation  in  the  form 

(18)  fix,  y,  t)  -  c. 

the  value  of  the  constant  c  determining  which  surface  is  in  ques¬ 
tion.  This  applicability  requirement  is  certainly  met  In  our 
earlier  cases,  where  the  surfaces  could  be  applied  to  one  another 
by  a  rigid  displacement.  To  show  that  there  are  Pfaffians  of  the 
present  kind  not  included  in  the  previous  discussion,  we  give  the 
example: 

(19)  y*dx  —  (x**  -f  x^)dy  -f  x^ydz  »  0. 

This  is  an  integrable  Praffian,  the  integral  being 

(20)  z!y  -  yjx  -  c, 

so  that  the  integral  surfaces  are  a  family  of  cones.  If  we  take 
u,  V  as  Cartesian  coordinates  in  the  (developed)  conical  surfaces, 
the  arc  element  for  the  Pfaffian  will  be 

(21)  d5*  =*  da*  -h  dr*. 

Except  for  the  requirement  of  continuity,  u  and  r  are  to  a  great 
extent  unrestricted.  If  we  attempt  to  include  the  whole  of  space, 
we  meet  difficulties  owing  to  the  multiple  valued  character  of  the 
parameters,  but  in  a  small  piortien  of  space  there  is  no  complica¬ 
tion.  The  cones  given  by  (20)  are  clearly  not  superimposable 
by  a  rigid  displacement. 

To  understand  the  structure  of  non-integrable  Pfaffians  whose 
arc  elements  are  expressible  in  terms  of  two  p>drameters,  we 
observe  that  for  any  system  of  curvilinear  coordinates,  Uu  Ut,  Ut, 
the  Euclidean  arc  element  may  be  written 

(22)  di*  =  Hgiid^idUi. 

Now  suppose  that,  for  a  particular  choice  of  curvilinear  coordi¬ 
nates,  three  functions  of  ui  and  ut  only,  a,  b,  c  can  be  found  such 
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that: 

(23) 


Jtii*  —a  Hit  —  b  g,t 

gti  —  b  Hn  —  c  gu 

gti  g*i  git 


Then,  when  the  form 


0. 


(24)  adui*  +  Ibduidut  +  cdut* 

is  subtracted  from  the  expression  (22),  the  remainder  is  decom¬ 
posable  into  two  linear  factors,  so  that  we  may  write: 

(25)  ds*  “  adui*  -f  Ibduidut  +  cdut* 

•f  (Adut  -b  Bdut  +  Cdui)(Ddui  +  Edut  +  Fdui). 

The  capital  letters  will  in  general  involve  all  three  variables. 
If  we  now  put  either 


(26) 

Adui 

Bdu%  -f-  Cdui 

or 

(27) 

Ddui 

-f*  Edut  "F  Fdui 

we  shall  have  a  Pfaflfian  whose  arc  element  will  reduce  to  (24) 
and  thus  be  expressible  in  terms  of  two  parameters. 

As  one  example  of  such  a  situation,  we  consider  the  Pfafhan 
(19).  We  take  U\  and  ui  the  u  and  v  of  (21),  and  Ui  any  third 
coordinate  such  that  dui  is  not  normal  to  the  surfaces  (20). 
Then,  since  dui  —  0  reduces  the  arc  element  to  (21),  the  element 
for  these  curvilinear  coordinates  may  be  written: 

(28)  ds*  •*‘dui*  -f  dut*  +  (Adui  +  Bdut  +  Cdui)dut. 

Presumably  for  some  choice  of  the  parameters  ui,  Ut  and  «i  the 
Pfafban  (26)  with  coefficients  taken  from  (28)  will  be  non¬ 
in  tegrable. 

The  pairing  up  of  Pfaffians  of  this  type  may  be  anticipated 
from  geometric  considerations.  For,  geometrically,  we  may  start 
with  any  congruence  of  curves,  and  select  a  point  on  one  of  the 
curves  as  well  as  a  planar  element  through  this  point.  A  small 
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circle  in  this  plane  will  determine  a  “tube”  formed  of  nearby 
curves.  At  any  other  point  on  the  curve  we  may  draw  a  sphere 
of  radius  equal  to  that  of  the  circle  determining  the  tube,  and  its 
intersection  with  the  tube  will  be  two  curv'es,  which  give  rise  to 
conical  surfaces  with  verte.x  at  the  center  of  the  sphere.  In  the 
case  of  interest  to  us,  one  of  these  conical  surfaces  must  reduce 
to  a  plane  for  all  points  in  space.  But,  in  this  case,  the  tube  is 
in  the  neighborhood  of  any  point,  to  the  first  order  of  infinitesi¬ 
mals,  a  right  elliptic  cylinder.  Consequently  both  the  sections 
made  by  the  sphere  will  be  plane  curves  and  their  planes  will 
make  equal  angles  with  the  curves  of  the  congruence.  It  is 
intuitively  clear  that  one  set  of  elements  may  be  those  of  an 
integrable  surface,  while  the  other  is  not.  This  was  the  case  in 
the  example  deduced  from  (28).  The  congruence  we  start  with 
will  have  to  be  very  special  in  order  that  all  the  cones  reduce  to 
planes,  and  we  have  a  Pfaflian  of  the  kind  sought. 


THE  MAPPING  THEf)REM  OF  KOEBE  AND 
THE  PROBLEM  OF  PLATEAU 

By  Jesse  Doi-glas 


In  a  recent  paper  '  the  writer  gave  the  hrst  solution  of  the 
problem  of  Plateau  for  an  arbitrary  Jordan  contour,  proving  that 
every  Jordan  curve  in  n-dimensional  euclidean  space  is  the 
boundary  of  a  simply-connected  portion  of  a  minimal  surface. 
In  this  treatment  the  conformal  mapping ’of  a  plane  Jordan 
region  on  the  disc  of  the  unit  circle  was  included  as  the  special 
case  »  “  2,  and  thereby  a  new'  and  in  many  respects  clearer  and 
more  elementary  proof  was  given  for  the  Riemann  mapping 
theorem  (concerning  the  conformal  mapping  of  the  interiors) 
together  with  the  supplementary  theorem  of  Osgood  and  Cara- 
th^-odory’  (asserting  the  one-one  continuous  mapping  of  the 
lx)undaries).  Since  it  was  an  essential  part  of  the  purpose  of 
the  paper  to  synthesize  the  theory  of  conformal  mapping  with 
that  of  minimal  surfaces,  it  was  indispensable  not  to  assume 
anything  of  the  former  theory  but  to  proceed  directly  from  the 
axioms  of  analysis.  This  was  done,  and  a  simultaneous  treat¬ 
ment  of  the  two  theories  developed  which  w-as  elementary  and 
completely  self-sufficient. 

After  the  existence  of  the  minimal  surface  had  been  established, 
we  used  a  theorem  on  the  conformal  mapping  of  polyhedra  from 
the  theory  of  conformal  mapping  as  developed  by  Koebe  *  in 
a  brief  proof  of  the  least  area  property.  The  present  paper  uses 


‘‘‘Solution  of  the  Problem  of  Plateau,"  Transactions  of  the  American 
Mathematical  Society,  vol.  33  (1931),  no.  1,  pp.  262-321.  The  phraie  ‘‘the 
cited  paper”  whenever  used  hereafter  will  refer  to  this  one. 

*  P.  Koebe,  ‘‘ Allgemeine  Theorie  der  Kiemanntchen  Mannigfaltigkeiten,” 
Acta  Matkematica,  vol.  50  (1927),  pp.  1 19  et  wq.  This  theorem  was  first  used 
in  connection  with  the  problem  of  I’lateau  by  T.  Rad6,  Annals  of  Mathematics, 
vol.  31  (1930),  pp.  457-469,  and  Mathematische  Zeitschrift,  vol.  32  (1930),  pp. 
762-796. 
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this  conformal  mapping  of  a  polyhedral  surface  to  give  an  alter¬ 
native  proof  of  the  existence  of  the  minimal  surface.  The  proof 
amounts  to  adjoining  to  the  polyhedral  mapping  theorem  certain 
supplementary  considerations  used  in  another  way  in  the  cited 
()aper.  While  it  requires  a  certain  amount  of  time  and  space 
to  set  down  these  considerations  explicitly,  they  are  of  so  simple 
and  evident  a  nature  as  to  justify  considering  the  solution  of  the 
Plateau  problem  as  practically  a  corollary  of  the  polyhedral 
mapping  theorem  of  Koebe. 

The  exact  statement  of  this  mapping  theorem  is  the  following: 

Let  n  denote  any  simply-connected  polyhedral  surface  bounded 
by  a  polygon  P;  then  there  exists  a  one-one  continuous  map  of  FI, 
including  its  boundary,  on  the  unit  circle,  including  its  circum¬ 
ference,  which  is  conformal  at  every  interior  point  of  n  not  a  vertex. 

The  existence  proof  proceeds,  in  outline,  as  follows:  Let  F 
denote  the  given  contour  and  m(r)  the  least  possible  limit  that 
can  be  approached  by  the  area  of  a  polyhedral  surface  whose 
l)oundary  tends  to  F.  If  n«  denote  a  sequence  of  polyhedra 
with  boundaries  Pm  tending  to  F  and  areas  tending  to  m(F), 
'  we  then  represent  II»  conformally  on  the  disc  of  the  unit  circle, 
whereby  a  one-one  continuous  correspondence  is  set  up  between 
the  circumference  C  and  Pm-  This  induces  in  the  limit  as 
m  -*  00  a  one-one  continuous  correspondence  Ijetween  C  and  F, 
which  determines  a  definite  parametric  representation  of  F: 
*<  *  gi(ff),  where  0  denotes  the  polar  angle  on  C.  Then  the 
required  minimal  surface  is  xt  *  IIi{u,  v),  where  these  are  the 
harmonic  functions  in  the  interior  of  the  unit  circle  whose  lx)und- 
ary  values  are  as  defined  by  Poisson’s  integral. 

1.  The  functionals  A(g)  and  S(g) 

We  shall  deal  with  vector  functions  g  of  n  components: 

(1.1)  Xi  -  giie),  I  -  1,  2,  •••,  n, 


where  8  denotes  the  polar  angle  on  the  circumference  of  the  unit 
circle,  and  xt  are  interpreted  as  the  coordinates  of  a  point  in 
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n-dimensional  euclidean  space.  It  will  t)e  sufficient  for  our 
purpose  to  suppose  that  the  vector  function  g(0)  —  [fiW. 

•  *  'f  |f»W3  is  everywhere  continuous  or  admits  at  most  a 
denumerable  infinity  of  discontinuities  all  of  the  first  kind,  i.e. 
where  as  0  approaches  to  a  certain  fixed  point  0o,  distinct  one¬ 
sided  limits — the  point  P  and  the  point  Q,  with  P  ^  Q — are 
approached  by  We  suppose  tcx>  that  the  priint  Jf<  ** 

always  remains  in  some  given  finite  region  of  n-dimensional 
space: 

(1.2)  ki(»)lSA/. 

where  M  is  fixed  once  and  for  all. 

Let 

(1.3)  -//<(«,  r) 

denote  the  harmonic  functions  in  the  interior  of  the  unit  circle 
which  are  determined  according  to  Poisson’s  integral  by  the 
lx)undary  functions  (1.1);  then  denoting  by  w  —  «  -f  it  a  com¬ 
plex  variable  ranging  over  the  interior  of  the  unit  circle,  ju'l  <  1, 
we  may  express  these  harmonic  functions  as 

(1.4)  Xi  *  iR/^i(tc) 
with 

(1.5>  • 

C  denoting  the  circumference  of  the  unit  circle.  The  equations 
(1.3)  or  (1.4^  represent  a  harmonic  surface  II.  When  the  func¬ 
tions  (1.1)  are  everywhere  continuous,  so  representing  a  con¬ 
tinuous  closed  curve  P,  the  surface  II  is  bounded  by  T,  because 
by  a  well-known  property  of  Poisson’s  integral  the  harmonic 
functions  (1.3)  then  attach  continuously  to  the  boundary  values 
(1.1).  For  a  point  tfo  where  a  discontinuity  of  the  first  kind 
presents  itself,  the  corresponding  part  of  the  boundary  of  II 
is  the  line-segment  PQ;  this  results  from  the  fact  that  the  limiting 
value  of  IIi{u,  v)  in  the  approach  of  («,  r)  to  the  point  0o  varies 
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linearly  with  the  direction  of  approach.  The  boundary  of  II 
is  then  made  up  of  the  points  in  n-space  which  correspond  to 
the  points  of  continuity  of  g{6),  together  with  the  line-segments 
PQ  corresponding  to  the  (xiints  of  discontinuity. 

The  element  of  length  of  the  harmonic  surface  II  is 


(1.6)  di*  *  £du*  -|-  2Fdudv  +  Gdt^, 


I 


where 

(1.7) 


Consider  now  the  two  double  integrals: 

and 

(1.9)  S{g)  »  /I  <EG  -  F'  da, 

where  the  domain  of  integration  D  is  the  interior  of  the  unit 
circle,  of  which  da  represents  the  element  of  area.  As  the  nota¬ 
tion  indicates,  these  are  functionals  of  g,  being  completely  deter¬ 
mined  as  soon  as  g  is  given.  A{g)  is  one-half  the  sum  of  the 
nirichlet  functionals  formed  for  each  coordinate  of  II;  Sig)  is 
the  area  of  the  surface  II.  Since  the  integrands  may  not  remain 
bounded  in  D,  these  functionals  must  be  defined  more  exactly 
as  the  respective  limits  for  p  — >  1  of 


(1.80  A,(g)  -  fl  i(E  -f  G)da 

and 

(1.90  S,(g)  -  fl  <EG  -  I»  da, 

where  denotes  the  interior  of  the  circle  of  radius  p  <  1  about 
the  origin  as  center.  Since  in  both  cases  the  element  of  inte¬ 
gration  is  p>ositive,  it  follows  that  A^ig)  and  5,(g)  must  increase 
with  p,  and  therefore  the  corresponding  limits  A{g)  and  S{g) 
must  exist,  finite  or  piositively  infinite. 
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By  applying  (ireen’s  theorem  to  the  double  integral  (1.8') 
there  was  derived  in  the  cited  p>aper  the  following  formula 
giving  A{i)  explicitly  in  terms  of  g: 

I  ^ 

(1.10) 

4gin,_^ 

but  we  shall  carry  through  the  work  of  the  present  paper  without 
the  use  of  this  formula. 

‘  2.  Preliminary  theorems 

In  order  that  our  main  argument,  as  developed  in  §  4,  may 
proceed  without  interruption,  we  gather  together  in  this  section 
hve  simple  preliminary  theorems  which  will  be  appealed  to  in 
the  later  discussion.  These  theorems  and  their  proofs  are, 
almost  entirely,  a  reproduction  of  certain  parts  of  the  paper 
cited  under 

Theorem  I. 

(2.1)  S{g)^Aig), 

and  the  equality  sign  holds  when  and  only  when 

(2.2)  £  Fi^'iw)  m  0. 

1.1 

Here  the  functions  Fi{w)  are  those  of  (1.4),  whose  real  parts 
are  the  coordinates  of  the  harmonic  surface  II,  and  the  condition 
(2.2)  express^,  according  to  the  formulas  of  Weierstrass,  that 
the  surface  II  is  minimal. 

Proof.  The  difference  of  the  squares  of  the  integrands  of 
Aig)  and  5(f)  is 

1(£  +  G)*  -  {EG  -  F*)  -  \(E  -G)*  +  F'm  0,. 

Hence 

i(F  +  G)  S  V£G  -  F», 

and  consequently 

A{g)  S  5(f), 
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where  on  account  of  the  continuity  (indeed,  analyticity)  of  E, 
F,  G  the  equality  sign  holds  when  and  only  when 


(2.3) 

Now  from 

we  have 

(2.4) 


E-G  mO,  FmO. 


Iliiu,  v)  *  9?F.(Tf) 


F/{w) 


diii  _  .dji^ 

du  *  dv  ' 


and  therefore  with  reference  to  (1.7) 

£  F/\w)  ~  (E  -  G)  -  2iF, 

(-1 

so  that  the  conditions  (2.3)  are  equivalent  to 

t  Fi'\w)  «  0. 

!•! 

Theorem  II.  A{g)  is  lower  semi-continuous. 

By  this  we  mean:  consider  any  sequence  of  vector  functions 

,  (2.5)  f «»«>).•  •••..  ir‘"’(0).  ••• 

which  remain  uniformly  bounded  according  to  (1.2)  and  tend  to  a 
limit: 

(2.6)  lim  j?<"’(^)  *  g{9). 

The  approach  need  not  be  uniform  and  the  possible  denumerable 
infinity  of  points  of  discontinuity  of  the  functions  g^"’(fl)  and 
g{B)  may  be  disregarded  in  this  limit  relation.  Then  will 

(2.7)  A{g)  ^  lim  inf  i4(g<"’). 

In  other  words,  if 

m  —  mi,  m*,  •  •  •,  m*,  •  •  • 

represent  any  subsequence  of  (2.5)  for  which  i4(f^"’)  tends  to  a 
limit  L,  finite  or  infinite  (such  subsequences,  of  course,  always 
exist),  then 

(2.8)  A{g)^L. 
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In  case  Aig)  »  +  sc,  this  lower  semi-continuity  amounts  to 
continuity;  we  then  have 

(2.9)  lim  /I  (if*"’)  «  +  * 

for  ever>'  sequence  tending;  to  g. 

Proof.  The  proof  of  Theorem  II  rests  on  the  following  simple 
lemma,  well-known  for  functions  of  n  real  variables,*  and  e.\- 
tended  by  the  writer*  to  functionals  on  any  Fr^het  L-set;  the 
proof  of  the  lemma  is  evident  and  will  not  be  repeated  here. 

Lemma.  //  a  functional  A{g)  can  be  expressed  as  the  limit  of 
a  continuous  functional  A^(g)  which  tends  to  A(g)  in  increasing, 
then  A  (g)  is  lower  semi-continuous. 

That  this  lemma  applies  to  the  functional  A{g)  defined  by 
(1.8)  with  the  functional  A,{g)  defined  by  (1.8')  is  .easy  to  see. 
First,  Ap{g)  is  a  continuous  functional  of  g  for  every  fixed  p  <  1, 
since  its  integrand  remains  uniformly  bounded,  and  under  that 
condition  one  may  pa.ss  to  the  limit  under  the  sign  of  integration : 

(2.10)  lim  /l,(it‘">)  -  A^{g). 

m 

To  see  the  uniform  Ixmndedness,  we  observe  that  by  (2.4)  and 
(1.7)  we  may  write  (1.8') 

(2.11)  A.(t)  -  f  f  i£  |F,'(u.)ly». 

J  Jn^  1.1 

By  differentiation  under  the  integral  sign  of  (1.5), 

(2.12)  '  Ff{w)  -  if  Z'*  .,gi{e)d8, 

ir  Jc  («  -  '>*’) 

and  consequently  under  the  condition  Iwj  ^  p  we  have  with 
attention  to  (1.2), 

(2.1  J)  |/'(V)I 

'  See  Carath^odory,  Vortesungen  fiber  reele  Funktionen,  I.eipzig,  1918,  p. 
175. 
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from  which  results  immediately  the  uniform  Ixmndedness  of  the 
integrand  of  (2.1 1). 

That  A^ig)  tends  to  A(j()  in  increasing  is  immediate  from  the 
(>l>servation  that  the  element  of  integration  in  Aig)  is  always 
|M)sitive. 

Theorkm  III.  If  g(0)  has  a  point  of  discontinuity  with  un¬ 
equal  one-sided  limits,  then  i4  (g)  *  +  « . 

Proof.  There  is  no  Icjss  of  generality  in  supposing  the  discon¬ 
tinuity  to  l)e  l(x:ated  at  the  point  *  »  1,  sint'e  this  may  l)e  accom¬ 
plished  by  a  rotation  of  the  unit  circle,  which  changes  nothing 
essential.  We  will  suppose  the  one-sided  limits  of  g{d)  at  s  »  1, 
or  /I,  to  be  the  points  P  and  Q  of  «-dimensional  space  with  the 
aM)rdinates  at  and  bi  respectively.  By  assumption,  the  distance 
/  l)etween  these  two  points,  with 


(2.14) 

is  qrreater  than  zero. 


L  (a<  -  biY, 
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we  first  define  a  transformation  M  -¥  Mi  by  the  condition  that 
on  the  ray  OBMM\Bi 

OM-OMi  -  OB-OBi. 

W’e  then  combine  M  — ►  Mi  with  a  reflection  Mi  — >  A/'  in  the 
diameter  A' A  to  produce  the  transformation 

X  ~  M  M'. 

This  is  evidently  conformal,  converts  the  unit  circle  into  itself 
in  a  one-one  continuous  way.  circumference  into  circumference 
and  interior  into  interior,  and  has  the  linear  fractional  form 


(2.15) 


aw  -f-  b 
cw  d 


The  transformation  (2,15)  acts  on  the  lx)undary  functions 
/j,(tf)  and  the  functions  Fi{w)  determined  by  them  to  produce 
boundary  functions  hi(&)  determining  functions  Gi{w),  where 


(2.16) 


Gi 


(aw  b  \ 
cw  +  d  / 


Fiiw). 


It  is  evident  that  the  functional  A{g)  is  invariant  under  this 
transformation.  For  writing 


A(g)  ~  f  fii:  imuoi^da, 

J  Jd  (•> 

Aih)  -J/iE  \Gi'{w)\Ha, 

$ 

we  have,  if  X  denote  the  modulus  of  the  conformal  transforma¬ 
tion  :  * 


dw' 

ad  —  be 

dw 

{cw  -F  dy 

that 

da'  *  Xrfff,  while  |  Gi'(w)  I  “  ^  1 2^/(^)  I ; 

*  Evidently  X  ia  nowhere  zero  or  infinite  in  the  interior  of  the  unit  circle. 
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consequently 

(2.17)  A(h)  -  A(g). 

Imagine  now  that  O  takes  a  sequence  of  positions 

(2.18)  ■  O,.  O,.  ••• 

all  on  A' A  produced  and  tending  to  A  as  limit.  It  is  obvious 
that  if  B'  is  any  fixed  jxjint  on  the  unit  circle,  then  the  image  of 
B'  by  tends  to  A  from  above  or  below  according  as  B'  is  on 
the  lower  or  upper  semi-circumference.  Hence  /r,(0)  tends  to  the 
function 

for  ir<0<2r. 

The  function  of  w  determined  by  the  boundary  function  ki{d)  is 


1  + 


+  — .  log  t 


From  this  we  calculate 


Il/iw) 


2(ai  —  bi) 


ri  1  — 


and  consequently,  with  reference  to  (2.14), 
"  2P  \ 

h  L  I ///(«»)  1*  *  — ,  •  tt — 


116 


JKSSK  IM)U(iLAS 


and  we  can  easily  see  that  the  value  of  this  double  integral  is 
4*  *  : 

(2.20)  -  -I-  «. 

For  if  we  introduce  jxilar  c(M)rdinate8  with  the  point  w  ■«  1 
as  |K>le,  then  the  element  of  integration  is,  for  u>— >  1,  asymp¬ 
totically  etjual  to 

1  \  dp 

—  •  pdpde  ■  7  —  de. 

■ifr  4  p 


The  integral  of  this  over  the  area 

Pi<p<Po.  —  a  <  6  <  a 


«,  Po 

:;log“  , 

2  Pi 


which  liecomes  +  «  when  pi  -»  0.  ('onsequently  +  «  is  the 
value  of  A  (k)  since  the  part  of  the  unit  circle  outside  the  sector 
of  angle  2a  and  radius  po  with  vertex  at  tc  —  1  must  make  a 
non-negative  contribution  to  the  value  of  the  double  integral.  ' 
l^t  now  • 

A‘”(0).  ••• 

lie  the  Ixiundary  functions  derived  from  g(0)  by  the  trans¬ 
formations 

2u  Ii.  •••.  I-.  ••• 

assfx'iated  with  the  points  (2.18);  then  by  the  invariance  property 
(2.17), 

■  /1(A<'»)'-  /t(A‘*»)  -  ...  -  /1(A<«»)  «...  -  /1(g), 

accordingly 

(2.21)  lim /f(A‘"0  * /I  (g). 


By  the  lower  semi-continuity  of  /1(g),  according  to  (2.8),  it 
follows  from  (2.21)  and 


lim  A<"’(0)  ■■  k{d) 
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that 


A{k) 


consequently  by  (2.20), 


»4(£); 


>1  (f )  -  +  * , 

which  was  to  be  proved. 


Theorem  IV.  If  g{0)  has  a  point  of  discontinuity  with  unequal 
one-sided  limits,  then 


t  F/'iw)  *  0. 


Proof.  UsinK  the  same  figure  and  sequence  of  linear  frac¬ 
tional  transformations  as  in  the  pr(X)f  of  the  preceding 
theorem,  we  oliserve  first  from  (2.16)  the  relation 


(2.22) 


od  -  be  aw-i-b  \ 

{cw  +  d)*  ‘  \  fW  -|-  d  / 


F/iw),  m 


1.2,3,  .... 


We  desire  to  derive  contradiction  from  the  hypothesis 


£  F,'\w)  m  0. 


If  would  follow  from  this  according  to  (2.22)  that 
(2.23)  L[G/->'(w)]*  -0,  m  -  1,  2,  3,  . . .. 

I- 1 


Now  by  (2.12), 

-U.  (7^ 

the  notation  l)eing  that  of  the  proof  of  Theorem  III.  For  any 
fixed  value  of  w,  the  first  integrand  evidently  remains  uniformly 
l)ounded  as  it  approaches  to  the  second  (see  (1.2)),  and  hence 

lim  (7<*")'(w)  —  IIi{w). 
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('onsequently 

lim  L  -  i:///’(uO 

M— »«  fal  !•! 


liH  1 

IT*  *  (1  -  tC*)* 


according  to  (2.19).  But  since  /  ^  0,  this  is  in  contradiction 
with  (2.23). 

Theorem  V.  If  i;(fl)  is  constant  on  an  arc  of  C,  but  not  on  all 
of  C,  then 

i.  f.-’w  4  0. 

1-1 

Proof.  By  (2.12), 


Writing  w  *  pe*"  and  taking  the  imaginary  part  of  each  side, 
we  get 


^wFiiw) 


[1 


2p(l  —  p*)  sin  (6  —  a) 

—  2p  cos  (0  —  a)  +  p*J 


tame. 


Except  for  the  minus  sign,  the  last  expression  is  identical  with 
one  studied  by  Fatou  in  his  thesis.*  By  a  simple  integration 
by  parts.  Fatou  shows  that  at  every  point  where  the  derivative 
g/(0)  exists  and  is  continuous  the  expression  in  question  has  the 
unique  limit  g/iO)  when  (p,  o)  approaches  to  (1, 6)  in  an  arbitrary 
manner. 

In  the  present  case  gi{d)  is  supposed  to  be  constant  on  a  certain 
arc  AB  of  C;  therefore  g/{B)  has  the  continuous  value  zero  on 
this  arc;  hence  for  B  any  interior  point  of  AB, 


(2.24)  lim  !^wFi\w)  «  0,  »  »  1,  2,  •••,  w. 


Suppose,  contrary  to  what  we  wish  to  prove,  that 

t  f:\w)  » 0. 

<-l 

•  P.  Fatou,  “Scries  trigonom^triques  et  series  de  Taylor,”  Acta  Matke- 
malua,  vol.  30  (1906),  pp.  347-348. 
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Then 

52  v^Fi'iw)  -  51  »  0, 

1-1  <-i 

and  taking  real  parts,  we  have 

£  »  £  [atpf /(U-)?. 

From  this  together  with  (2.24)  it  follows  that 
(2.25)  lim  '3iwFi(w)  *  0,  »  —  1,  2,  •••,  «, 

or,  combining  (2.25)  and  (2.24),  that 

lim  wFi{w)  ■»  0,  *  »  1,  2, 

If— .*• 

for  6  any  interior  point  of  AB. 

Since,  therefore,  the  limiting  value  of  wFi{w)  when  w  ap¬ 
proaches  to  any  pioint  of  the  circular  arc  ^4^  is  real,  we  may  apply 
the  symmetry  principle  of  Riemann-Schwarz  to  prolong  the 
function  analytically  across  this  arc.  attaching  conjugate  imag¬ 
inary  values  to  points  inverse  with  respect  to  the  arc.  The 
function  wFi{w)  will  then  be  equal  to  zero  on  an  arc  interior  to 
a  domain  of  regularity,  and  is  therefore  identically  zero.  Hence 
Fiiw)  is  identically  equal  to  a  constant.  Since  iftFi(w)  reduces 
to  gi(fi)  on  the  circumference  C,  we  thus  have  contradiction  with 
that  part  of  the  hypothesis  of  our  theorem  which  stipulates 
that  g(0)  shall  not  be  constant  on  all  of  C. 

3.  Topological  automorphisms  of  the  unit  circle  ^ 

Let  r  denote  any  Jordan  curve  in  euclidean  space  of  n-dimen- 
sions;  it  is  representable  by  equations 

(3.1)  X,  »/<(/),  t-1,2, 

where  /<(/)  are  continuous  functions  of  the  parameter  /,  which 
we  interpret  as  polar  angle  on  the  unit  circle.  From  t  we  pass 
to  any  other  parameter  0  by  a  one-one  continuous  transformation 
’  5m  1 3  and  (  8  of  the  cited  paper. 
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of  the  unit  circle  into  itself, 


the  equations  (3.1)  becoming  by  the  substitution  (3.2) 


Of  basic  importance  is  the  remark  that  the  totality  of  topological 
transformations  t  »  u{$)  of  the  unit  circle  into  itself  forms  a  compact 
set.  This  means  that  out  of  any  infinite  set  of  such  transforma¬ 
tions  a  sut)sequence  can  be  selected  which  tends  to  a  limit,  itself 
a  topological  automorphism  of  the  unit  circle,  either  proper  or 
improper  (in  a  certain  sense  which  will  soon  lie  specified). 

This  fact  is  best  seen  by  means  of  the  following  geometrical 
representation  on  a  torus  of  the  topological  automorphisms  of 
the  unit  circle.  We  interpret  0  as  angle  along  a  parallel  and  t 
as  angle  along  a  meridian  of  the  torus;  then  a  one-one  continuous 
relation  between  and  t  is  represented  by  a  continuous  closed  curve 
on  the  torus  which  is  intersected  once  and  only  once  by  each 
meridian  and  by  each  parallel:  such  a  curve  we  may  call  cyclically 
monotonic.  As  limit  form  of  a  cyclically  monotonic  curve  we 
may  have  one  which  contains  segments  of  a  parallel  or  segments 
of  a  meridian,  and  even,  as  extreme  limit  form,  one  which  consists 
of  a  parallel  together  with  a  meridian.  We  include  these  forms 
as  defining  “  improper  ”  topological  transformations  of  the  unit 
circle  into  itself,  and  the  extreme  limit  form  as  defining  a  "  de¬ 
generate  ”  transformation.  In  an  improper  parametric  repre¬ 
sentation  of  r,  an  arc  of  r  less  than  all  of  F  corresp>onds  to  a  single 
p>oint  of  C,  or  an  arc  of  C  less  than  all  of  C  corresponds  to  a 
single  point  of  F.  In  a  degenerate  parametric  representation, 
a  single  point  of  F  corresponds  to  all  of  C,  and  a  single  point  of  C 
to  all  of  F. 

The  totality  of  cyclically  monotonic  curves  on  the  torus,  proper, 
improper  and  degenerate,  forms  a  compact  closed  set.  That  this 
is  the  fact  results  immediately  from  the  following  theorem: ' 

*  M.  Fr^het,  “Sur  quelquea  points  du  calcui  fonctionel,”  Rendiconti 
Palermo,  vol.  22  (1906),  p.  65. 
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An  infinite  set  of  curves  is  compact  if  the  curves  are  all  contained 
in  a  finite  region  and  have  uniformly  bounded  lengths. 

In  the  present  case  the  finite  region  is  the  torus,  and  the  uniform 
lK>und  for  the  length  of  all  the  curves  is  the  length  of  a  parallel 
plus  the  length  of  a  meridian;  this  is  to  l)e  seen  immediately  from 
the  cyclically  monotonic  character  of  the  curves.  The  closure 
of  the  set  of  curves  (the  limit  of  any  infinite  serjuence  of  curves 
of  the  set  belongs  to  the  set)  is  obvious  for  the  same  reason. 

We  shall  find  it  convenient  to  fix  three  distinct  points  di,  0i. 
of  the  unit  circle  and  three  distinct  points  /|,  tt,  h,  and  to  con¬ 
sider  only  those  topological  transformations  which  convert  0i, 
6t,  9t  into  t\,  tt,  /i.  The  corresponding  curves  on  the  torus  |)ass 
through  the  three  fixed  points  (®i,  ti),  (fft,  tt),  (9t,  tt),  no  two  of 
which  are  on  the  same  parallel  or  the  same  meridian.  They 
define  a  subset  of  topological  automorphisms  of  the  unit  circle 
which  is  compact  and  closed,  and  which,  while  containing  im¬ 
proper  representations,  has  the  advantage  of  not  containing  any 
degenerate  ones.  No  generality  is  lost  by  this  fixation  of  three 
points,  since  everything  is  inv.ariant  under  a  conformal,  or  linear 
fractional,  transformation  of  the  unit  circle  into  itself,  which  in¬ 
volves  three  arbitrary  constants. 

4.  Existence  of  a  minimal  surface  bounded  by  a  Jordan  curve 
r  in  the  case  m(r)  finite 

These  preliminaries  established,  we  now  proceed  to  the 
existence  theorem  whose  proof  is  the  main  purpose  of  the  present 
paper. 

With  any  Jordan  curve  P  we  may  asstxriate  a  definite  jxwitive 
number  m(r),  finite  or  infinite,  introduced  by  Itebesgue  •  and 
called  by  him  the  minimum  area  of  P. 

Definition.  w(P)  is  the  least  limit  which  can  \ye  approached 
by  the  area  of  a  polyhedral  surface  II  whose  polygonal  Ixiundary 
P  tends  to  P. 

*H.  f.ebetgtic,  " Integrate,  longueur,  aire,”  Annai  di  Malemalica,  (3),  vol. 
7  (1902),  p.  304. 
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Assumption.  In  this  section  we  restrict  purselves  to  the  case 
where  m(r)  is  finite. 

m(r)  is,  for  instance,  finite  whenever  F  is  a  polygon  or  any 
rectifiable  contour.  The  proof  is  evident. 

l^t  1  denote  any  continuous  surface  bounded  by  r;‘then, 
according  to  the  Lel^esgue  definition  of  area,  the  area  5(£)  of  2^ 
is  the  inferior  limit  .of  the  areas  of  polyhedral  surfaces  which 
tend  to  Z.  Since  the  boundaries  of  such  polyhedral  surfaces 
must  tend  to  F,  it  is  obvious  from  the  definition  of  m(F)  that 

(4.1)  w(F)  S  5(2). 

This  remark  made,  we  observe  next  that  by  definition  of 
m(F)  there  exists  a  sequence  of  polyhedral  surfaces 

n«,  m  «  1,  2,  3,  •  •  •, 

whose  polygonal  boundaries 

Pm,  m  -  1,  2,  3,  •  •  • 

tend  to  F,  and  such  that  the  areas  of  the  polyhedral  surfaces 
tend  to  m(F): 

(4.2)  lim  5(n„)  »  m(F). 


i  ^  f 


The  polygons  Pm  are  representable  by  equations 

(4.3)  -//">(/), 

where  the  functions  //"’(/)  tend  uniformly  to  those  defining  F: 


We  now  apply  Koelie’s  theorem,  as  formulated  in  the  intro¬ 
duction.  There  exists  a  conformal  map  of  II.  on  the  interior  of 
the  unit  circle  which  remains  one-one  and  continuous  (even 
piece-wise  analytic)  as  l)etween  Pm  and  the  circumference  C. 
In  this  way  a  one-one  continuous  relation  is  established  l)etween 
t  the  parameter  on  Pm  and  6  the  angle  on  C: 
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By  adjoining  a  conformal  transformation  of  the  unit  circle  into 
itself,  which  involves  three  arbitrary  constants,  we  can  arrange 
that  three  fixed  points  du  St,  Ot  shall  correspond  respectively  to 
three  fixed  points  /i,  /t,  /*,  the  fixed  points  being  the  same  for  all 
the  polygons  /*«. 

From  the  infinite  sequence  of  topological  transformations  (4.5) 
we  can,  according  to  §  3,  select  a  subsequence 

(4.6)  m  ^  nil,  nit,  •  •  • ,  w*,  •  •  • , 
which  tends  to  a  limit 

(4.7)  t  ~  u(ff) 

that  may  be  a  proper  or  improper  topological  automorphism  of 
the  unit  circle,  but  not  a  degenerate  one  (on  account  of  the  three 
fixed  px)ints  condition,  see  end  §  3). 

Keeping  only  the  values  of  m  t)elonging  to  the  sequence  (4.6), 
we  then  make  the  transformation  of  parameter  (4.5)  in  the  equa¬ 
tions  (4.3)  of  each  polygon  Pm,  so  obtaining  the  parametric 
e(|uations 

(4.8)  -  g/">(0) 

for  these  polygons.  If  we  make  the  limit  transformation  (4.7) 
in  the  equations  (4.4)  of  T,  we  get 

(4.9)  X,  -/.(«(tf))-gi(0). 

As  far  as  we  know  at  this  stage,  this  parametric  representation 
of  r  might  be  improper  in  that  the  functions  /;<(&)  might  present 
(at  most)  a  denumerable  infinity  of  discontinuities  of  the  first 
kind,  or  they  might  be  constant  on  certain  arcs  of  C.  We  shall 
prove  that  in  fact  (4.9)  is  a  proper  parametric  representation  of 
r,  and  that  the  harmonic  surface  determined  by  it  is  the  minimal 
surface  whose  existence  we  are  trying  to  establish. 

First,  it  is  evident  that 


lim  jfi<">(«)  =  Riie), 
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abstraction  l)einf(  made  of  any  values  of  0  for  which  /?<(#)  may 
l)e  discontinuous.  These  are  at  most  denumerably  infinite  in 
number,  form  thus  a  set  of  zero  measure,  and  therefore  do  not 
affect  any  limit  relations  involving  integrals  which  depend  on 
and  if(ff).. 

The  conformal  map  of  II.  on  the  unit  circular  disc  gives  a 
parametric  representation  of  II., 

(4.10)  Xi  -  Xiiu,  v), 

where  the  functions  Xi(u,  v)  are  piece-wise  analytic  and  such  that 


where  E,  F,  G  are  the  coefficients  in  the  first  fundamental  form 
of  the  surface  II.: 

ds'  *»  Edu^  -H  IFdudv  +  Gdi^. 

l^t  us  denote  by  2>(II.)  one-half  the  sum  of  the  n  Dirichlet 
functionals  formed  for  the  coordinates  of  II.: 

Comparing  with 


5(11.)  “  -  /»da, 


we  have  immediately  from  (4.1 1): 

(4.12)  5(11.)  -  2?(II.). 

Consider  nt)w  if  ///"’(«,  r)  is  the  harmonic  function 

determined  by  the  boundary  values  gi‘"’(®).  we  have  by  definition 

*■  If  denote  the  curvilinear  triangles  on  the  unit  circular  disc  which  cor¬ 
respond  to  the  various  faces  of  the  polyhedron,  this  integral  means  the  sum 
of  the  integrals  over  i„  and  the  integral  over  (,  means  the  upper  bound  of  the 
integral  over  all  regions  (polygons  would  suffice)  which  with  their  boundaries 
are  interior  to  4,. 
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Now  the  harmonic  function  r)  has  the  same  boundary 

values  as  the  function  r)  of  (4.10);  hence  by  the  property 
possessed  by  harmonic  functions  of  minimising  Dirichlet’s 
integral  for  given  boundary  values,"  we  have 

s  D(n,). 

consequently  by  (4.12) 

(4.13)  >l(gf">)  S5(n.). 

By  (4.2),  5(n*)  tends  to  the  finite  quantity  m(r)  when 
m  *  1,  2,  3,  •••;  consequently  it  still  does  so  when  m  varies 
through  the  subsequence  (4.6);  hence  by  (4.13)  i4(g<"’)  remains 
l)ounded ;  it  follows  that  there  exists  a  subsequence  of  (4.6) 

(4.14)  m  -  m/,  mt',  •••,  m*',  ••• 
such  that 

(4.15)  limi4(g<"')  «  L, 

where  necessarily,  by  (4.13)  and  (4.2), 

(4.16)  L  S  m(r). 

By  the  lower  semi-continuity  of  /1(g),  as  expressed  in  (2.8)  it 
follows  from  (4.15)  that 

A{g)^L, 

therefore  by  (4.16) 

(4.17)  A(g)^m{r). 

The  value  of  A{g)  being  thus  finite,  it  follows  at  once  that  the 
parametric  representation  g  of  F  cannot  be  improper  by  the 
presence  of  discontinuities  with  unequal  one-sided  limits,  for 

"  .See  Hurwitz-Courant,  Funktionentheorie,  Berlin,  1922,  p.  335,  Hiifaaatz 
II.  The  compariion  functions  are  all  functions  continuous  in  and  on  the  unit 
circle,  having  the  given  boundary  values,  and  such  that  the  unit  circle  can  be 
divided  into  a  finite  number  of  curvilinear  triangles  in  the  interior  of  each  of 
which  the  function  is  continuously  differentiable:  the  functions  x<(m,  v)  are 
thus  eligible  for  comparison. 
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then  we  would  have  accordin{;  to  Theorem  III:  A(g)  »•  4-  «. 

l>et  II  denote  the  harmonic  surface  determined  by  the  para¬ 
metric  representation  g  of  P.  The  only  way  in  which  g  might 
still  be  impropter  would  be  for  the  transformation  of  parameter 
(4,7)  to  make  an  arc  of  the  unit  circle  C  correspond  to  a  point  of 
r.  But  this  circumstance,  even  if  it  occurred,  could  not  prevent 
us  from  regarding  II  as  a  surface  bounded  by  P  in  the  exact 
sense  of  the  following  definition. 

Definition.  A  continuous  surface  1'  bounded  by  P  is  the  image 
of  the  unit  circular  disc  by  a  continuous  transformation  which 
makes  the  circumference  C  correspond  in  a  one-one  way  to  P. 

For  consider  the  inverse  transformation  to  (4.7): 

(4.18)  e  ~  «-'(/). 

In  case  this  is  improperly  monotonic,  it  can  be  represented  as 
the  limit  for  p  — >  1  of  properly  monotonic  transformations 

(4.19)  d  -  «-'(/,  p),  0  <  p  <  1. 

If  we  make  the  transformation  of  polar  angle  (4.18)  on  the  * 
circumference  C  and  the  transformation  (4.19)  on  every  concen-  • 
trie  circle  of  radius  p  <  1,  then  we  derive  a  representation  of  II 
in  terms  of  parameters  (p,  /)  whereby  the  parametric  equations 
of  P  l)ecome  the  original  ones,  Xi  *  /<(/),  representing  P  as  a  one- 
one  continuous  image  of  C.  We  are  thus  justified  in  considering 
II  as,  in  any  event,  bounded  by  P. 

Since  //  is  then  a  particular  surface  bounded  by  P.  we  have  for 
its  area  S{g),  according  to  (4.1): 

(4.20)  m(P)  S  S{g). 

On  the  other  hand,  we  have  by  Theorem  I 

(4.21)  S{g)^Aig). 

Now,  combining  (4.21),  (4.17)  and  (4.20),  we  form  the  chain 
of  inequalities 

(4.22)  5(g)  S /1(g)  Sm(P)  S  5(g). 
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On  account  of  the  identity  of  the  first  and  last  terms,  the 
equality  must  hold  throughout: 

(4.23)  Sig)  -  m(r). 

This  equation  contains  all  the  desired  results. 

1®.  From  Sig)  —  Aig)  it  follows  by  Theorem  I  that  the 
surface  II  is  minimal  in  the  sense  of  the  Weierstrass  condition 

£  F/\w)  m  0. 

t-i 

2®.  The  relation  S{g)  m(r)  expresses,  in  conjunction  with 
(4.1)  that  II  has  the  least  area  of  any  surface  bounded  by  F. 

3®.  We  have  already  ruled  out  the  possibility  of  the  parametric 
representation  g  of  F  being  improper  by  the  presence  of  a  dis¬ 
continuity.  The  possibility  of  g  being  improper  by  being  con¬ 
stant  on  an  arc  of  C  is  now  ruled  out  by  Theorem  V.  The 
minimal  surface  II  is  therefore  bounded  by  F. 

5.  The  case  m(F) 

The  significance  of  the  condition  m(F)  —  +  »  is  that  it  is 
impossible  to  spurn  any  continuous  surface  of  finite  area  within 
the  given  contour.  In  this  case,  the  existence  of  a  minimal 
surface  M  bounded  by  F  can  be  proved  by  means  of  a  simple 
limit  process  in  which  F  is  regarded  as  a  limit  of  p>olygons.  We 
have  proved  too  that  although  the  area  of  A/  is  -f-  «,  it  still 
has  the  least  area  propierty  in  the  sense  that  every  contour  F' 
drawn  upion  M  and  having  no  point  in  common  with  the  boundary 
F  intercepts  upx)n  M  a  finite  area  ^  any  other  area  bounded  by 
F'.  We  shall  not  reproduce  this  proof  here,  but  content  our¬ 
selves  with  establishing  the  existence  of  a  minimal  surface  in 
the  sense  of  the  Weierstrass  formulas. 

"This  Mction  is  essentially  a  reproduction  of  ({  19  and  20  of  the  cited 
paper. 

■’"The  I.east  Area  Property  of  the  Minimal  Surface  Determined  by  an 
Arbitrary  Jordan  Contour,”  Proceedings  of  the  .National  Academy  of  Sciences, 
vol.  17,  no.  4  (April,  1931),  pp.  211-216. 
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The  Jordan  curve  F  can  be  expressed  as  the  limit  of  a  sequence 
of  non-self-intersecting  polygons 


r**’,  •  •  • ,  r‘"’, 


These  may  be  represented  parametrically  by  equations 


Xi  -  /<<->(/) 


where  the  functions //">  (t)  tend  uniformly  to 


Xi  -  Mt), 


some  fixed  parametric  representation  of  F. 

For  each  polygon  F<"’,  the  minimum  area  m(F<"‘)  is  evidently 
finite,  and  hence  by  §  4  there  exists  a  parametric  representation 
of  F<->, 


Xi  - 


such  that  the  harmonic  surface  determined  by  it: 


*1 


1  +  tc 


is  minimal; 


L  [F<->'(w)?  ■  0. 

<•1 


The  parameter  6  on  F^"*’  is  derived  from  the  parameter  f  by  a 
topr>logical  aiitomorphism  of  the  unit  circle, 


/  *  Wmi9). 


We  have  seen  that  no  generality  is  lost  by  supposing  that  in 
(5.6)  certain  three  distinct  fixed  points  6i,  flj,  0i  correspond  to 
certain  three  distinct  points  /|,  It,  It- 

According  to  §  3,  we  can  select  from  (5.6)  a  subsequence: 


m  —  W|,  mj,  •  •  • ,  m*. 
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tending;  to  a  limit 

(5.8)  I  -  u{e). 


which  may  be  a  proper  or  improper  topological  automorphism 
of  the  unit  circle,  but  not  a  degenerate  one,  on  account  of  the 
condition  of  the  three  distinct  fixed  points. 

I^t  us  make  the  transformation  (5.8)  in  the  parametric  equa¬ 
tions  (5.2)  of  P: 

(5.9)  jc,  -  /,(«(<>))  -  urn- 


Then  the  harmonic  surface  determined  by  the  representation  g 
of  P: 

(5.10)  Xi  -  dtFi(u'), 


is  minimal : 


(5.11) 


L  m  0. 

to  I 


For  we  have  from  (5.4)  and  (5.10)  by  differentiation  under  the 
integral  sign: 

(5.12)  f<-i»  -  ;J 

(5.1,1)  r(«.)  -  ;X(,- 1 

For  any  fi.xed  value  of  w  with  Itcl  <  1,  the  integrand  in  (5.12) 
stays  uniformly  bounded  for  all  m  and  0;  consequently  we  may 
|)ass  to  the  limit  under  the  sign  of  integration : 

(5.14)  lim  F<->'(w)  -  F'(w). 

M— »« 

Hence  (5.11)  follows  from  the  fact  that  (5.5)  is  obeyed  for  all 
\alues  of  m. 


Hefore  we  can  say  that  the  minimal  surface  (5.10)  is  tmunded 
by  r,  we  have  still  to  prove  that  the  parametric  representation 
g  of  r  is  proper.  But  this  is  an  immediate  consequence  of 
Theorems  IV  and  V.  In  view  of  the  condition  (5.11),  Theorem 
IV  shows  immediately  that  g  can  have  no  discontinuities,  and 
Theorem  V  that  g  cannot  be  constant  on  any  arc  of  C  (the 
possibility  of  g  beinj^  constant  on  all  of  C  having  already  tieen 
ruled  out  by  the  condition  of  three  distinct  fixed  points  0|,  0], 
01  of  C  corresponding  to  three  distinct  fixed  points  /i,  /*,  /»  of  I’). 

The  existence  of  a  minimal  surface  Ixiunded  by  the  arbitrary 
Jordan  curve  F  is  thus  established. 


STIRLING  EXPANSIONS  DERIVED  BY  MEANS  OF 
FINITE  DE  LA  VALLEE-I*0USSIN 
SUMMATION  • 

By  Kaymdnu  D,  Doiglass 

1.  Introduction.  Given  an  integral  function  J{x)  which  is 
real-valued  for  x  real,  there  exists  a  polynomi^  with  real  a)ef- 
iicients  which  agrees  in  value  with  f{x)  for  *  —  —  nh, 

—  h,  i),  h,  •  •  • ,  nh  and  which  is  uniquely  determined  by  the 
condition  that  its  degree  shall  not  exceed  2n.  The  setjuence  of 
polynomials  obtained  by  allowing  n  to  take  the  values  1,  2,  3, 
•••,  is  expressed  by  the  (>auss  interpolation  series  or  by  the 
Stirling  interpolation  series.  These  two  expressions  for  the 
sequence  of  polynomials  differ  only  in  form,  and  we  confine  our 
attention  to  the  latter.  We  shall  lie  concerned,  as  will  presently 
appear,  with  certain  relations  between  the  coefficients  of  Stirling's 
series  and  the  de  la  Valk‘e- Poussin  process  of  summation  of 
divergent  series,  as  develojied  in  a  recent  paper  by  Rutledge.* 
If  /(x)  is  a  given  integral  function  we  have 

fix)  ~  m  +  G(x)  +  F{x),  (1) 

where 

.  /W±/(-_^)  -  ?/«') .  ,2) 


Since  we  may  write 

fix)  ~fH))+G(x)  +  x-^,  (3) 

'This  |>aper  was  prepared  under  the  tuperviaion  of  I’rofeaaor  (George 
Rutledge  aa  a  theaia  for  the  degree  of  I3octor  of  Philoaophy.  The  author  ia 
indebted  to  IVofeaaor  Rutledge  for  hia  many  valuable  auggeationa. 

*  Rutledge,  "A  Neceaaary  and  Sufficient  Condition  for  ('onvergence  of  a 
Sequence  of  Lagrange  I’olynomiala,"  Jour,  of  Math,  and  Phys.,  vol.  9  (19J0), 
pp.  261-267. 
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we  see  that  to  obtain  the  Stirling  series  for  f(x)  we  need  merely 
the  Stirling  series  for  each  of  two  odd  functions.  We  shall, 
therefore,  tie  concerned  only  with  an  odd  integral  function,  to 
lie  denoted  in  general  by  G(x),  and  with  the  associated  Stirling 
series.  Without  loss  of  generality  we  take  A  «  1. 

The  Stirling  series  in  question  is  then 

•  •  ‘  _ , 

E  -  1*)(JC*  -  2*)  •  •  •  (x*  -  5  -  1  ),  (4) 

«-i 

•  1 

with  n  =  1,  2,  3,  •••,  and  with  6,  «=  mA***~'\  the 

notation  being  the  conventional  one  for  mean  central  differences 
of  odd  order  of  the  values 


2),  G(-  1),0,  G(l),  G(2),  .... 

It  is  apparent  that  the  series  (4)  may  be  written  in  the  form 


where 


Lrx 

l-l  At 


(5) 


1  =  (_  _  i)!V 


From  the  form  (5)  we  see  that  E  r“  is  the  coefficient  of  x  in 

*-|A* 

the  polynomial  of  degree  2n  —  1  (at  most)  determined  by  the 
2n  -|-  1  values  of  the  given  function  G(x)  for  x  —  —  n,  •••,«. 

"1 

The  terms  of  the  series  E  r"  have  the  following  relation  *  to 


VV’e  shall  refer  to  (6)  as  the  finite  de  la  Vallee-Poussin  sum  oj 

the  u-series  E  (—  where  Uj  =  : — .  As  a  means  of 

j~i  J 

*  Rutledge,  loc.  rit.,  p.  262. 
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reference  sfiecifically  to  the  right-hand  side  of  (6)  we  shall  speak 
of  the  X-series. 

A  necessary  and  sufficient  condition  *  for  convergence  of  the 
Stirling  series  (4)  is  the  convergence  of  (6),  that  is,  the  {VP) 
summability  of  S(— 

However,  we  shall  be  concerned  in  this  paper  with  the  relation 
(6)  for  n  «  1,  2,  3,  •  •  •  in  divergent  as  well  as  convergent  cases. 
Our  principal  problrm  is  the  determination  of  \-series  by  means  of 
the  (VP)  summation  process  defined  in  (6).  When  the  X-series 
converges  the  Stirling  series  (4)  defines  an  integral  function 
I(x)  such  that  I{x)  “  G(af)  for  all  integral  values  of  jc,  including 
zero.  It  is,  of  course,  not  necessary  that  I{x)  and  G{x)  be 
identical. 

Sufficient  conditions  for  convergence  of  the  Stirling  series 
determined  by  G{x)  to  G{x)  have  been  given  by  Norlund,*  and 
others.  Necessary  conditions  closely  approximating  these  suf¬ 
ficient  conditions  have  also  been  given  by  Norlund.* 

In  the  final  section  of  this  paper  we  shall  state  a  necessary 
condition  for  {VP)  summability  of  which  follows 

from  Norlund’s  necessary  condition  for  the  convergence  of  the 
Stirling  series  (4). 

In  another  section  (Sec.  6),  we  consider  a  group  of  «-series 
which  are  {^VP)  summable  but  not  Ces^ro  summable  of  any 
order.  The  corresponding  functions  G{x)  are  of  the  form 
C  sinh  ax  and  have  the  interesting  property  of  being  integral- 
valued  for  integral  x. 

In  the  next  section  we  shall  obtain  some  general  relations 
lietween  the  terms  of  corresponding  M-series  and  X-series. 

2.  Linear  Relations  between  Uy  and  ^ .  We  start  with  the  re- 

X* 

lation,  equivalent  to  (6), 

*  Rutledge,  loc.  cit.,  p.  263. 

*  NOrlund,  [.econs  sur  les  Series  d' Interpolation,  Paris,  1926.  This  mono¬ 
graph  contains  an  extensive  bibliography. 

*  Loc.  cit. 
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from  which  we  have 


since  (7)  results  by  addition  of  the  equations  (8), 
From  the  relation 


we  have,  by^use  of  the  identity 


the  following  equations  which  constitute  the  solution  of  the 
linear  equations  (8) : 
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/(| 


-  Ml 


Ml 


,11], 

■li-iOOWGKOil. 


(11) 


From  (11)  we  have  at  once 

since 

(’■:■)(;, v.)-(.i. )(':■)■ 

We  shall  have  occasion  to  use  the  relation  (12)  also  in  the  form 


3.  Tabulated  Results.  Before  proceeding  with  the  detailed 
derivation  of  various  X-series,  we  present  for  convenience  of 
reference  a  summary  of  results  in  tabular  form. 

In  the  following  table  various  M-series  and  corresponding  X- 
series  are  presented  in  parallel  columns.  Il  is  to  be  understood 
that  the  relation  (6)  is  valid  for  n  =  1,  2,  3,  •••  in  each  case. 
Thus  the  first  case  tabulated  implies  the  relations 


il) 

(T) 

il) 

0) 


2-1*  = 


-2-l*-f 


2  2* 


^(0’ 

il) 
il) 


(14) 


C-  2-2*  =  - 


2  2* 


2* 


■C)  •(:)' 


i 


1 

J 

] 

1 

1 

1 


I 
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which  we  express  briefly  by  writing 


"  "  3*  —  1  2** 

7» 


i“) 


Table  of  Finite  (VP)  Sums 
Oscillating  G(x) 


Positive-term  Divergent 


2[1*  4-  2*  +  3* -F  •••] 


2C14-2-I-3+...] 
2[H-  1  -f-  1  +  •••] 


['+1+3 


Positive-term  Convergent 


^['  +  r'+j*+ ■■■] 

4'+?+?+ ■••] 
^['+?+^+'"] 


X-SER»ES 


Positive-term  Divergent 
-  3jb  -  1  2«* 

^  4*  /  Ik  \ 


{“) 


1  +  1  +  1  + 


_ ^ 

^  -tu  /  it 


'+1+1+ 


Positive-term  Convergent 


Kv:y') 


m  »  E:; 
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Non-OscUlating  G(x) 

U-SERIKS  X-SERIES 

AlUrnating-term  Convergent  Positive-term  Convergent 


^['  +  - ] 

- ] 


-  1) 

*+},  +  },+  ••• 
Lp /?(*).  = 


A  Iterna  ti ng-term  Divergent 
2[1  -  1  +  1 - ] 

2[1  -2  +  3 - ] 

2[1  -  2*+  3*  -  •••] 

2ri  -  2»+  3*  -  •••] 

2[1  -  2«  +  3«  - 


Non-alternating  Convergent 

1  +  0+0+  ••• 

1-3  3-5 

1  _  1  +0+  ... 


1  + 


7 

-  1.1.3 


+ 


11  15 

1.3-5  3.5.7 


+  . . . 

1  -  5  +  4  +  0+  ... 


Exponentuil  ^  G{x) 


U-SERIES 

Alternating-term  Divergent 

j  2V2 


X-SKRIES 

Alternating-term  Convergent 


LC-O-f 


For  definition  of  constants  a,  ff,  y,  t  act  page  150. 
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U-SERIF.S 

X-SKRIF.S 

Alternating-term  Divergent 

Alternating-term  Convergent 

2  3*-' 

r(-) 

E(- 

1 

■  2 

2 

3 

•  1 

1 — 1 

1 

•o 

s 

1 _ 1 

7 

1 

W 

2 

We  shall  in  the  sections  to  follow  derive  the  foregoing  results, 
grouping  cases  the  derivations  of  which  are  related. 

4.  Oscillating  G{x).  Here  G(x)  is  called  oscillating  Ijecausc 
G(j)  has  the  sign  (—  In  the  cases  to  lie  considered  in 

this  section,  the  X-series  is  convergent  only  when  the  w-series  is 
convergent.  We  consider  first  div'ergent  cases. 

1.  tt,  =  |(—  1)^~‘2|.  From  the  identity 
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From  (22)  we  now  obtain,  for  the  tt-series  2, 

1  «  2*-  n  -  1  2*--»  _  3n  -  1  2»- 


.  (23) 


that  is, 


{VP)i.2f 

I 


"  3*  -  1  2** 

'  “  (■*) 


(24) 


The  process  here  employed  in  obtaining  (24)  from  (19)  by  use 
of  (21)  is  applicable  generally  and  will  presently  be  stated  in 
general  form  ((36)  below). 


3.  Uj  =  I  (  —  1)^‘^|.  Using  equations  (8)  with  the  given 
value  of  Uj  we  obtain 


This  follows  from  the  identity  * 


Thus  we  have 

"2  "1 

(I^P)E-:=2:7-  (27) 

i  J  \  k 

4.  Mj  =  |(—  \y~^2j\.  Proceeding  from  (27)  as  in  the  deriva- 
*CaimB,  “Certain  Properties  of  Binomial  Coefficients,”  BulUtin  Amer. 
Math.  Soc.,  vol.  2  (1919),  p.  160. 
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tion  of  (24)  from  (19)  we  readily  obtain  ((36)  below) 

(KP)i:2j-  1  +  1  +  1  +  •••.  (28) 

I  I 

It  will  be  observed  that  the  cases  just  discussed  correspond 

(though  not  in  order)  to  the  hrst  four  cases  tabulated,  that  is, 

■ 

to  (VP)  51  2J^  p  *  —  1,  0,  1,  2.  It  is  evident  that  by  repetition 

I 

of  the  above  procedure  we  may  obtain  corresponding  results  for 
any  positive  integral  value  of  p.  These  results  will  fall  in  two 
groups,  namely  P“0,  2,  •••.p*  —  1, !,•••,  since  (VP)'T.i*Ui 
is  obtainable  from  (VP)  51  Uj. 

Let  us  now  consider  the  convergent  cases. 


by  application  of  (16).  (Consequently 


It  may  be  noted  that  (19)  may  be  derived  from  (30).  Both 
depend  fundamentally  on  the  identity  (16). 

The  limit  function  G(x)  in  this  case  may  be  identified  by  virtue 
of  its  equivalence  with  a  known  cardinal  series.*  It  is 

•  WTiittaker,  Proc.  Roy.  Soc.  Edin.,  vol.  35  (1915),  p.  181.  Concerning  the 
general  relation  between  the  Stirling  aeries  for  C{x)  and  the  cardinal  series  for 
G(x)  see  Rutledge,  loc.  cit.,  p.  276. 
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.  sin  »-*r  , ^  ^  X  .  2 1 

CW  -  —[■♦(*)  -  *)  +  ;J 

1  f  sin  rx  1  ,  , 

-j[— (31) 


2 

(—  1)^“'^  .  From  equations  (8) 


1*1  1 

=  (32) 

by  application  of  (27). 

Since  the  w-series  is  convergent  and  since  (VP)  summation 
does  not  alter  its  sum  we  have  the  interesting  result 


-L- 
k*r  s 


(33) 


The  process  by  which  (33)  is  obtained  from  (27)  by  use  of  equa¬ 
tions  (8)  is  applicable  generally.  This  process  and  that  de¬ 
scribed  in  cohnection  with  the  M-series  2.  and  4.  above  may  be 
expressed  in  general  form  in  the  following  manner. 

Consider  the  following  «-  and  X-series,  in  which  7“*  r"*  r"*  *  •  * 

Xi  Xj  Xj 

are  supposed  known. 

u-series  \-series 
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«l  -«*+«»  —  ••• 


«2 

1* 


^ 

2»''‘  3* 


i  +  i+i 

Xi  X,  ^ 


1+1+1 

it  it 


+ ... 
+ ... 


(34) 


I 


From  equations  (8),  and  from  the  definition  (6)  we  then  have 
the  following  general  relations: 


\_ 

it 

f* 


-(*-!).— 


(35) 

(36) 


It  is  apF>arent  that  theoretically  formulas  (35)  and  (36)  enable 
us  to  obtain  the  X-series  for  the  u-series 


L  2j>for /)  -  •••,  -  3,  -  2,  -  1.  0.  1,  2,  3, 


given  any  two  successive  ones  of  these  as  a  basis,  but  extension 
to  higher  negative  powers  is  subject  to  the  disadvantage  involved 

.  •  1 

in  our  inability  to  express'll  -  more  simply.  We  encounter 

«.i  s 

precisely  this  difficulty  again  in  the  next  u-series  to  be  considered. 

7.  uy  *  |(—  l)^‘^|.  By  application  of  (35)  to  (30)  we  have 
at  once 


5.  Non-oscillating  G{x).  In  the  cases  to  be  considered  in 
this  section,  G(j)  is  positive  for  positive  j,  and  equal  to  an  odd 
or  even  positive  or  negative  power  of  j. 

The  X-series  is  convergent  in  all  cases.  In  the  positive  odd 
power  cases  G(J)  reduces  to  x,  x*,  x*,  •••.  The  positive  even 
power  cases,  that  is  the  cases  where  G(j)  ==  G(J)  =  j*, 
^C/)  “  pjarticularly  interesting  in  view  of  the  fact 

that  the  limit  function  G(x)  is  an  odd  integral  function. 


’  144 


RAYMOND  D.  DOUfiLASS 


We  consider  first  the  positive  odd  power  cases,  G(JD  ■=  j, 

G(j)-r,  •••. 

1.  Uj  2,  2j*,  2j\  •••.  Applying  definition  (6)  with  2 
we  have 

(’:)  ■  (':)  (•:) 

(") 

+  (-!)— ^^2-1.  (38) 

This  follows  from  the  identity 

From  (38)  and  (6)  we  see  that  , 

^-1,  *-l;  ^«0,  k>  1;  (40) 

A*  At 

and  hence  G(x)  «  x. 

By  successive  application  of  (36),  with  (40)  as  a  basis,  and 
Uj  as  2j*',  we  find  X-series  with  correspwnding  G{x)  for  ^  »  0, 

1,  2,  *  •  ‘ ,  as  follows: 

I 

P  series  G(x) 

0  1  _  0+  OH -  .X 

1  1  -  1  +  0  +  •  •  •  A* 

2  1_5-|-4  +  0H-..-  x» 

3  1  -  21  +■  56  -  36  H-  OH -  x»  (41) 
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Thus  the  function  G(x)  here  reduces  as  stated  above  to  a  ra* 
tional  function,  namely  an  odd  power  of  x. 

It  is  apparent  that  the  process  used  for  determining  the 
X-series  above  is  a  recursion  formula  by  means  of  which  we  may 
rapidly  compute  the  central  differences  of  the  functions  x,  x*, 

X*,  •  •  • . 

We  may  also  note  that  by  direct  application  of  (6)  these  rela¬ 
tions  give  rise  to  the  following  identity: 


- - 

for  n  >  p.  (42) 


Next  we  consider  the  positive  even  f>ower  cases,  G(j)  ■=  j*, 

COO-T*.  •••. 

2 

2.  M/ ■■  2j,  2/,  ••••  From  equations  (8)  with  Uj  =■ 

we  have 


X» 


2  V  *  -  1  /  2  k  1  1 

**  ^2*^  “  ’  2  2ik  -  1  “  ife(2*  -  1)* 


J 


(43) 


This  follows  from  the  identity 


+  (-  1)  — 


(44) 


v«.l  K> 


1 
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which  is  derived  by  a>inparing  coefficients  of  x"  '  in 


•  (I  +  *)’■  -  (1  -  21  +  - ) 

By  successive  application  of  (36)  with  (43)  as  a  basis,  we  easily 
obtain 

(45) 

(V'2’)E(- ^'■'2/ -  E 


In  the  first  mentioned  of  these  even  power  cases  (43)  the  limit 
function  G(x)  has  been  previously  identified  by  Rutledge  '*  as 
follows: 

+  +  2  log  2  lx. 

This  function  takes  the  value  1  for  every  positive  integral 
value  of  X  and  the  value  —  1  for  every  negative  integral  value 
of  X.  It  is  defined  by  its  expansion  in  the  Stirling  series  (4) 
or  (5).  The  X-series  (43)  is  convergent  to  the  value  2  log  2, 
which  is,  therefore,  the  coefficient  of  x  in  the  Maclaurin  ex¬ 
pansion  of  G(x). 

We  now  turn  to  the  consideration  of  G(jD  “  -  ,  Gij)  ^  ,  •  •  • . 

J  Jr 

2  2  2  2 

3.  Jit  From  equations  (8)  for 

have,  by  (39)  or  by  application  of  (35)  to  (38), 


''Rutledge,  loc.  cit.,  p.  271. 


X*“  ** 


(47) 
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This  function  also  has  been  identified  by  Kutledj^e  "  as  follows; 


1  r  j  sin  rx  1 
x|_  irx  J 


(48) 


The  X-series  is  convergent  to  • 


To  determine  ^  for  u,  -  I  it  is  necessary  to  use  (35)  with 
X*  f 


(47).  VVe  then  have 


1  1  f  1 


,/?(*). 


(49) 


The  {VP)  sum  {VP)  (“  l)^~'“/  niay  in  this  case  be  con¬ 
veniently  expressed  by  the  use  of  symmetric  functions  of  the 
s(]uared  reciprocals  of  the  first  n  integers.  These  symmetric 
functions  have  well-known  limits  as  n  becomes  infinite,  which 
may  be  readily  derived  froip  the  following  relations: 

It  is  obvious  and  well-known  that  the  product 


sinh  rx 


may  be  regarded  as  a  convergent  double  series  of  positive  terms, 

1 


^  +  +  £  j  *  1- 

I  T\*  I  fi'fi*  I  ri'ri'fi' 

from  which  by  comparison  with 


sinh  rx 


r*x*  rV  r*x* 

3!  7! 


It  follows  that 
•  1  r* 

y  — 

r  r*  3!’ 


•  1 
T 


_  V  1 

5  !  ’  ,  “  7  !  ‘ 


(51) 


(52) 


(53) 


"  RutledKe,  lor.  cit.,  p.  274. 
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The  results  (56)  and  (58)  are  in  agreement  with  ** 


L(-  1) 


Zi! 

360’ 


31  IT*. 
15120* 


Finally,  we  consider  negative  even  power  cases,  G{j) 


1 


7* 


2  2 


4.  Ui  ^  jf,  , 


By  successive  application  of  (35)  with 
(43)  as  a  basis,  we  easily  obtain 


(  ^^)  ^  (  *  Si  Si  si2s  -  1)  “  S  ifc* 

( KP)  L  ( -  1  )»-•  7*  =  £  i  L  7,  P{s)  =  £  7,  Q{k).  (60) 

I  J  »-l«  »-|5  I  * 


6.  Exponential  u-series.  The  Stirling  series  expression  of  the 
function  e**  converges  toe*'  for  all  positive  values  of  h^2  sinh~'  1. 
This  was  shown  by  Runge  '*  who  established  (for  the  convergence 
to  e*'  of  the  (iauss  expansion)  the  condition  h  <  2sinh“'  1.  A 
slight  extension  of  his  argument  shows  that  if  A  =  2  sinh~'  1 
the  Stirling  series  still  converges  to  e*'.  F'or  greater  values  of 
h  this  series  diverges. 

We  shall  now  consider  this  and  related  Stirling  series,  obtaining 
in  this  manner  series  of  the  form  51  (—  1)'“'m/  for  which  the 
terms  uy  are  positive  and  increasing  exponentially  as  j  increases. 
I  hese  series  are  consequently  not  Cesilro  summable  of  any  order, 
but  do  have  convergent  X-series,  that  is,  are  de  la  Vall6e-Poussin 
summable. 

The  mean  central  differences  required  for  the  Stirling  expansion 
(4)  of  <*'  may  lie  placed  in  the  following  form: 

'•  Knopp,  Theory  and  Application  of  Infinite  Series,  pp.  237-239. 

Zeitsckrift  fur  Matkematik  und  Physik,  46  (1901),  pp.  224-243. 
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Mfan  Central  Differences  of  f*' 


k  ^  a 

h  -  fi 

*  -  7 

A  -  4 

1 

1 

1 

1 

1 

uv 

^.3 

^.2 

2 

V 

4 

3 

2 

1 

ax'* 

V'- 

vn.. 

V* 

4* 

3» 

2* 

1* 

uv* 

4* 

^.3. 

2 

6 

2 

2 

V* 

4* 

3* 

2* 

1« 

\  h  h  5 

t/  *»  -  coth  - ,  K  *  4  sinh*  -  ;  cosh  a  =»  3,  cosh  /3  «»  - , 

3  vyr 

cosh  7=2,  cosh  6  *=  -;  sinh  a  =  lyfl,  sinh  /3  »=  — ^  • 

sinh  7  =  VI,  sinh  *  “  ^  * 

We  then  have 

e'"  =  1  4-  sinh  ax  +  (cosh  ax  —  1) 


1  + 


2 


♦=jr'('-5)('-5)+-.  »» 
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By  reference  to  (3).  (5)  and  (6)  we  now  have  from  (61) 

(KP)L(- 1)^-^^^^- L(- i)‘-‘^y^- VI.  (62) 

V  *  / 

or  dividing  each  side  by  sinh  a  **  2V2,  • 


(KP)L(-  D' 

.  I 


_  ^w_.  2  sinhjg  _1_ 

j  '  2V2 


1  "  2  4*-* 

■’2V2"  *  (^*) 


An  obvious  modification  of  (61)  yields  the  similar  results  for 
sinh  jfi,  sinh  jy,  sinh  ji  as  tabulated  in  Sec.  3. 

Since  a  ■>  2  sinh~‘  1  =  log  (1  -f-  V2)*,  we  see  that 

1.5(2,  + 1)^'' 

defining  a  sequence  of  integers.  Similar  expressions  for  the 
other  three  functions  are  readily  obtained.  The  recursion 
formula 

^  C  [sinh  jh  +  sinh  {j  —  2)A]  =>•  (2  cosh  k)  C  sinh  {j  —  1)A,  (65) 

in  the  form 

C  sinhjA  »  (2  cosh  h)  C  sinh  {J  —  1)A  —  C  sinh  (J  —  2)h,  (66) 
when  2  cosh  A  **  6,  5,  4,  3  for  h  —  a,  y,  4,  respectively,  per¬ 
mits  ready  computation  of  the  following  sequences  of  integral 
values,  and  at  the  same  time  shows  that  no  other  value  of 
h  <  a  can  yield  a  similar  integral-valued  hyperbolic  sine  function. 

j^sinh  ja  =  1,  6,  35,  204,  1189,  6930,  •••, 

2 

-p=sinh  j0  =  1,  5,  24,  115,  551,  2640,  •  •  •, 

(67) 

^ sinh 77  “  1,4,  15,  56,  209,  780,  •••, 

2 

^sinh  j4  *  1,3,  8,  21,  55,  144,  •••. 
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In  like  manner  we  obtain  from 

C  cosh  jh  »  (2  cosh  h)  C  cosh  (J  —  \)h  —  C  cosh  (J  —  2)h,  (68) 
i(cosh  ja  -  1)  -  1,  8,  49,  288,  1681,  9800,  •••, 

|(cosh  -  1)  =  1,  7,  36,  175,  841,  4032,  •  •  •, 

l(coshj7  -  1)  «  1,  6,  25,  96,  361,  1350,  •••. 

2(co6h  j6  -  1)  »  1,  5,  16,  45,  121,  320, 

The  summation 


(r/>)i:(-i)^- 


,  2fcosh  ja  —  1  ]  1 

J  2 


L(-i) 


(70) 


and  the  similar  results  for  cosh  jff,  cosh  jy,  cosh  j6  as  tabulated 
in  Sec.  3  are  also  an  immediate  consequence  of  the  Stirling  series 
(61)  and  its  modifications. 

By  use  of  o  =  log  (1  +  V2)*,  as  in  the  derivation  of  (64),  we 
have 

Kcch;. (71) 

as  an  explicit  definition  of  the  first  sequence  of  integers  in  (69). 

It  is  evident  that  a  generalization  of  the  foregoing,  with  results 
analogous  to  (63)  and  (70)  in  which  4*~‘  in  the  X-series  is  re¬ 
placed  by  5*“'.  6*“',  7*~‘,  •  •  • ,  is  obtained  by  taking  h  =  cosh"'  ~ , 
9 

cosh"*  4,  cosh"'  - ,  •  •  • ,  respectively.  However,  since  (compare 

(20)) 


with  similar  asymptotic  relations  for  all  values  of  A  >  a,  we  see 
that  for  A  >  a  the  finite  {VP)  sums 


I  J 


(73) 
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iVP)Zi-  !)'-■ 


2{[coshjA  —  O 

j 


(74) 


fail  to  have  limits  as  n  becomes  infinite. 

7.  Necessary  Conditions  for  (VP)  Summability.  The  (VP) 
sum  (63),  that  is, 


(VP)  i  (-  IM- j  j  ^iinh  >  )  -  L  (-  ')‘"i  ^ 

\T  1 

has  (—  1)*~'~^  as  the  asymptotic  equivalent  of  the  terms 


of  the  X-series  on  the  right.  This  X-series  is  thus  only  condi¬ 
tionally  convergent  and  suggests  the  divergent  X-series 

1-1  +  1-1-fl - ,  •  (76) 

which  we  shall  now  investigate. 

Using  equation  (12)  wither —  =  (—  1)*  and  denoting  G(J) 

A»+i 

in  this  case  by  L(J)  we  have 

By  equating  the  coefficients  of  x^~'  in  the  identity 

we  obtain  an  equivalent  form  of  L(j),  namely 


For  j  =  1,2,  •  •  •,  we  have  from  (77)  or  (78) 

L(J)  =  1,8,  57,  384.  2505,  16008,  100849,  •  •  ••  (79) 
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From  (64)  and  (78)  we  have 


eK4.)^- 


The  ratio  of  the  coefficients  of  2*  in  numerator  an^  denominator 
on  the  right  is 

.  (■:.)(':')  (Sia  „„ 

K.i.)  ■  (?)■'■■ 


For  j  ■=  0,  the  ratio  is 


(f)  ^ 


Let  the  ratio  for  arbitrary  s  be  written  in  the  form 
1  •  fi  •  rj  •  fi  •  •  •  r,. 

Then 

^  _ (j  -  J  -f  1)* _  4j  +  2  j  -  s 

[2U-5+  l)][2(i- J+  1)  -  1]’  J+1 

j  -  1,  2,  ---.i  -  1.  (83) 

2 

Placing  7  —  0<€“  ^  ^  ^  1,  we  have 

I 

(4  —  €)»•  n  —  1  (4  —  e)(n  —  1) 

“  4«*  -  2n  ‘  n  *  4n  -  2 

4«  -  2  -  (2  -f  «n  -  «) 

- - 

But  n  ^  2,  c  >  0,  and  therefore 


2  -I-  f(«  -  1)  >  0 


and  hence  r,  <  1. 
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Hence  the  ratio  of  the  coefficients  of  2*  in  the  numerator  and 
denominator  respectively  of  (80)  which  is  equal  to  1  for  5  *  0 
diminishes  monotonically  with  increasing  s  to  \/j.  The  ratio 
of  coefficients  of  2*  in 


then  diminishes  monotonically  from  j  to  1.  Therefore,  from 
(80)  and  (86)  we  have  the  relation,  for  ^  >  1, 

sinh  ja  <  L(J)  <  j  sinh  ja.  (87) 

The  inequality  (87)  expresses  a  relation  between  integers, 
namely 

sinh  «  1,  12,  105,  816,  5945,  •••, 

Uj)  «  l;  8,  57,  384,  2505.  •••,  (88) 

^8inh>=l.  6,  35,  204,  1189, 

and  hence  the  addition  to  6,  35,  •  •  •,  in  the  third  of  the  sequences 
(88),  of  the  values 

^£^=.0008*,....  (89) 

respiectively,  does  not  disturb  this  inequality. 

Therefore  we  have,  for  j  >  \, 


Now  a  necessary  condition  for  convergence  of  Stirling’s  series 
for  G{x),  where  G{x)  is  an  odd  function  and  where  G{x)  >  0, 
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for  X  >  0.  is  that  G{J)  shall  satisfy  an  inequality  of  the  form 

CC/)<C\5V-,  (91) 

where  a  has  the  same  value  as  in  (87)  and  (90).  This  condition 
is  contained  in  a  set  of  necessary  conditions  on  G(x)  as  stated 
by  Niirlund.'*  It  may  here  I*  interpreted  as  a  necessary  con¬ 
dition  for  (FP)  summability  of  (—  !)<-«  . 

The  precise  relation  between  L{j)  and  the  function 
remains  a  subject  for  further  investigation. 

'*  .Ntirlund,  loc.  cit.,  p.  3J. 


GEODESICS  OF  PFAFFIANS  • 

By  P.  Franklin  and  C.  L.  E.  Moore 

1.  Introduction.  For  the  greater  part  of  this  paper,  our  basic 
geometric  configuration  is  a  single  Pfafhan  in  Euclidean  3-space. 
Thus  at  each  point  of  space  the  differential  vectors  tangent  to  the 
configuration  lie  in  a  plane,  and  arc  lengths  are  measured  in  the 
usual  way.  Analytically,*  such  a  Pfafhan  is  dehned  by  a  linear 
differential  form 

(1.1)  Adx  +  Bdy  +  Cdz  =  0, 

with  coefficients  functions  of  x,  y,  z  and  the  Euclidean  space  in 
which  it  is  emliedded  is  characterized  by  the  quadratic  form 

(1.2)  dx*  +  dy*  +  dz*  =  </j». 


* 


We  are  at  first  concerned  with  the  curves  in  the  Pfaflian  of 
shortest  length.  That  is,  given  two  points  in  space  which  may 
be  joined  by  curves  lying  in  the  Pfafhan,  we  seek  the  curve  in  the 
Pfafhan  joining  the  points  for  which  the  length  of  arc  between 
the  points  is  a  minimum.  We  set  up  the  differential  equations 
for  these  curves,  integrate  them  for  certain  simple  special  cases, 
and  study  some  of  their  local  geometric  propierties  for  the 
general  case. 

In  classical  surface  theory,  the  geodesic  lines  may  either  be 
defined  as  lines  of  shortest  length,  or  as  self  parallel  curves.  The 
lines  of  shortest  length  just  described  are  one  analogue  of  geo¬ 
desics  for  the  Pfafhan.  Another  set  of  curves  of  the  Pfaffian 
analogous  to  geodesics  are  the  self  parallel  curves,  defined  as 
curv'es  whose  principal  normal  at  each  point  coincides  with  the 


'  Pretented  to  the  American  Mathematical  Society. 

*  For  our  previous  studies  of  such  Pfaffiant,  cf.  (I)  The  Geometry  of  .Alge¬ 
braic  Pfaffians,  vol.  X,  p.  19,  and  (II)  Pfaffians  in  Parametric  Form,  vol.  X, 
p.  95,  this  Journal. 
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normal  to  the  Pfaffian  at  that  point.  Such  curves  have  been 
recently  defined,  for  a  more  general  configuration,  by  Schouten,* 
and  were  previously  obtained  by  DalT  Acqua  *  from  a  different 
point  of  view  as  the  solution  of  a  minimization  problem.  VV'hile 
there  are  some  points  of  similarity  between  the  differential 
equations  of  the  lines  of  shortest  length,  and  the  self  parallel 
curves,  they  must,  in  general,  l)e  distinguished.  For  the  general 
Pfaffian,  there  are  a  double  infinity  of  lines  of  shortest  length 
through  each  point,  but  only  a  single  infinity  of  self  parallel 
curves.  Moreover,  for  non-integrable  Pfaffians,  the  latter  are 
not  a  sub-set  of  the  former.  In  fact,  we  prove  that  a  curve  with 
non-zero  curvature  is  simultaneously  a  line  of  shortest  length 
and  a  self  parallel  curve  when  and  only  when  the  Pfaffian  is 
integrable  at  each  of  its  points.  Both  types  of  curve  are  of 
interest  from  the  point  of  view  of  applications  to  mechanics. 
The  lines  of  shortest  length  are  the  positions  of  equilibrium  of 
stretched  strings  constrained  to  lie  in  the  Pfaffian,  while  the  self 
parallel  curves  are  the  trajectories  for  a  suitably  selected  non- 
holonomic  mechanical  system.* 

After  studying  these  two  types  of  curves  for  the  single  Pfaffian 
in  Euclidean  3-space,  we  indicate  briefly  the  corresponding  types 
of  curves  for  the  configuration  formed  of  m  Pfaffians  in  an  n- 
dimensional  Riemannian  space. 

2.  Lines  of  Shortest  Length,  First  Derivation.  The  lines  of 
shortest  length  of  the  Pfaffian: 

(2.1)  Adx ->r  Bdy  +  Cdz  =  0 

are  curves  such  that  at  each  point  this  relation  is  satisfied,  and 
such  that  for  any  segment  of  the  curve  the  integral 

(2.2)  fds 

is  a  minimum.  More  precisely,  we  mean  a  relative  minimum  in 

*  Schouten,  Malkematische  Zeilsckrift,  vol.  30,  1929,  p.  168;  cf.  also  Vran- 
ceanu,  Paris  CompUs  Rendus,  vol.  183  (1926),  p.  825  and  p.  1083. 

*  Dair  Acqua,  Annali  di  MaUmatica,  vol.  VI,  Series  II  (1901),  p.  11. 

*  First  observed  by  A.  Voss,  Math.  Annaten,  vol.  25  (1885),  p.  283. 
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the  small,  so  that  the  points  must  be  sufficiently  near  together, 
and  the  varied  curves  may  have  to  be  restricted  to  some  neigh¬ 
borhood  of  the  minimizing  curve.  Naturally,  our  curve  is  only 
comp>ared  with  other  curv'es  lying  in  the  Pfaffian. 

We  obtain  the  analytic  conditions  for  the  minimum  problem 
by  a  method  due  to  Lagrange.*  That  is,  we  introduce  a  mul¬ 
tiplier  L{t),  t  being  a  pwirameter  specifying  points  of  the  curv'e, 
and  minimize: 

(2.3)  :  I  «  f{ds  +  L{t){Adx  +  Bdy  A-  Cds)]. 

This  may  be  also  written: 

(2.31)  /  =  /[Vx"  +  y"  +  z"  +  L\_Ax'  -b  By'  -b  Cz')']it. 

We  shall  obtain  the  differential  ecjuations  for  the  lines  of 
shortest  length  by  equating  the  first  variation  of  this  integral, 
/,  to  zero.  The  curves  satisfying  these  erjuations  could  be 
shown  to  be  actual  minimizing  curves  for  sufficiently  small  arcs 
by  a  procedure  which  we  briefly  outline.^  First,  partition  space 
into  cells  by  a  cubical  network.  Second,  approximate  the  given 
Pfaffian  by  one  with  coefficients  constant  in  each  cell  of  the 
network,  and  approximate  curved  arcs  in  the  original  Pfaffian 
by  broken  lines  made  up  of  straight  segments  in  each  cell  of  the 
network.  Since  these  polygonal  lines  depend  on  only  a  finite 
number  of  parameters,  there  exists  a  polygonal  line  of  minimum 
length  joining  two  given  points  for  each  size  of  network.  Finally, 
prove  that  when  the  cells  of  the  network  close  down  these  minim¬ 
izing  polygonal  lines  approach  curves  in  the  Pfaffian  which  are 
lines  of  shortnt  length.  In  place  of  supplying  the  details  of  this 
procedure,  we  shall  content  ourselves  here  with  the  intuitive 
argument  that  our  curves  are  stationary,  and  hence  maximum, 
minimum,  or  mini-max  curves.  But,  in  any  neighborhood  of  a 
curve  in  the  Pfaffian,  an  approximating  zigzag  curve  can  be 

*  Cf.,  e.g.,  BHm,  American  Journal  of  Math.,  vol.  52  (1930),  p.  674. 

’  A  study  from  the  calculus  of  variations  point  of  view  is  announced  by 
I.  Schoenberg,  Bull.  A.  M.  S..  vol.  37,  1931,  p.  345. 
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drawn  which  has  a  greater  length,  so  that  the  p>ossibility  of  a 
maximum  or  of  a  mini-max  is  excluded. 

For  (2.31)  the  first  variation  is  found  to  be: 

(2.32)  6/  =  J'fPSx  +  QSy  +  R6z)dt, 
when  we  keep  the  end  points  fixed,  where 

(2.33)  P  =  d  dtix'  s'  +  AL)  -  L(A,x'  +  B,y  +  O'), 

d  di(y\s'  +  BL)  -  UA^x^  -|-  B,/  -f-  O'), 

R  =  dd/(s',j'  +  CL)  -  L(A.x'  +  B.y  +  C^'). 

Since  the  problem  places  n6  restrictions  on  the  parameter  /, 
we  may  simplify  these  expressions  by  taking  /  e(|ual  to  s.  We 
continue  to  use  primes  to  denote  differentiation  with  respect  to 
the  parameter,  so  that  from  now  on  they  denote  5  differentiation. 
The  vanishing  of  the  first  variation  of  I  is  equiv'alent  to  the 
vanishing  of  P,  Q,  R,  so  that  our  conditions  become: 

(2.4)  P  *  x"  -I-  ylL'  +  Ly'(/1.  -  B,)  -  Lz’{C,  -  /I .)  =  0, 
y"  BV  +  Lz'fB,  -  C,)  -  Lx'(A,  -  P,)  =  0. 

R  =  z"  +  CV  -I-  Lx'fC,  -  A.)  -  Ly'iB,  -  C„)  =  0. 

In  deriving  the  equations  (2.4)  we  used  equations  (2.3)  in 
which  the  multiplier  of  ds  was  unity.'  If  this  multiplier  vanished, 
we  would  have  in  place  of  the  set  (2.41),  similar  equations  without 
the  second  derivatives  appearing,  namely: 

(2.41)  AV  A-  Ly'iA^  -  B,)  -  Lz\C,  -  /I.)  =  0. 

BL'  +  Lz'fB,  -  Cy)  -  Lx' (Ay  -  By)  =  0, 

CL*  +  Lx'iCy  -  A,)  -  Ly'(B.  -  Cy)  =  0. 

We  will  show  that,  when  we  take  account  of  the  conditions 


(2.42) 

and 

Ax'  -I-  By'  +  Cz'  =  0. 

(2.43) 

jt"  -f-  /’  +  r'’  =  1, 

*See  (*)  I.  c.,  p.  687-688.  Equations  (2.4)  apply  to  what  Bliss  calls  the 
“  normal  ”  case. 
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there  are  no  solutions  of  the  set  (2.41)  with  L  not  equal  to  zero. 
By  combining  —  C  times  the  second  equation  with  B  times  the 
third,  and  making  use  of  (2.42),  we  hnd: 

(2.44)  Lx’\_A{B.  -  C,)  +  B{C,  -  A.) +  CiA,-  B,)]  =  0. 

A  similar  process  gives  two  other  equations,  with  y'  and  z'  in 
place  of  x\  Since  L  is  not  zero,  and  the  three  first  derivatives 
can  not  all  be  zero,  by  (2.43),  we  see  that  the  factor  involving  the 
coefficients  must  vanish.  But  this  is  the  condition  of  integra- 
bility  for  the  Pfaffian,  in  which  case  there  is  an  integrating  factor 
M  which  makes  it  exact. 

On  multiplying  the  first  equation  of  (2.41)  by  this  factor  M, 
and  using  (2.42)  we  find: 

(2.45)  AiMLY  +  lyiiMA),  -  (A/i3).] 

-  Ls'liAfC),  -  (MA).  =  0. 

From  the  fact  that  M  is  an  integrating  factor,  the  last  two  terms 
drop  out,  and  either  {ML)'  =  0,  which  is  to  be  looked  on  as  a 
trivial  solution  or  from  this  and  the  equations  like  \i.  A  =  B 
=  C  =*  0.  and  we  are  at  a  singular  point  of  the  Pfaffian.  Thus 
our  assumption  that  the  multiplier  of  ds  in  equation  (2.3)  could 
be  taken  as  unity  was  justified. 

Returning  to  the  set  of  equations  (2.4),  we  must  impose  in 
addition  the  relations  (2.42)  and  (2.43).  In  view  of  these  last 
two,  the  first  set  are  not  all  independent.  In  fact,  from  (2.43) 
we  have 

(2.46)  x'x"  +  y'y"  +  z'z"  =  0, 

and  on  using  this  and  (2.42),  we  derive  the  relation: 

(2.47)  Px'  +  Qy'  +  Rz'  =  0. 

Thus  the  equations  to  I)e  satisfied  reduce  to  two  of  the  set 
(2.4),  or  two  fndependent  combinations  of  these  three,  supple¬ 
mented  by  the  conditions  (2.42)  and  (2.43).  In  other  words, 
we  have  four  differential  equations  in  the  four  independent 
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variables  x,  y,  z,  L,  of  the  second  order  in  two  of  these  and  of  the 
first  order  in  the  other  two,  so  that  there  are  apparently  six 
constants  of  integration.  Actually,  there  are  only  five  constants, 
which  are  fixed  by  the  initial  and  final  values  of  x,  y,  z,  corre¬ 
sponding  to  the  fixed  end  points  and  giving  the  four  conditions; 

(2.5)  yi  ~  y(xi),  2i  =  a(jci); 

yj  =  2j  =  2(jc*); 

together  with  the  initial  value  of  s,  which  may  be  taken  arbi¬ 
trarily,  and  gives  the  fifth  condition: 

(2.51)  ii  =  s(xi). 

That  there  are  only  five  constants  follows  from  the  fact  that 
the  system  is  equivalent  to  another  system  of  the  same  order 
in  X,  y,  z  but  not  containing  the  derivative  of  L.  This  will 
appear  in  detail  when  we  come  to  study  local  properties  of  the 
solutions.  The  condition  (2.51)  is  of  no  geometric  significance, 
so  that  there  are  a  fourfold  infinity  of  curves  of  shortest  length 
for  the  general  Ffaffian,  a  double  infinity  passing  through  each 
point. 

5.  Some  Particular  Examples,  First  Degree  Coefficients.  It  will 
throw  light  on  the  general  situation  if  we  give  the  calculation  of 
lines  of  shortest  length  a  little  more  explicitly  for  some  particular 
examples.  We  have  shown  elsewhere*  that  when  the  coef¬ 
ficients  of  the  Ffaffian  are  linear  expressions  in  the  variables,  the 
I'faffian  may  be  reduced  to  certain  simple  canonical  forms.  We 
omit  the  cases  which  are  exact  differentials,  in  which  case  the 
integral  surfaces  are  families  of  quadrics,  and  the  lines  of  shortest 
length  l)ecome  the  gerxiesics  on  these  quadrics.  The  lines  of 
shortest  length  will  be  unchanged  by  Euclidean  transformations, 
and  under  such  transformations,  the  non-integraUFfaffians  with 
linear  coefficients  may  be  reduced  to  four  types,  namely: 

*  I.,  c.,  (*)  I,  p.  31,  32. 
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(3.11)  axdx  4-  bydy  +  czdz  +  C{xdy  —  ydx)  =  0, 

(3.12)  axdx  ■+  bydy  +  edz  +  C{xdy  —  ydx)  =  0, 

(3.13)  (fljc  —  by){adx  +  bdy)  +  k(adx  —  bdy)  +  czdz  =  0, 

(3.14)  {ax  —  by)(adx  +  bdy)  -f  k(adx  —  bdy)  +  edz  =  0. 

When  we  insert  the  coefficients  of  these  equations  in  the  set 
(2.4),  we  have  as  the  first  tw’o  equations: 

(3.15)  x"  +  (ax  -  Cy)L'  -  2CLy’  =  0, 
y”  +  {by  +  Cx)V  +  2CLx'  =  0, 

for  the  types  (3.11)  and  (3.12). 

For  the  last  tw'o  types,  (3.13)  and  (3.14),  we  have: 

(3.16)  x"  +  (ax  —  by  k)aL'  —  2abLy'  =  0, 
y”  +  {ax  —  by  —  k)bV  4-  2abLx'  =  0. 

The  third  equation  of  the  set  (2.4)  is 

(3.17)  2"  4-  czL'  =  0. 
f  for  types  (3.11)  and  (3.13),  and 

(3.18)  z”  4-  eV  =  0, 
for  types  (3.12)  and  (3.14). 

The  pair  of  equations  (3.15)  have  no  obvious  first  inte{i;ral  in 
general,  but  when  we  have  a  ^  b,  we  may  deduce  from  (3.15): 

(3.21)  x/'  -  yx"  +  C(x*  +  y*)L'  -|-  2CL{xx'  +  yy')  =  0, 
which  leads  to  the  integral: 

(3.22)  xy'  -  yx'  +  CL(x»  4-  y*)  =  /C,. 

We  may  combine  the  etjuations  (3.16)  so  as  to  give: 

(3.23)  bx”  4-  ay"  4-  2(ax  —  by)abL'  4-  2(ax'  —  by')abL  —  0, 
and  integrate  this  into: 

(3.24)  bx'  +  ay'  4-  2(^L{ax  —  by)  =  Kt. 
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Finally,  we  note  that  ecjuation  (3.18)  integrates  directly  into: 

(3.25)  s'  +  eL  =  Kt.  • 

These  first  integrals  enable  us  to  reduce  the  problem  of  finding 
the  lines  of  shortest  length  to  quadratures  in  two  cases,  namely 
type  (3.12)  with  a  =  b,  and  type  (3.14).  We  shall  consider 
these  in  order. 

We  may  rewrite  the  Pfaffian  (3.12),  with  a  =  6.  as 
(3.3)  aixx'  -F  yy')  +  ez'  +  Cixy'  —  yx')  =  0, 

which  is  to  be  combined  with  the  identity 

(3.31)  x'*  +  y* -F  s'*  =  1, 

and  the  integrals  (3.22)  and  (3.25).  We  may  eliminate  L  from 
these  two  integrals,  and  write  the  result  in  the  form: 

(3.32)  f(xy'  —  yx')ir  —  Crz'  =  —  CKir  -F  eK\!r, 
where  we  have  set 


(3.33) 


r»  =  X*  +  y. 


With  this  notation,  we  may  replace  (3.3)  by 


(3.34) 
Hut: 

(3.35) 


Cixy'  —  yx')  +  es'  =  —  arr'. 


ixx'  -f  yy')V(r*  +  Or*) 
r 


r'V(f*  +  t*r*). 


is  an  identity,  and  if  we  square  both  sides  of  the  three  equations 

(3.32),  (3.34)*and  (3.35)  and  add,  after  making  use  of  (3.31)  we 
find: 


(3.36)  (1  -  r'*)(e*  -i-  C»r»)  -  a»r*r'*  +  (-  CAV  +  eA,»*. 

From  this  the  relation  between  r  and  s  may  be  found  by  a  quad¬ 
rature. 

We  ne.xt  write  ^ 

xy'  —  yx'  —  r*d'. 


(3  37) 
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and  eliminate  r'  from  equations  (3.32)  and  (3.34),  obtaining: 

(3.38)  r*»'(e*  +  C*r*)  =  -  CK^er^  -  aW . 

This  determines  0  in  terms  of  r  by  quadratures,  after  ds  is  elimi¬ 
nated  by  the  use  of  equation  (3.36).  Finally  the  z  r  relation  is 
found  from  (3.34).  We  note  incidentally  that  the  integrands  in 
r  involve  the  square  root  of  a  sixth  degree  expression  in  r,  but 
when  r*  is  taken  as  a  new  variable  the  integrals  are  elliptic. 

We  next  consider  Pfafhans  of  type  (3.14),  which  is  to  be  com¬ 
bined  with  the  identity  (3.31),  and  the  two  integrals  (3.24)  and 
(3.25).  We  eliminate  L  from  these  two  integrals,  and  write  the 
result  as 

(3.41)  e{bx'  -H  ay')  —  2abuz'  =  eKt  —  labuKi, 
where  we  have  put 

(3.42)  u  ^  ax  —  by. 

With  this  abbreviation,  we  may  rewrite  the  Pfaffian  (3.14)  as 

(3.43)  {bx'  -p  ay')  -f-  cez'  —  —  m'  ^  /tc  -p  ^  [a*  —  ^  , 

where 

(3.44)  f*  =  a*  +  6*. 

Finally,  we  note  that 

(3.45)  {ax'  -  by')^{^c*  -P  4a'b*u*)!c  =  M'V(e*f*  -p  4aW)ic, 

is  an  identity,  and  by  squaring  both  sides  of  the  three  equations 
(3.41),  (3.43)  and  (3.45),  and  then  adding,  after  using  the  iden¬ 
tity  (3.31)  we  deduce: 

(3.46)  (1  -  M'»;c*)(«*f*  -P  4a*6»«*)  - 

{eK,  -  UbuKiY  -P  u'^{kc  -P  [a*  -  5*>/c)*. 


From  this  the  relation  of  «  to  5  is  found  by  a  quadrature. 
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We  next  eliminate  2'  from  ertuations  (3,41)  and  (3,43).  The 
result  is: 

(3.47)  {bx'  +  oy)(e*c*  +  4flW)  = 

—  2uu'ab{kc*  4-  mCo*  —  6*])  +  ec*(eKi  —  labuKj). 

After  ds  is  eliminated  from  this  by  use  of  equation  (3.46),  a 
quadrature  determines  the  relation  of  {bx  -f-  ay)  to  u.  Finally, 
we  may  find  the  2  u  relation  from  equation  (3.41).  In  this 
problem  all  the  integrals  in  u  which  appiear  are  elliptic  integrals. 

The  two  special  examples  which  we  have  just  discussed  illus¬ 
trate  the  way  in  which  the  five  constants  of  integration  appear. 
In  each  case  we  had  two  constants  in  the  two  first  integrals,  and 
the  remaining  three  constants  enter  in  connection  with  the  three 
quadratures.  One  of  these  constants  corresponds  to  the  value 
of  assigned  to  the  initial  point  of  our  arc.  But  the  initial  and 
final  points  are  prescribed.  Consequently,  in  the  first  case, 
(3.3),  the  other  four  constants  are  fixed  by  the  requirement  that 
d\  and  Z\  correspond  to  r\,  while  Bt  and  2t  correspond  to  r,.  In 
the  second  case  (3.14),  the  four  constants  are  found  from  the 
condition  that  {bx\  +  ayO  and  Z\  correspiond  to  ui,  while 
{bxt  +  ayt)  and  2j  correspond  to  Ui.  This  is  in  accord  with 
(2.5). 

4.  Alternative  Procedure  for  Pfaffians  Invariant  under  a  One- 
parameter  Group  of  Motions.  When  we  are  dealing  with  a 
Pfaffian  which  is  invariant  under  a  one-parameter  group  of  rigid 
motions  of  space,'®  the  pr<x«dure  used  in  section  2  may  be  some¬ 
what  simplified.  Suppt)se,  first,  that  the  transformation  gener¬ 
ating  the  group  is  a  translation,  and  choose  co-ordinates  in  such 
a  way  that  the  translations  of  the  group  are  parallel  to  the  2-axis. 
The  Pfaffian  may  then  be  written: 

(4.1)  dz  —  Mdx  -|-  Ndy, 

in  which  the  coefficients  are  functions  of  x  and  y  only.  For 
curves  which  lie  in  the  Pfaffian,  we  may  calculate  the  arc  length 
‘•Cf.  I.  c.,  (*)  II.  p.  101. 
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from  the  expression: 

(4.11)  ds* dx^  +  +  {Mdx Ndyy. 

Thus,  the  curves  of  shortest  length  will  minimize  the  integral 
of  this  expression.  But,  since  we  must  keep  the  end  points  of  the 
arc  in  space  fixed,  as  well  as  their  projections  in  the  xy  plane,  it 
is  necessary  to  restrict  the  variations  by  the  condition: 

(4.12)  2i  —  *1  =  I  Mdx  +  Ndy. 

Jpi 

The  application  of  Lagrange’s  method  of  multipliers  to  the 
problem  at  hand  leads  to  the  minimization  of  the  integral : 

(4.13)  I  =  y  {  Vx'»  -f  y'*  +  (A/x'  +  Nyy 

+  K{Mx*  +  Ny’)\dt, 
\ 

where  the  multiplier  X  is  a  constant.  When  we  vary  the  curve, 
but  keep  the  end  points  fixed,  the  first  variation  of  this  integral  is: 

(4.14)  hi  =  fiPhx  +  Qhy)dt, 
in  which 

(4.15)  P  =  d/d/([x'  +  M{Mx’  +  +  KM) 

-  ([A/x'  +  +  K){M^'  +  N,y'), 

Q  =  didtily'  +  N{Mx'  +  iV/)]/^'  +  KN) 

-  ([A/x'  +  Ary]/5'  +  A')(A/^'  +  N,y’). 

As  before,  we  take  s  as  our  parameter,  and  change  the  meaning 
of  the  primes  so  that  from  now  on  they  denote  s  derivatives. 
The  vanishing  of  the  first  variation  of  /,  which  is  equivalent  to 
the  vanishing  of  P  and  Q,  accordingly  gives  the  conditions: 

(4.16)  P  =  x"  +  M{Mx'  +  Nyy 

+  (A/x'  +  Ny'  +  A')(A/.  -  N.)y'  =  0. 

Q  =  y»  ^  iV(A/x'  +  Ny'Y 

+  (A/x'  +  Ny  +  K){N,  -  M^)x'  =  0. 


168 


P.  FRANKLIN  AND  C.  L.  E.  M(K)RE 


These  must  be  supplemented  by  the  relation 

(4.17)  x'*  -h  y'*  +  {Six'  +  Ay)*  =  1. 

which  follows  from  our  choice  of  s  as  the  parameter,  and  the 
Pfaftian.  which  we  rewrite  as 

(4.18)  z'  =  .Ux'  +  Ay. 

If  we  like,  we  may  merely  use  the  last  relation  to  find  z  in  terms 
of  the  other  variables,  after  equations  (4.16)  and  (4.17)  are 
solved  for  x  and  y  in  terms  of_5. 

It  is  interesting  to  derive  this  form  of  the  conditions  for  a 
line  of  shortest  length  from  those  previously  found.  Equation 
(4.1 7)  follows  from  (2.43)  in  view  of  (4.18).  For  the  special  form 
of  Pfaftian  here  considered,  we  are  to  put 

(4.2)  A  =  A/(x,  y),  B  =  N{x,  y),  •  C  =  -  1 

in  the  conditions  (2.4).  This  makes  two  of  the  three  parentheses 
in  the  partial  derivatives  vanish,  and  in  particular  the  third 
equation  simplifies  to: 

(4.21)  z"  -  L'  =  0. 
which  integrates  into 

(4.22)  z'  -  LA-  K  ^  0. 

From  these  equations,  and  equation  (4.18),  we  have: 

(4.23)  L  =  A/x'  +  ATy'  +  K, 

V  =  (A/x'  +  Ny'Y, 

I 

and  when  these  are  used  to  eliminate  L  and  V  from  the  first 
two  of  equations  (2.4),  they  reduce  to  the  pair  of  equations  (4.16). 

If  we  regard  equation  (4.11)  as  an  expression  for  the  arc  ele¬ 
ment  on  a  surface  for  which  x  =  const,  and  y  »=  const,  are  the 
parametric  curves,  our  problem  is  to  find  the  shortest  line 
through  two  points  on  this  surface,  for  which  the  integral  in 
(4.12)  has  a  pre-assigned  value.  This  is  a  classical  problem  of 
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differential  geometry,  and  the  condition  may  be  neatly  expressed 
in  terms  of  the  geodesic  curv’ature  of  the  curve." 

When  the  transformation  which  generates  the  group  of  motions 
under  which  our  Pfaffian  is  invariant  is  a  helical  motion,  a  set  of 
curvilinear  co-ordinates  may  be  intrtxluced  such  that,  when  the 
Pfaffian  is  expressed  in  these  co-ordinates,  one  of  them  does  not 
appear  in  the  coefficients.'*  Using  these  co-ordinates,  we  may 
derive  a  second  form  for  the  differential  equations  of  the  lines  of 
shortest  length  by  a  prcK-edure  quite  analogous  to  that  just 
described. 

5.  A  General  Alternative  Procedure.  If  we  write 
(5.1)  ds'  =  -I-  dy*  +  dz*  +  2f/-  Vdt', 

where 

(5.12)  U  =  Ax' +  By' Cz’ 
is  zero  for  elements  in  the  Pfaffian,  while 

(5.13)  V  =  Rx'  Sy'  +  Tz' 

is  an  arbitrary  linear  expression  in  the  derivatives,  with  coeffi¬ 
cients  functions  of  the  co-ordinates,  we  shall  have  a  homogeneous 
quadratic  form  in  the  differentials,  independent  of  the  parameter, 
which  may  be  used  to  calculate  the  arc  length  of  curves  lying  in 
the  Pfaffian.  This  shows  that  the  lines  of  shortest  length  in  the 
Pfaffian  may  be  found  by  minimizing 

(5.14)  I  =  +  y'*  +  z'»  -I-  2UV  -f  LU\dt, 

where  L,  the  multiplier,  is  a  function  of  t. 

The  variations  are  found  as  before,  and  give  for  the  first  con¬ 
dition: 

(5. 1 5)  d  dtilx'  +  d(UV):dx'2!s'  +  A L) 

-  [d(t/U)  ax];V  -  LdU  dx  =  0. 

”  G.  Darboux,  Lefons  des  Surfaces,  Paris,  vol.  3,  pp.  146-151,  $  650,  651, 
and  in  particular  equation  (22). 

“L.  c.,  (*)  II,  p.  101. 


170 


P.  FRANKLIN  AND  C.  L.  E.  M(K)RK 


When  the  s  of  (5.1)  is  taken  as  the  parameter,  and  the  meaning 
of  the  primes  changed  to  refer  to  this  s,  the  condition  becomes: 

(5.16)  •  x"  +  d  dsla{UV)!dx’2  +  (ALY 

-  d(UV);dx  -  LdUidx  =  0. 

This  equation,  and  the  other  two  similar  to  it  are  not  independent. 
For,  on  multiplying  them  respectively  by  x',  y',  and  r'  and 
adding,  w'e  have 

(5.17)  rxV'  +  (uvy  +  uv  =  o. 

after  performing  an  integration  by  parts,  and  also  using  the  fact 
that 

(5.18)  Zx'd{UV):dx'  =  2UV, 

by  Euler's  theorem  on  homogeneous  functions. 

The  last  term  vanishes  from  the  Pfaffian  condition,  while  the 
first  two  combined  vanish  since  our  choice  of  parameter  makes 

(5.19)  2x'*+2t;F=l. 

Thus  our  conditions  are  not  independent  in  view  of  the  Pfaffian 
condition  and  (5.19).  The  Pfaffian  condition  may  be  used  to 
simplify  equation  (5.16).  For  when  (f/F)  is  differentiated,  the 
terms  still  containing  U  disappear,  while  those  obtained  by 
differentiating  U  may  be  combined  with  those  in  L  to  give: 

(5.2)  x"  +  [/1(L  +  F)J  -  (Z,  +  V)dUldx  =  0. 

This  ^uation  is  similar  to  (2.35),  except  that  (L  +  F)  replaces 
L  in  the  earlier  form. 

The  process  of  section  4  is  now  somewhat  clearer.  The  elim¬ 
ination  of  z'  from  the  arc  element  amounted  to  using  a  suitable 
F  in  (5.14).  Sinze  *  did  not  explicitly  appear  in  (5.14),  while  z' 
appeared  just  once,  with  coefficient  negative  unity  in  U,  the  third 
condition  of  the  form  (5.15)  reduced  to 

(5.21)  dL  dt  =«  0, 

so  that  L  reduced  to  a  constant,  K. 
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The  V'  of  the  present  section  is 

(5.22)  i[*'  +  {Mx'  -f-  *Vy)]  =  V, 
so  that,  since  U  =  0,  we  have 

(5.23)  V  =  z\ 
and 

(5.24)  L  +  V'  =  A'  +  z\ 


There  may  well  l)e  other  types  of  Pfafhans  where  a  judicious 
choice  of  V  would  simplify  the  computation. 

6.  The  Relation  of  Lines  of  Shortest  Length  to  Self  Parallel 
Lines.  Our  conditions  for  a  curv’e  of  shortest  length  may  be 
written 


(6.1)  -¥  AV  ^  Ly\A »  -  iJ.)  -  Lz\C,  -  ^ ,)  =  0, 


and  the  two  similar  equations  of  (2.4).  These  may  be  written 
in  vector  notation,  as 


(6.11) 


k  +  L'N  -  L(t  X  curl  N)  =  0, 


where  k  is  the  curvature  vector,  x” ,  y" ,  z”,  N  is  the  vector  normal 
to  the  Ffaffian  A,  B,  C  and  t  is  the  unit  tangent  vector,  x\  y', 
z'.  Thus  curl  N  is  (C,  -  5.).  (A .  -  C.),  (fl,  -  A,). 

Any  straight  line  which  lies  in  the  Ffafhan  is  evidently  a  line 
of  shortest  length,  since  it  is  a  line  of  absolute  minimum  length 
for  the  three  space.  For  such  a  line  the  multiplier  L  is  zero. 

Again,  if  the  Ffafhan  is  integrable,  our  lines  of  shortest  length 
should  reduce  to  the  geodesics  of  classical  differential  geometry 
for  the  integral  surfaces.  Since  our  Ffafhan  condition  is  not 
changed  by  multiplying  by  any  non-vanishing  factor,'*  we  may 
in  particular  use  the  integrating  factor  and  reduce  the  integrable 
case  to  the  e.xact  case,  for  w’hich  curl  If  vanishes,  and  the  con¬ 
ditions  (6.11)  express  the  well  known  property  of  the  coincidence 
of  the  principal  normal  of  a  geodesic  on  a  surface  and  the  normal 
to  the  surface,  here  N. 

The  multiplier  L  it  divided  by  this  factor,  cf.  (2.3). 
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In  the  inteRrahle  case,  if  we  disregard  curves  through  singular 
lines,  in  general  two  points  can  only  be  joined  by  a  curve  in  the 
Pfaffian  if  they  are  on  the  same  surface.  If  we  tried  to  find  the 
curves  in  a  non-integrable  Ptaffian  whose  principal  normals 
coincided  with  the  normals  to  the  Pfaflfian,  hereafter  referred  to 
as  self-parallel  curves,  we  would  similarly  find  that  too  many 
conditions  were  imposed  to  enable  us  to  draw  such  a  curv'e  through 
two  points  in  a  general  relation  to  one  another.  However,  there 
will  be  a  single  infinity  of  such  cur\'es  through  each  point,  one 
for  each  direction.  Thus  each  point  can  be  joined  with  a  certain 
double  infinity  of  points,  instead  of  with  all  those  in  three  space 
by  a  self-parallel  curve.  In  general,  these  curves  will  not  l)e 
lines  of  shortest  length  for  the  Pfaffian,  and  in  fact  we  shall  prove 
that: 

Theorem  I,  If  a  line  of  shortest  length,  and  a  self -parallel  line 
have  contact  of  the  second  order  at  a  point  where  the  common  curva¬ 
ture  is  not  zero,  the  Pfaffian  is  integrable  at  this  point. 

For,  call  k  and  t  the  common  curvature  and  tangent  v’ectors. 
From  the  self-parallel  property,  k  is  parallel  to  N,  and  from  the 
cfmdition  (6.11)  for  lines  of  shortest  length,  it  follows  that  these 
two  vectors  are  also  parallel  to  (t  X  curl  N).  But,  as  this  last 
vector  is  obviously  perpendicular  to  curl  N,  we  have  N  per¬ 
pendicular  to  curl  N,  and: 

(5.12)  N.  curIN=  A  B  C  =  0, 

d  dx  3,  dy  d  ds 
ABC 

which  is  th<  condition  that  the  Pfaffian  be  integrable.’* 

We  may  also  formulate  the  weaker,  but  more  interesting 
theorem: 

Theore.m  II.  If  a  set  of  curves  are  simultaneously  lines  of 
shortest  length,  and  self -parallel  lines,  and  if  through  each  point  of 
space  at  least  one  of  these  curves  passes,  having  non-zero  curvature 
at  the  point,  the  Pfaffian  is  everywhere  integrable. 

Cf.  (^ursat,  E.,  I^econs  »ur  le  probleme  de  Pfaff,  Pari#,  1922,  p.  24. 
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We  have  already  noted  that  for  integrable  Pfaffians  the  two 
types  of  curves  always  agree,  and  also  observe  now  that  any 
straight  lines  in  the  Pfaffian  are  simultaneously  lines  of  shortest 
length  and  self-p>arallel  lines.  In  view  of  our  theorems,  these 
are  the  only  examples  of  curves  in  both  sets. 

7.  Local  Properties  of  Lines  of  Shortest  Length.  To  discuss 
the  properties  of  the  lines  of  shortest  length  of  a  Pfaffian  in  the 
neighborhood  of  a  point,  we  require  the  first  few  terms  in  the 
series  solutions  of  our  differential  equations.  .  The  etjuations 
(2.4)  may  be  rewritten  as 

(7.1)  x"  =  -  AV  -  Ly\A,  -  B,)  +  Lz'{C,  -  A ,), 
y”  *  -BV  -  Lz\B,  -  Cf)  +  Lx\A^  -  Bf), 
z"  =  -CV  -  Lx\C,  -  A.)  +  Ly'iB,  -  C,). 

We  have  the  added  conditions,  (2.42)  and  (2.43): 

(7.11)  Ax' +  By' +  Cz' =  0, 

(7.12)  x'*  +  y'*  +  2'*  =  1. 

We  may  also  make  the  coefficients  satisfy 

(7.13)  yl* -f  5*  +  C*  =  1, 

by  dividing  the  Pfaffian  by  a  suitable  factor,  and  shall  assume 
that  this  has  been  done  in  order  to  simplify  the  calculations. 

If  the  initial  value  of  any  one  of  the  derivatives  x',  y',  z',  or  a 
single  function  of  them  is  given,  the  three  values  will  then  be 
determined  by  (7.11)  and  (7.12).  Thus  one  direction  parameter 
is  necessary  to  characterize  a  particular  line  of  shortest  length. 
But  in  addition,  we  may  prescribe  the  initial  value  of  the  multi¬ 
plier  L.  We  shall  now  show  that  this,  in  general,  uniquely  fixes 
the  solution. 

W’e  begin  by  differentiating  the  Pfaffian  relation  (7.11),  to 
give: 

(7.14)  ZAx"  A-'^x'A' =  0. 

12 
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Again,  from  (7.1)  and  (7.1.^),  we  have: 

(7.15)  IVIjc"  =  -  L'  -  ZLx\BB,  +  CC,  -  BA,  -  CA.). 

But,  by  differentiating  (7.13),  we  find: 

(7.16)  UAAy  +  BBy  +  CCy)  =  2/1^4'  =  0, 

which  may  be  used  to  simplify  the  bracket  in  (7.15).  We  make 
this  simplification,  solve  (7.15)  for  L',  and  eliminate  the  present 
left  member  by  (7.14).  which  shows  that: 

(7.1 7)  ^Ax”  =  -  Zx'A’  =  -  rr[/l +  (v4 ,  +  B,)xy+  •  •  •  1. 
The  result  is: 

(7.18)  L'  =  riT/l xx'*  +  {A,  +  B,)xy  +  . .  • : 

+  ::Lx'{AA,  +  BA,  +  CA.). 

This  equation  gives  the  initial  value  of  L'  in  terms  of  the  initial 
constants  descriljed  alxjve,  namely  x',  y',  z'  and  L.  By  differen¬ 
tiating  equation  (7.18),  and  using  equations  (7.1)  as  they  stand,  ^ 
the  quantities  x",  s"  and  L"  are  obtained.  We  have  now 
merely  to  differentiate  the  four  equations  just  used  successively 
in  order  to  determine  step  by  step  the  coefficients  in  the  expan¬ 
sions  of  X,  y,  z,  L  in  powers  of  s,  for  the  neighborhood  of  any’ 
p<)int. 

The  form  of  the  series  just  found  proves: 

Thkorkm  III.  In  general,  through  each  direction  in  the  tangent 
plane  to  a  Pfaffian  at  a  given  point,  there  are  a  single  infinity  of 
lines  of  shorteft  length. 

As  we  wish  to  study  the  curv’ature  more  closely,  we  shall  follow 
out  this  calculation  a  little  further.  However,  we  shall  shorten 
the  work  by  specializing  our  axes.  We  take  the  origin  at  the 
point  to  be  studied,  the  z  axis  along  the  normal  to  the  Pfaffian 
and  the  x  and  y  axes  for  the  present  any  two  perpendicular  direc¬ 
tions  in  the  tangent  plane.  Consequently,  we  have  initially: 

(7.19)  /lo=5o=0.  Co=l,  ro'=0. 
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In  view  of  these  conditions,  when  J  =  0,  we  hav'e  in  place  of 
(7.1)  and  (7.18),  the  simpler  set: 


(7.2)  Xo"  —  ~  Loyi>{.A^  —  B,)o, 


yo"  —  LoXii{Af  —  B()o. 

to"  —  —  Lo*  —  LoXo'{Cx  —  A  ,)o  +  Loyo'i^^t  —  Cy)o‘ 


(7.21)  U  =  lAxx'*  +  {A,  +  Bx)x'y  +  B.y'* 

-|-  Lx' A  ,  +  Ly'B  ,~\o' 


These  conditions  also  simplify  equation  (7.16),  which  becomes: 

(7.22)  ICxx’  -1-  Gy]o  =  0. 

The  last  three  equations  written  may  be  combined  so  as  to  give: 

(7.23)  to"  =  —^Ajx'^  A-  {Ax  +  Bx)x'y'  + 


We  may  regard  the  first  two  of  equations  (7.2),  and  (7.23)  as 
determining  the  curvature  v'ector  in  terms  of  our  initial  condi¬ 
tions.  and  easily  see  from  them: 

Theorem  IV.  The  single  infinity  of  lines  of  shortest  length 
drawn  through  a  common  initial  point  and  tangent  direction  have  the 
same  component  of  curvature  normal  to  the  Pfafiian.  The  com¬ 
ponent  of  curvature  in  the  plane  of  the  Pfafiian  has  a  fixed  direction, 
i.e.  perpendicular  to  the  tangent,  and  is  in  length  proportional  to 
the  multiplier  L.  Consequently  its  length  may  have  any  value. 

The  same  equations  also  enable  us  to  find  the  locus  of  the 
extremities  of  the  curvature  vectors,  drawn  at  a  given  point,  for 
all  the  lines  of  shortest  length  through  that  point.  This  locus  is 
a  ruled,  cubic  surface,  whose  equation  is: 

(7.24)  z(x*  +  y*)  =  —  A  xoy^  +  {Ax  +  Bx)oxy  —  3,ox*. 

We  can  simplify  this  equation  by  a  further  specialization  of  a.\es. 
which  will  make 


(7.25)  {Ax-¥Bx)o=0. 

We  have  merely  to  take  our  x  and  y  axes,  which  have  so  far  only 
been  required  to  lie  in  the  tangent  plane  to  the  Pfaffian,  as  the 
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principal  directions  of  the  conic  obtained  by  equating  the  right 
member  of  (7.24)  to  a  constant.  We  note,  either  from  the  form 
and  meaning  of  equation  (7.24),  or  from  equation  (7.23),  that 
these  directions  are  those  of  lines  of  shortest  length  through  the 
point  having  greatest  and  least  normal  component  of  curvature 
respectively. 

Since  we  have  taken  A,  B,  C  sis  components  of  a  unit  vector 
along  the  normal  to  the  Pfafhan,  the  normal  component  of  curva¬ 
ture  is  which  has  been  evaluated  for  unspecialized  axes  in 

(7.17).  Recalling  that  the  tangent  to  our  curves  must  lie  in  the 
tangent  plane  to  the  Pfafhan,  we  see  that  the  special  directions 
are  the  principal  directions  of  the  conic  given  by: 

(7.26)  /lx'  +  By’  +  Cz’  =  0, 

=f  (>1,  +  B,)x’y’  •••]=!. 

The  equations  satisfied  by  these  principal  directions  are 

(7.27)  Ax'  +  By'  +  Cz'  =  0, 

:^12A^  +  (A,  +  Bs)y'  +  (>1.  -f  C.)2'][Cy  -  =  0. 

These  are  the' differential  equations  of  a  family  of  lines  two  of 
which  pass  through  each  point.  They  are  analogous  to  lines  of 
curvature  for  surfaces,  to  which  they  reduce  in  the  integrable 
case. 

Returning  to  the  specialized  axes,  and  the  cubic  (7.24).  we  note 
that  it  may  reduce  to  a  plane.  In  fact,  this  will  happen  whenever 

(7.28)  (>l.-5,)o=0, 

holds  simultaneously  with  (7.25).  In  particular,  if  together  with 
(7.25),  we  have: 

(7.29)  A,o  =  B^o=  0, 

the  cubic  reduces  to  the  tangent  plane  to  the  Pfaffian.  At  such 
points,  the  geodesics  would  have  a  closer  contact  with  the  tangent 
plane  to  the  Pfaffian  than  at  general  points. 

For  a  given  direction,  the  curvature  vector  is  of  minimum 


length  when  its  component  in  the  tangent  plane  is  zero,  that  is, 
when  L  vanishes.  If  a  line  of  shortest  length  had  its  cur\'ature 
a  minimum  for  its  direction  at  each  of  its  points,  L  would  l)e 
zero  throughout,  and  the  curve  would  be  a  straight  line.  In 
particular,  the  lines  of  cur\'ature  mentioned  above  can  only  be 
lines  of  shortest  length  for  non-integrable  Pfaffians,  when  they 
are  straight  lines. 

We  note  hnally  that  the  equations  (7.2)  and  (7,21)  are  in 
accord  with  our  theorem  on  points  at  which  the  condition  of 
integrability  is  satisfied.  For,  whenever  the  principal  normal 
to  the  curve  coincides  with  the  normal  to  the  Pfaffian,  the  first 
two  curvature  components  of  (7.2)  must  vanish.  Neglecting  the 
case  then  Lo  =*  0,  in  which  case  the  curvature  is  zero,  this  requires 
that: 


/  reduces  to  in  virtue  of  the  conditions  (7.19). 

8.  Possible  Definitions  of  Geodesics.  We  have  defined  curv'es 
of  shortest  length  on  the  basis  of  a  minimum  property,  and  have 
given  several  methods  of  finding  such  curves.  We  have  also 
mentioned  self-parallel  curves,  although  so  far  we  have  only 
defined  them  by  a  property  of  the  curvature  vector.  VV'e  shall 
now  show  that  these  cqrves  also  arise  from  a  certain  variational 
process,  and  shall  investigate  different  ways  of  setting  up  a  vari¬ 
ational  problem  for  a  class  of  curves  defining  types  of  geodesics 
for  a  Pfaffian, 

Our  lines  of  shortest  length  were  obtained  by  minimizing  the 
length  of  arc  joining  two  points,  subject  to  the  condition  that 
the  varied  curves  were  situated  in  the  Pfaffian.  Had  we  placed 
no  restrictions  on  the  variations  whatever,  we  would  of  course 
have  found  the  equations  of  geodesics  in  the  Euclidean  space, 
i.e.  the  straight  lines.  These  would  not  in  general  lie  in  the 


(Ag  —  Bg)o  —  0. 


But  this  is  precisely  what  the  condition  of  integrability. 


(7.31)  A(C,  -  B.)  +  B{A,-  B.)  +  C(B,  -  A,)  =  0, 
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Ffaffian.  In  exceptional  cases,  for  example  when  the  coefficients 
of  the  Ffaffian  are  of  the  first  degree,*  there  are  straight  lines  in 
the  Ffaffian.  Since  these  lines  continue  to  have  minimum  length 
when  the  variations  are  restricted  in  any  way,  they  would  belong 
to  all  the  types  of  geodesics  arising  from  any  variational  process. 

Another  possibility  is  to  start  with  a  curve  in  the  Ffaffian,  and 
minimize  its  length  when  compared  with  new  curves  obtained 
from  it  by  variations  which  lie  in  the  Ffaffian.*  As  there  are 
some  paradoxical  questions  connected  with  this  definition,  we 
give  the  procedure  in  full.  When  the  end  points  are  fixed,  the 
variation  of 

(8.1)  I  ^  fds  =  y'Vx'*  +  y'*  + 

is 

(8.11)  81  =  flix'is'YBx  +  {y.s'YSy  +  (z'lsySzyi, 
or 

(8.12)  81  =  J'{x"6x  +  y''6y  +  z''8z)ds,  • 

if  5  is  taken  as  the  parameter,  and  the  primes  denote  i-differen- 
tiation.  If  this  integrand  is  required  to  be  zero  whenever  the 
variations  lie  in  the  Ffaffian,  i.e.  when 

(8.13)  A8x  +  B8y  +  C8z  =  0, 

the  coefficients  of  8x,  8y,  8z  must  be  proportional,  and  on  calling — 
M  the  factor  of  proportionality,  we  may  write  the  conditions  in 
the  form: 

(8.14)  »  *"  +  /!.»/=(), 

y"  +  BM  =  0, 

2"  +  CM  =  0. 

These  equations  express  the  fact  that  the  curvature  vector  of  the 
curve  is  along  the  normal  to  the  Ffaffian,  which  is  the  property, 
we  used  Ijefore  to  define  the  self-parallel  curves.  We  have 
already  shown  that,  except  when  these  curv'es  are  straight  lines 
(for  which  the  property  is  satisfied  in  a  limiting  sense)  or  curves 
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at  all  of  whose  points  the  Ffafhan  is  integrable,  they  are  not  lines 
of  shortest  length.  The  form  of  our  conditions  (8.14)  might  have 
l)een  anticipated  by  noting  that,  through  the  Pfafiian  elements 
of  points  on  a  curve  even  in  a  non-integrable  Pfaffian,  a  cylin¬ 
drical  strip  can  be  passed.  More  precisely,  a  cylindrical  surface 
can  be  found  containing  the  curve  such  that  the  tangent  plane 
to  the  surface  at  each  point  of  the  curve  coincides  with  the  tangent 
plane  to  the  Pfaffian.  The  self-parallel  curves  are  the  curves 
which  are  geodesics  on  such  cylindrical  surfaces  formed  for  them. 
The  self-parallel  curves  also  have  an  interpretation  from  the 
standpoint  of  dynamics,  being  the  orbits  of  particles  moving 
under  no  forces  in  the  Pfaffian,  i.e.  subject  to  the  corresponding 
non-holonomic  constraint. “  For  this  reason  they  have  been 
called  mechanical  gerxlesics,  in  contradistinction  to  the  term 
geometrical  geodesics  for  the  lines  of  shortest  length.^ 

The  nature  of  these  two  typjes  of  geodesics,  lines  of  shortest 
length  and  self-parallel  lines,  is  revealed  to  some  extent  by  their 
numbers.  In  a  non-integrable  Pfaffian  there  are,  as  we  have 
seen,  a  double  infinity  of  lines  of  shortest  length  through  each 
point,  but  only  a  single  infinity  of  self-parallels.  On  a  surface 
the  two  types  coincide,  there  being  a  single  infinity  through  each 
point.  The  lines  of  shortest  length  may  be  looked  on  as  the 
equilibrium  position  of  a  short,  tightly  stretched  string  con¬ 
strained  to  lie  in  the  configuration.  Pairs  of  endpoints  lead  to  a 
double  infinity  through  each  point  for  the  Pfaffian,  and  a  single 
infinity  for  a  surface.  The  self-parallel  lines  may  be  lfx)ked  on 
as  the  orbits  of  particles,  under  no  forces  other  than  those 
necessary  to  constrain  them  to  the  Pfaffian  configuration.  As 
there  is  one  such  orbit  for  each  velocity,  there  are  a  single  infinity 
through  each  p>oint  for  the  Pfaffian,  as  well  as  in  a  surface. 

9.  Self-parallels  for  Pfaffians  with  First  Degree  Coefficients.  We 
shall  now  set  up  the  equations  for  the  self-parallels  of  Pfaffians 
with  first  degree  coefficients.  As  these  curves  will  be  unaffected 

“  Cf.  Whittaker,  E.  T.,  .Analytical  Dynamics,  Cambridge,  1904,  p.  245, 
also  (*). 
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by  Euclidean  transformations,  we  may  restrict  ourselves  to  the 
canonical  forms  previously  written  in  (3.11)  to  (3.14),  i.e. 

(9.11)  axdx  +  bydy  +  csdz  C{xdy  —  ydx)  =  0, 

(9.12)  axdx  +  bydy  +  edz  +  C{xdy  —  ydx)  =*  0, 

(9.13)  (ax  —  by)(adx  +  bdy)  +  k(adx  —  bdy)  +  czdz  =  0, 

(9.14)  (ax  —  by)(adx  +  bdy)  +  k(adx  —  bdy)  +  edz  =  0, 

which  comprise  all  the  non-integrable  cases. 

When  we  insert  the  coefficients  of  these  equations  in  (8.14), 
we  have  as  the  first  two  equations: 

(9.15)  +  (ax  -  Cy)M  =  0, 
y"  +  (by  +  Cx)M  *  0. 

for  the  types  (9.11)  and  (9.12). 

For  the  last  two  types  (9.13)  and  (9.14),  we  have  in  place  of 
these: 

(9.16)  x”  +  (ax  —  by  k)aM  —  0, 
y"  -f-  (ax  —  by  —  k)bM  =  0. 

The  third  equation  of  the  set  (8.14)  is 

(9.17)  z" czM  =  0, 
for  types  (9.11)  and  (9.13),  while  it  is 

(9.18)  2"  +  eM  *  0, 
for  types  (9.12)  and  (9.14). 

For  type  (9.12)  with  a  =  b,  and  type  (9.14),  we  were  able  to 
reduce  the  determination  of  lines  of  shortest  length  to  quadra¬ 
tures.  For  the  self-parallel  lines,  we  can  reduce  the  first  of  these 
cases  to  the  solution  of  a  single  first  order  equation,  while  for 
the  second  case  the  self-parallels  may  be  found  by  quadratures. 
In  case  (9.12)  with  a  =  b,  we  have  to  solve: 

(9.21)  x''  +  (ax  -  Cy)M  »  0, 

(9.22)  y"  +  (ay  +  Cx)M  =  0. 
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(9.23)  +  eM  =  0. 

(9.24)  a{xx'  +  yy')  +  4-  Cixy'  —  yx')  =  0, 

(9.25)  XT'*  +  y'*  +  z'*  =  1. 

As  one  of  these  relations  is  superfluous,  we  replace  the  first  three 
by: 

(9.26)  e(xy"  -  yz”)  *  C(x»  -f  y*)z", 

and  rewrite  the  last  three  equations  in  polar  co-ordinates: 

(9.27)  an'  -|-  ez'  +  Cr*e'  =  0, 

(9.28)  +  r'*  -H  2'*  =  1, 

(9.29)  eir^e'Y  =  CrV'. 

By  solving  equations  (9.27)  and  (9.28)  for  z'  and  O'  in  terms  of 
r  and  r',  and  combining  with  the  last  equation,  we  obtain  a  rela¬ 
tion  between  r,  r'  and  r"  which  is  e<{uivalent  to  a  first  order  dif¬ 
ferential  equation  since  s  does  not  appear  explicitly.  After  this 
r,  6  and  z  may  be  found  in  terms  of  s  by  quadratures.  In  the 
particular  case  when  a  =  b  =  0.  we  have  the  null  system. 
Here  (9.24)  and  (9.26)  combine  to  show  that  z"  vanishes,  and 
then  it  follows  from  (9.23),  (9.21)  and  (9.22)  that  M,  x”,  and 
y"  vanish,  so  that  the  solutions  are  the  straight  lines  of  the  null 
system. 

In  case  (9.14),  we  have  the  system: 

(9.31)  x"  +  {ax  -  by  +  k)a\f  =  0. 

(9.32)  y"  +  (ax  -  by  -  k)bM  *  0, 

(9.33)  z"  +  eM  =  0, 

(9.34)  {ax  —  by){ax'  -}-  by')  +  k{ax'  —  by')  +  =  0, 

(9.35)  *'* +  y'* -H  z'*  =  1. 

Here,  as  before,  one  equation  may  be  omitted,  so  we  replace  the 
first  three  equations  by 

e{bx"  -  ay")  =  labkz". 


(9.36) 
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which  integrates  into 

(9.37)  e(bx*  —  ay')  labkz'  +  A. 

We  next  write 

(9.38)  ax  —  by  =  u, 
so  that 

(9.39)  ax'  -  by'  =  . 

and  etjuation  (9.34)  may  lie  written: 

(9.4)  u(ax'  +  by')  +  ku'  +  ez'  =  0. 

The  three  equations  (9.37),  (9.39)  and  (9.4)  may  now  l)e  solved 
for  x',  y'  and  z'  in  terms  of  u  and  u'.  When  these  values  are  put 
in  the  relation  (9.35),  an  erjuation  in  u  and  u'  is  obtained,  from 
which  the  relation  of  u  and  s  is  found  by  quadratures.  After 
this,  three  other  quadratures  determine  x,  y,  z  in  terms  of  s. 

to.  Pfaffians  Invariant  under  Two  Translations.  We  have  seen 
that  for  one  of  the  types  of  Pfafhans  with  linear  coefficients  ^ 
(3.14),  or  (9.14),  both  the  lines  of  shortest  length,  and  the  self¬ 
parallel  lines  could  lie  found  by  quadratures.  This  is  a  particular 
instance  of  a  much  wider  class  of  Pfaffians,  namely  those  which, 
regarded  as  geometric  configurations,  may  be  taken  into  them¬ 
selves  by  two  translations.  If  we  take  the  plane  of  these  trans¬ 
lations  as  the  yz  plane,  the  coefficients  will  depend  on  x  only,  and 
our  Pfaffian  may  lie  written: 

(10.1)  A(x)dx  +  B{x)dy  -b  C{x)dz  =  0. 

I 

We  shall  now  determine  both  kinds  of  geodesics  for  this 
Pfaffian.  When  s  is  introduced  as  the  parameter,  we  have: 

(10.11)  Ax' A- By' A- Cz' ^ 

(10.12)  x'*  +  y'*  +  z'*  =  1, 

as  two  of  the  conditions.  Since  x  is  a  preferred  variable,  it  is 
natural  to  solve  these  for  y'  and  z',  obtaining. 
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(10.13)  (B*  +  C*)y  =  -  ABx' 

+  CV(B»  +  C*)  -  (/1»  H-  B»  +  t'*)*'*, 
(B*  +  C»)z'  =  -  /ICx' 

-  bV(B*  +  C*)  -  (y4»  +  B»  +  W*. 

us  first  investigate  the  lines  of  shortest  length.  In  view 
of  the  character  of  the  coefficients  of  (10.1),  the  conditions  (2.4) 
reduce  to: 

(10.14)  x"  +  AL'  -  L/B,  -  Lz'C,  =  0, 

+  BL'  -I-  Lx'B,  =  0, 

2"  -H  CL'  +  Lx'C,  =  0. 

The  last  two  of  these  equations  are  exact,  and  lead  to  the  in¬ 
tegrals: 

(10.15)  y  -1-  BL  =  cu 

z'  -f-  CL,  —  fj. 

The  first  equation  may  be  omitted,  if  (10.11)  and  (10.12)  or  the 
equivalent  (10.13)  are  used.  _  From  (10.15),  we  find: 

(10.16)  Cy  -  Bz'  =  Cci  -  Bf,, 
which  may  be  combined  with  (10.13)  to  give: 

(10.17)  {A'  +  B*  +  C»)x'*  =  (B*  +  C*)  -  (Cc,  -  Be,)*- 

From  this  equation  we  may  determine  the  relation  of  x  to  5  by 
quadratures,  and  then  use  (10.13)  to  find  y  and  r.  Or,  from 
(10.17)  and  (10.13),  y  and  z  may  be  found  as  functions  of  x  by 
quadratures. 

We  next  consider  the  self-parallel  curves.  For  these,  the 
conditions  (8.14)  are: 

(10.2)  x"-f/13/=0, 

y"  -f  B3/  =  0, 

2"  +  CM  =  0. 
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These  may  be  written : 

(10.21)  /'  =  Bx”;A. 

r"  =  Cx’^lA. 

We  now  differentiate  (10.11)  with  respect  to  s,  and  eliminate  y', 
s',  y"  and  s"  by  (10.13)  and  (10.21).  The  result  is: 

(10.22)  x"(>l*  +  5*  +  -f  C») 

+  x'*[(J3*  +  C')AA.  -  A'{BB,  +  CC.)] 

+  x'A{CB,  -  BC,)  <{B*  +  C»)  -  (>1*  +  5*  +  C’)x'*  =  0. 


If  this  equation  is  divided  by 

(10.23)  (5»+C*)V[/l*-f3*+C*][(3»+C*)  -  (i4*  +  B*  +  CV*]. 

it  l)ecomes  exact.  To  abbreviate  the  result,  and  also  to  aid  the 
geometric  interpretation,  we  denote  by  t  the  angle  made  by  the 
normal  to  the  Pfafhan  with  the  x  axis,  that  is  the  inclination  of 
the  tangent  plane  to  the  ys  plane.  Consequently  we  have: 


(10.24) 


\A'  -*r  B'  O 
\  B'  -\-C\ 

A 

^A*  +  if*  +  C* 


CSC  /, 

cos  /, 


and  the  exact  erjuation  obtained  from  (10.22)  is: 


.  (x'csc/)'  ,{CB,-BC,)x'  ^ 

(10.25)  — - -  .  +  cos  / - - =  0. 


Vl  —  (x'  CSC  /)* 

We  now  put  * 

(10.26)  C  B  =  tan  u. 


+  C» 


so  that  M  is  the  angle  made  by  the  projection  of  the  normal  on 
the  ys  plane  with  the  y  axis.  The  integral  of  (10.25)  may  then 
be  written: 


(10.27) 


sin*'  (x'  CSC  /)  =  y*  cos  /  u^x  +  Ct. 
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From  this,  or  the  equivalent  form 

(10.28)  =  sin  t  sin  cos  t  u^x  +  Cijt 

the  relation  of  x  to  j  is  found  by  quadratures,  and  y  and  z  are 
found  from  (10.13)  as  before. 

The  appearance  of  the  sine  of  the  integral  shows  that  in  general 
the  solutions  of  equation  (10.28)  will  be  totally  different  from 
those  of  equation  (10.17).  In  one  case,  however,  they  agree. 
Namely,  when  B  and  C  have  a  constant  ratio,  both  of  the 
equations  are  equivalent  to 

(10.29)  x'  CSC  t  =  const. 

This  is  in  accord  with  theorem  II,  since  the  Pfaffian  (10.1)  is 
integrable  if  and  only  if  the  ratio  of  to  C  is  constant. 

l^t  us  draw  a  line  Xp,  through  the  pwint  under  consideration 
and  p)arallel  to  the  projection  of  the  x  a.\is  on  the  tangent  plane 
of  the  Pfaffian.  Denote  the  projection  of  ds  on  this  line  by  dxp. 
Then,  since  t  is  the  inclination  of  the  tangent  plane  to  the  yz 
plane,  i.e.  the  complement  of  the  angle  between  the  X  and  Xp 
axes,  we  have 


(10.3) 


dx  =  dxp  sin  /. 


Thus  equation  (10.29)  expresses  the  constancy  of  dxp'jds,  the 
sine  of  the  inclination  of  ds  to  the  line  Yp  drawn  in  the  tangent 
plane  to  the  Pfaffian  p)erp)endicular  to  Xp.  But,  when  J5/C  is 
constant,  the  lines  Yp  are  all  parallel  to  the  fixed  direction : 


(10.31) 


dx  dy  dz 

^  “  F  “  C  ’ 


the  integral  surfaces  are  cylinders  with  elements  in  this  direction, 
and  our  condition  simply  states  that  the  geodesics  on  these 
cylinders  are  helices. 

In  the  general  case  we  may  draw  Xp  and  Yp  as  before.  We 
note  that  Yp  is  parallel  to  the  intersection  of  the  tangent  plane 
to  the  Pfaffian  with  the  yz  plane.  As  this  is  p)erp>endicular  to  the 
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pn>jection  of  the  normal  on  this  plane,  du  ds  measures  the  rate 
of  rotation  of  Y p.  If  r  is  the  inclination  of  ds  to  Yp,  dv  ds, 
measures  the  rate  of  rotation  of  ds  about  Y p.  With  this  nota¬ 
tion,  we  may  write  (10.25)  in  the  form: 

(10.32)  dv  =  du  cfts  t, 

which  brings  out  its  geometric  signihcance. 

11.  Pfaffians  Invaruint  under  Two  Rif^id  DispUicements.  For 
the  type  of  Ffafhan  with  linear  coefficients  (3.12)  or  (9.12),  we 
were  able  to  reduce  the  determination  of  the  lines  of  shortest 
length  to  quadratures,  and  that  of  the  self  parallel  lines  to  a  first 
order  differential  equation.  This  is  also  typical  of  a  wider  class 
of  Pfaffians,  namely  those  which,  regarded  as  geometrical  con¬ 
figurations.  may  be  taken  into  themselves  by  two  rigid  displace¬ 
ments.  In  this  case'®  we  may  regard  the  two  parameter  group 
of  motions  as  generated  by  a  rotation,  and  a  translation  parallel 
to  the  axis  of  rotation.  We  take  the  axis  of  rotation  as  the  z 
axis,  and  introduce  polar  co-ordinates.  Our  Pfaffian  may  then 
l)e  written: 

(11.1)  dz=  Fir)rdr  +  G{r)rMe, 

or: 

(11.11)  dz  =  {xF  -  yG)dx {yF -Ip  xG)dy. 

In  determining  either  type  of  geodesic,  we  have  the  tw’o  relations: 

(11.12)  z' =  Frr' Gr*e\ 

(11.13)  «  r'»  +  -I- z'*  =  1, 

when  the  arc  length  is  taken  as  the  parameter.  These  may  be 
solved  for  6'  and  z',  to  give: 

(11.14)  r0\r*CP  +  1)  =  -  FGr^r' 

-F  Vr*6»  -F  1  -  r'*(r*6*  +  1  +  r»F»). 

(11.15)  r'(r»G*  +  1)  =  Frr' 

-F  GrVr*6-*  +  1  -  r'*ir*G*  +  1  -F  r*F*). 
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When  we  seek  the  lines  of  shortest  lenf^th,  we  apply  the  con¬ 
ditions  (2.4)  to  the  Pfaffian  (11.11),  and  have: 

(11.16)  jc"  -I-  (xF  -  yG)L'  -  Ly\2G  rGr)  =  0. 
y"  +  {yF  +  xG)V  +  Lx\2G  +  rG,)  =  0, 

z”  -  L'  =  0. 

The  last  of  these  may  be  integrated  at  once,  into: 

(11.17)  s' -  L  =  r,. 

The  first  two  may  be  combined  so  as  to  give: 

(11.18)  xy"  -  yx”  +  r*CL'  +  Lrr\2G  +  rGr), 
which  has  as  its  integral : 

(11.19)  r*0' +  r*C;L  =  f,. 

On  eliminating  L  from  this  by  means  of  (11.17),  we  obtain: 
(11.2)  r»(Gs' +  O  =  O -h  fir*G. 

*  After  we  eliminate  B'  and  s'  from  this  equation  by  means  of 

*  (11.14)  and  (11.15),  there  results  a  relation  between  r  and  r' 
from  which  s  is  found  in  terms  of  r  by  a  quadrature.  We  then 
find  6  and  s  in  terms  of  i  or  r  by  further  quadratures. 

For  the  self  parallel  lines,  the  conditions  (8.14)  are: 

(11.21)  x" ->(-  M{xF  -  yG)  =  Q, 
y"  +  M{yF  +  xG)  =  0, 

s"  -  M  =  0. 

The  first  two  of  these  equations  may  be  replaced  by: 

(11.22)  •  ir'ey  +  Mr'G  =  Q, 

r"  -  rfl'»  +  MrF  =  0, 


which  may  be  combined  with  the  third  equation  to  give: 

(11.23)  z”rF  =  rB'^  -  r", 

B'^rF  =  r"G  -  rB^G  -  2FFB'. 
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We  now  differentiate  (11.12)  with  respect  to  s,  eliminating  2" 
and  8”  by  means  of  (11.23),  and  then  eliminating  8'  from  the 
result  by  means  of  (11.14).  The  result  is  a  relation  between  r, 
r'  and  r"  which  does  not  contain  s  explicitly,  and  hence  reduces 
the  determination  of  the  dependence  of  r  on  5  to  the  solution  of 
a  first  order  equation.  The  solution  is  again  completed  b>’ 
using  (11.14)  and  (11.15). 

We  notice  that  for  the  lines  of  shortest  length,  the  relation  of 
r  to  5  involved  three  constants,  namely  a  constant  of  integration 
in  addition  to  the  fi  and  r*  explicitly  introduced.  For  the  self 
parallels,  the  corresponding  relation  comes  from  a  second  order 
differential  equation  with  no  constants  explicitly  introduced,  and 
so  involves  two  constants. 

1 2.  Pfaffians  in  Riemannian  Spaces.  Instead  of  restricting  our¬ 
selves  to  the  case  of  a  single  Pfaffian  in  Euclidean  three  space, 
we  may  study  the  more  general  configuration  of  m  Pfaffians  in 
an  n-dimensional  Riemannian  space.*  Let  its  metric  be  given 
by: 

(12.1)  ds*  =  gijdx4xi,  i,j  =  1,  2,  •  •  •  n, 

where  we  use  the  summation  convention.**  The  equations  of 
the  m  embedded  Pfaffians  may  be  written: 

(12.11)  Aaidxi  =  0,  a  =  1,.2,  •••  m. 

The  geodesics  in  the  Riemannian  space  are  defined  by 

(12.12)  .  hfds  =  0, 
which  is  equivalent  to: 

(12.13)  { giix{'  -f  \jk,  I  ixi  =  0. 

Here  primes  denote  5-dififerentiation. 

For  the  self-parallel  curves,  we  minimize  the  integral  in  (12.12), 
subject  to  the  condition  that  the  variations  satisfy  the  m  relations 
(12.11).  As  before,  we  accomplish  this  by  introducing  m  mul- 

••Cf.  Ei*enhart,  L.  P.,  Riemannian  Geometry,  Princeton,  1926,  pp.  1-17  for 
the  notation  uaed  in  this  paragraph. 
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tipliers,  M*,  to  combine  (12.11)  and  (12.13)  into  a  single  equa¬ 
tion.  in  which  the  deltas  may  then  be  taken  arbitrarily.  Thus 
the  equations  of  the  self  parallel  lines  are  found  to  Ije: 

(12.14)  giiXi'  -I-  [Jk,  4-  A/M.i  =  0, 

which  must  be  taken  in  conjunction  with 

.(12.15)  /l.ix/  =  0. 

and 

(12.16)  RaXi'xf  =  1. 

•  The  set  of  equations  (12.14)  is  equivalent  to  the  set: 

(12.17)  ■*■{/*} 

For  the  lines  of  shortest  length,  we  must  minimize  the  integral 
in  (12.12),  so  restricting  the  variations  that  the  varied  curves 
lie  in  the  Ffafhan  system  (12.11).  This  is  accomplished  by 
introducing  variable  multipliers  L*.  and  then  minimizing: 

'  (12.18)  f(ds->rL'Aaidx,). 

This  leads  to  the  system  of  equations: 

(12.19)  -f  [Jk,  i>/'x*'  -f  {L‘Aa,)'  -  L'dA.j  dXi  x/  =  0, 

which,  again,  must  be  taken  in  conjunction  with  equations  (12.15) 
and  (12.16).  VVe  may  also  derive  the  alternative  set  to  (12.19): 

(12.2)  Xj"  -I-  I  xfxk  +  g‘*[(LM«»)'  -  L‘dA,i'dXk  x/']. 

The  last  two  equations  written  as  the  conditions  for  the  lines  of 
shortest  length  may  be  expanded,  and  in  fact  simplify  somewhat 
when  written  more  explicitly.  They  liecome: 

(12.21)  giix”  +  [Jk,  t]x/x*'  -f  L*'Aai 

+  L*Xk(,Aai,  t  —  >lo*.  i)  =  b, 
13 
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and 

(12.22)  + 

+  *->!.*.*)-  0. 

respectively.  The  terms  here  written  as  covariant  or  contra- 
variant  derivatives  must  be  formed  with  respect  to  the  indices 
i  and  k  only,  since  the  index  a  is  not  of  tensor  character,  but 
merely  serves  to  distinguish  the  different  Ffafhan  conditions. 
In  (12.21)  the  covariant  derivatives  may  be  put  in  place  of  the 
corresponding  partial  derivatives,  since  we  are  dealing  with  a 
curl  for  which  the  added  terms  cancel  out. 

A  comparison  of  (12.13)  with  (12.14)  and  (12.19)  or  (12.21) 
shows  that,  if  any  geodesic  of  the  n-space  lies  in  the  Pfafhan 
configuration,  it  will  satisfy  the  equations  for  both  other  types 
of  gerxlesics,  self  parallels  and  lines  of  shortest  length,  with  zero 
multipliers  in  each  case,  .!/•  and  L*  respectively.  In  general, 
there  will  be  no  such  curves. 

If  all  the  Pfafhan  relations  of  the  set  (12.11)  are  integrable,  at  a 
point,  the  curl  of  their  coefficients  will  vanish: 

(12.23)  A,i,  k  —  A,k,  <  *  0,  0  »  1,  2,  •  •  •  w. 
and  the  solutions  of  (12.14)  and  (12.21)  coincide,  with 

(12.24) 

There  may  be  intermediate  cases  in  which  the  curves  of  the  two 
types  agree  because  some  of  the  relations  are  integrable,  while 
the  non-in te^rable  ones  are  compensated  for  by  special  properties 
of  the  Riemannian  space  and  the  curves  considered.  Or,  we  may 
merely  have  integrable  linear  combinations,  since  the  problem 
we  are  considering  is  clearly  unchanged  when  the  Pfaffians  are 
■replaced  by  any  independent  linear  combinations,  except  for 
simple  transformations  of  the  multipliers. 
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Part  I.  Introduction 

1.  Statement  of  the  Problem 

In  the  well  known  methods  of  analysing  the  performance  of 
linear  passive  electrical  networks  with  lumped  network  elements 
it  is  usual  to  derive  from  the  given  structure  of  the  network  a 
scalar  function  Z(X)  known  as  the  impedance  function  of  the 
network;  this  function  determines  completely  the  performance 

*  Containing  the  principal  results  of  a  research  submitted  for  a  doctor's 
degree  in  the  Department  of  Electrical  Engineering,  Massachusetts  Institute 
of  Technology.  The  author  is  indebted  to  Dr.  W.  Cauer  who  suggested  this 
research. 
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of  the  network  as  far  as  current  and  v'oltage  at  one  pair  of  ter¬ 
minals  is  concerned. 

The  converse  problem  is  assuming  increasing  importance  in 
electrical  engineering  practice,  namely:  Coven  the  behavior  of 
the  network  at  its  terminals,  to  find  the  structure  of  the  network. 
The  solution  of  this  problem  is  not  unique;  for  the  present  we 
shall  concern  ourselves  mainly  with  finding  at  least  one  solution. 

The  l)ehav'ior  of  a  network  at  a  pair  of  terminals  may  l)e 
pre8cril)ed  in  several  different  ways;  we  shall  assume  that  it  is 
pre8cril)ed  by  specifying  a  function  Z(X)  to  be  the  impedance 
function  of  the  network,  all  other  methcxls  being  reducible  to 
this  one. 

It  is  evident  that  certain  restrictions  are  imposed  on  the  possible 
forms  of  Z(X)  by  the  physical  conditions  inherent  in  a  passive 
network  with  lum^ied  linear  elements.  A  concise  statement  of 
the  necessary  and  sufficient  conditions  is  an  essential  part  of  the 
solution  of  the  problem. 

The  problem  may  therefore  l)e  stated  as  follows: — 

To  find  the  necessary  and  sufficient  conditions  to  be  satisfied  by  * 
the  impedance  function  of  a  finite  passive  network,  and  to  construct  » 
a  network  corresponding  to  any  function  satisfying  these  conditions. 

2.  Contributions  of  previous  Investigators 

The  first  important  contribution  to  the  theory  of  synthesis  of 
two-terminal  networks  was  probably  made  by  R.  M.  Foster 
when,  in  his  “Reactance  Theorem”  (1)  he  gave  the  necessary 
and  sufficient  conditions  which  must  be  satisfied  by  the  im¬ 
pedance  function  of  a  purely  reactive  network.  They  are: 

The  poles  and  zeros  of  Z(X)  are  pure  imaginary  and  mutually 
separate  each  other  {this  includes  the  necessity  for  a  pole  or  zero  at 
the  origin  and  at  infinity), 

Foster  gives  two  methods  of  constructing  a  network  when 
the  prescril)ed  impedance  function  satisfies  these  conditions. 
These  methods  correspond  to  a  development  of  Z(X)  or  its 
reciprocal  in  partial  fractions;  the  networks  so  obtained  are 
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shown  in  h'ig.  1  (a)  and  (b).  Cauer  (3)  has  amplified  these 
results  by  pointing  out  a  continued  fraction  development  corre¬ 
sponding  to  the  equivalent  networks  shown  in  Fig.  1  (c)  and  (d). 

Cauer  (3)  has  also  adapted  the  results  for  purely  reactive 
networks  to  all  networks  containing  only  two  kinds  of  elements, 
i.e.  such  networks  as  contain  only  resistance  and  capacitance  or 
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(t>) 

-  "  “  “  .11. 
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Fig.  1 


only  resistance  and  inductance.  For  such  networks  the  pre¬ 
scribed  Z(X)  must  have  all  its  poles  and  zeros  on  the  nefSfitive  real 
axis  and  the  poles  and  zeros  must  mutually  separate  each  other. 
Corresponding  networks  may  be  constructed  similar  to  those  in 
Fig.  1  but  having  either  coils  or  condensers  (as  the  case  may  be) 
replaced  by  resistances. 

The  particular  case  of  our  problem  in  which  only  two  kinds  of 
elements  occur  has  thus  been  completely  solved. 

Both  Foster  (2)  and  Cauer  (3)  have  studied  the  case  when 
Z(X)  is  capable  of  representation  by  a  two-mesh  network  having 
three  kinds  of  elements.  Such  a  function  must  have  the  form 

Op  -}-  OiX  -|-  UiX*  4-  fliX*  fl4X^ 

”  bi\  +  6,X*  +  6,X* 

where  the  values  of  the  coefficients  in  the  numerator  and  de¬ 
nominator  are  restricted  by  certain  inet]ualities  (some  of  the 
coefficients  may  of  course  be  zero). 
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The  network  shown  in  Fig.  2  however  has  an  impedance 
function  of  the  same  form  as  a  two-mesh  network  but  with  coef¬ 
ficients  which  do  not  satisfy  the  inequalities  necessary  for  the 
impedance  function  of  a  two-mesh  network.  Consequently  the 

O  . 

Fig.  2 

conditions  discussed  by  Foster  and  Cauer  are  sufficient  but  not 
necessary  in  the  general  problem. 

T.  C.  h'ry  (4)  has  discussed  in  some  detail  the  possibility  of 
using  the  Stieitjes’  continued  fraction  as  a  means  of  developing 
the  impedance  function  in  a  form  usable  for  the  construction  of 
a  corresponding  network.  He  is  guided  in  this  by  the  fact  that 
a  continued  fraction  development  of  the  function  is  the  counter¬ 
part  of  a  ladder  structure  in  the  network.  The  conditions  for 
the  applicability  of  a  Stieitjes  continued  fraction  expansion  of  a 
function  are  sufficient  for  the  function  to  be  an  impedance 
function  of  an  electric  network.*  Fry  also  succeeds  in  extending 
the  method  to  functions  which  do  not  immediately  satisfy  these 
conditions  by  means  of  several  ingenious  transformations.  The 
method  is  not  general  however,  and  since  it  leads  to  infinite 
networks  in  many  cases,  does  not  seem  to  be  the  natural  method 
of  attack. 

In  all  the  alx)ve  cases  the  conditions  imptosed  on  Z(X)  are  suf¬ 
ficient  for  the  construction  of  a  network  but  not  necessary  from 
the  general  point  of  view. 

3.  Necessary  Conditions  to  be  Satisfied  by  the  Impedance  Function 
of  a  Finite  Network 

Since  the  impedance  function  of  every  finite  network  is  a 
rational  function,  it  is  clear  that  we  must  be  able  to  write  every 

*See  also  Cauer,  loc.  cit.  (3). 
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prescribed  impedance  function  in  the  form 


/(X)  *  Oo  -|-  fliX  -1-  cjX*  -+••••  a,X",  (la) 

f(X)  —  6o  +  ftiX  +  6jX*  -f  •  •  •  6mX".  (15) 

Now  if  the  network  be  disturbed  it  is  a  well  known  fact  that 
the  transient  current  is  given  by 

-  L  (2) 

where  a*  are  the  roots  of  /(X);  and  since  transient  currents 
cannot  increase  without  limit  in  a  passive  network,  we  must  have  * 

Re  o*  ^  0.  (2a) 

In  the  above  the  terminals  of  the  network  were  regarded  as 
closed,  i.e.  the  transient  currents  are  such  as  to  cause  no  voltage 
drop  across  the  terminals.  Similar  considerations  for  open 
terminals  give  the  condition 

Re  /3*  0,  (25) 

where  0it  are  the  roots  of  g(X)  *  0. 

A  further  necessary  condition  is  obtained  by  considering  a 
steady  alternating  voltage  E  *  Em  cos  ut  applied.  We  may 
then  write 

£  -  Re  e*-'. 


I.  ~  EmRt 


cos  (w/  —  (fi)  where  <p  “  arg  Z(»w). 


From  the  fact  that  the  average  power  taken  by  the  network 
cannot  be  negative,  it  follows  that  j^|  ^  ir/2  or 

Re  Z{iw)  S  0.  •  (3) 

*  The  notation  Re  means  “real  part  of”  throughout. 


es 
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We  may  also  consider  an  applied  voltage 

£  »■  f''  cos  o)t 
-  Re 


The  “steady  state”  current  may  l)e  calculated  as  before  as 


I,  »  Ke 


Z(7  +  to,) 


\Z{y  +  tw)  j 


cos  (w/  +  where  ip  *  arg  Z{y  +  iw). 


If  7  is  positive  the  transient  currents  can,  after  a  sufficiently  long 
time,  be  neglected  (even  if  the  network  is  purely  reactive). 
If  on  the  other  hand  7  is  negative,  the  transient  term  may  Iiecome 
more  important  than  the  steady  state  term,  and  no  conclusions 
concerning  the  energy  taken  by  the  network  can  be  drawn  by 
considering  the  “steady  state”  current  alone;  in  fact  the  applica¬ 
tion  of  the  term  “steady  state”  is  misleading  in  this  case. 
Assuming  7  to  be  positive,  however,  let  us  determine  the  energy 
ir  taken  by  the  network  after  the  transient  current  has  become 
negligible,  and  consider  /  »  0  at  the  l)eginning  of  this  time,  the 
voltage  then  l)eing  unity.  Thus 


£  —  t'*  cos  w/; 


1 


|Z(7  +  t«)| 


«'*’*  cos  (ti>/  —  If). 


Integrating  the  product  El  over  a  time  r 

1  r 

H’  **  tt: — , — I  «*"''  cos  w/  cos  (w/  —  i())dt 
|Z(7  +» iw)  I  Jo 

cos  (2wr  —  if)  —  x) 


1 


417+  tw  i  •  I  Z(7  +  iw)  j 

-  cos  (^  +  x)  +  (€*■''  -  1) 

where  x  “  arg  (7  +  t«). 
It  is  evident  that  as  t  increases  the  value  of  W  will  depend 
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entirely  on  the  terms  having  as  a  factor.  Consequently  if 

W  is  never  to  be  negative  we  must  have - -  ^  1  (the  equality 

cos  X 

sign  holding  only  for  the  non-dissipative  case).  This  apparently 
requires  besides 

Re  Z(X)  ^  0  where  Re  X  ^  0;  (4<i) 

also 

|argZ(X)I  |argX|  when  |argX|  (46) 

We  have  enumerated  a  number  of  necessary  conditions,  but 
it  is  evident  that  they  are  not  all  independent.  It  will  next  lie 
shown  that  all  other  conditions  are  consequences  of  either  (4ii) 
or  (46).  Several  other  important  properties  of  functions  satis¬ 
fying  these  conditions  will  also  be  noted;  these  will  be  of  value 
in  finding  a  network  corresponding  to  a  given  impedance  function. 

Part  ii — Properties  of  "  Positive  Real  "  Functions 

1.  Definitions.  For  the  sake  of  brevity  we  define  the  following 
terms: 

A  “  positive  function  ”  Z(X)  is  a  function  whose  real  part  is 
positive  when  the  real  part  of  X  is  positive,  i.e.  a  function  which 
satisfies  condition  (4a).  If  in  addition  Z(X)  is  real  when  X  is 
real,  it  will  be  called  a  "  positive  real  ”  function.  The  quotation 
marks  will  be  retained  as  a  reminder  of  the  special  sense  in  which 
these  terms  are  being  used. 

In  general  the  notation  Z(X)  will  imply  that  the  function  falls 
under  the  above  definition.  If  a  function  does  not  or  is  not 
known  to  satisfy  these  conditions,  an  asterisk  will  I)e  added  or 
another  notation  employed. 

If  a  function  is  the  impedance  function  of  a  physical  network, 
it  will  be  said  to  have  a  network  representation.  The  process  of 
finding  such  a  network  w'ill  be  called  finding  a  network  represen¬ 
tation  of  the  function. 

The  pr(K)f  that  every  "  positive  real  ”  function  has  a  netw'ork 
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represientation  is  reserved  for  treatment  in  Part  III  of  this  pafier. 
In  the  meantime  we  shall  frequently  anticipate  this  fact  in  inter¬ 
preting  mathematical  properties  of  “  positive  real  ”  functions. 

The  discussions  which  follow  depend  for  the  most  part  on  well 
known  properties  of  functions  of  a  complex  variable.  F"or  more 
ready  reference  however  they  are  stated  in  the  form  of  theorems. 

2.  Theorems  on  “  Positive  Real  ”  Functions 

The  idea  of  a  "  positive  ’’  function  can  be  interpreted  very’ 
conveniently  in  terms  of  the  transformation  of  one  complex 
plane  into  another.  By  the  equation  Z  *  Z(\)  every  point  in 
the  X  plane  determines  uniquely  a  p<)int  in  the  Z  plane.  The 
property  of  “  positiveness  ”  as  defined  by  (4a)  means  that  if  X 
is  chosen  in  the  right  half  plane,  Z  will  fall  in  the  right  half  plane, 
but  not  necessarily  conversely.  Consequently  if  Z(X)  is  a 
"  positive  ”  function,  the  transformation  Z  «  Z(X)  will  trans¬ 
form  the  right  half  of  the  X  plane  into  a  part  of  the  right  half  of 
the  Z  plane  (except  in  special  cases  where  the  right  half  X  plane 
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We  thus  have 

Theorem  I.  If 

and 


Z  -  Z(X) 
W  -  1T(X), 


Z  and  W  both  being  "  positive  functions."  then 
WIZ(X)] 


will  be  a  “  positive  ”  function  of  X. 

This  theorem  can  obviously  be  applied  in  two  ways  illustrated 
by  the  two  corollaries: 

Thkor.  I,  Coroll.  1.  If  Z(X)  is  a  "positive”  function, 


Y{\) 


ZW 


will  be  a  "  positive  "function. 


Theor.  I,  Coroll.  2.  If  Z(X)  is  a  "  positive  ”  function, 
Zi(X)  -  Z  will  be  a  "  positive  ”  function. 


The  physical  interpretation  of  Corollary  1  is:  to  every  network 
corresponds  a  “  reciprocal  ”•  network  whose  admittance  charac¬ 
teristic  is  the  impedance  characteristic  of  the  first  network. 

On  the  other  hand  Coroll.  2  means  that  to  every  network 
corresponds  another  whose  impedance  characteristic  is  that  of  the 
first  network  but  with  the  reciprocal  frequency  scale  (e.g.  fre¬ 
quency  is  replaced  by  wave-length). 

Taken  more  generally  Theorem  I  states  that  if  in  Z(X),  the 
impedance  function  of  a  given  network  N,  \  be  replaced  by  the 
impedance  function  z(X)  of  another  network  n,  the  impedance 
function  of  a  third  network  N'  will  result.  In  certain  cases  N' 
can  be  derived  from  N  by  replacing  inductances  by  networks 
proportional  to  n,  and  capacities  by  networks  proportional  to 
the  network  (1/n),  reciprocal  to  n.  If  the  conception  of  an 
ideal  transformer  be  admitted  a  representation  of  mutual  ele¬ 
ments  in  terms  of  n  is  also  piossible  and  N'  can  be  constructed 
directly  and  completely  from  N  by  such  substitions. 
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We  next  come  to  a  discussion  of  the  poles  and  zeroes  of  a 
"  positive  *’  function.  We  note  first  of  ail  the 
Lemma  1 :  A  zero  of  multiplicity  n  is  surrounded  by  2n  sectors 
of  equal  angles  (Fig.  4)  in  which  the  real  part  of  the  function  is 


Fig.  4 


alternately  positive  and  negative.  For  at  such  a  point  X  *  c 
the  Taylor's  series  for  the  function  Ijecomes 

^  Id"  Z(\)  ^  ^  ,  ,  ,  .  ,  . 

“  1  - 7"  (X  —  <■)"  +  term  of  higher  degree 

fax*  nl  xmc 

In  the  immediate  neighbourhood  of  the  point  X  *  c  the  first 
term  predominates.  Placing 

d"  Z(X) 

(X  —  f)  »  pc**  and  jr - —  (k,  ^real  constants) 

•  aX"  n!  j  x.t 

we  have 

Z(x)  -  Zip,  e)  » 

Re  Z(X)  kp*  cos  inB  -|-  v>),  (5) 

I 

whence  the  truth  of  the  lemma  is  evident. 

A  zero  within  the  right  half  plane  would  therefore  obviously 
violate  the  condition  of  "  positiveness.”  Moreover  on  the  boun¬ 
dary  of  this  region  (i.e.  on  the  imaginary  axis)  only  two  sectors 
are  possible;  the  real  part  of  the  function  must  be  positiv'e  on  the 
one  side  of  the  boundary,  negative  on  the  other.  This  means  that 
zeros  on  the  imaginary  axis  must  be  simple,  and  that  tp  in  equa¬ 
tion  (5)  must  be  zero,  i.e.  idZ,  d\)x^t,  *  a  real  positive  constant. 
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{'orrespondinR  conditions  for  the  poles  are  immediately  evident 
from  Theorem  1,  Coroll.  1.  For  a  pole,  however,  the  condition 

a  real  positive  constant,  can  be  expressed  more 

X-l« 

simply  by  saying  that  the  residue  of  the  function  at  X  *  ia 
must  be  real  and  positive.  All  these  facts  are  summarized  in 

Theorem  II.  If  Z(X)  is  a  ‘‘  positive  function  ”  then 

(i)  its  zeros  and  poles  must  lie  in  the  left  half  X  plane  or  on 
the  boundary; 

(ii)  zeros  and  poles  on  the  imaginary  X  axis  must  be  simple; 

(iii)  at  a  zero  on  th‘e  imaginary  X  axis  dZ  d\  is  a  real  positiv’e 
constant  while  at  a  pole  on  the  lx)undary  the  residue  is  a 
real  positive  constant. 

Of  especial  interest  are  the  zeros  and  poles  at  X  >■  0  and 
X  *  «.  These  points  lie  on  the  Ixjundary;  consequently  at 
them  only  simple  poles  and  zeros  can  exist. 

If  X  »  0  is  a  simple  zero  or  a  pole.  X  will  be  a  factor  in  the 
numerator  or  denominator  respectively.  If  X  »  x  is  a  simple 
pole  or  zero,  the  degree  of  the  numerator  or  denominator  will  be 
greater  by  one  than  the  degree  of  the  denominator  or  numerator 
respectively.  This  consequence  of  Theorem  II  (ii)  can  therefore 
be  summarized  as 

Theorem  II,Coroi.l.  1.  The  degree  in  X  or  in  l/Xof  numer¬ 
ator  and  denominator  of  Z(X)  cannot  differ  by  more  than  1. 
We  interjxxse  here  a  well-known  theorem  in  function  thetiry, 
which  finds  special  application  in  the  theory  of  potentials.  This 
theorem  states  that  a  function  R{x,  y)  which  is  regular  within  a 
certain  region  attains  its  maximum  and  minimum  value  on  the 
boundary  of  that  region.  If  poles  occur  on  the  boundary  they 
may  Ije  e.xcluded  by  arbitrarily  small  semi-circles,  the  thet)rem 
then  holding  for  the  mfxlified  l)oundary.  In  the  case  of  *'  posi¬ 
tive  "  functions  the  value  of  the  real  part  becomes  arbitrarily 
large  on  such  semi-circles  if  the  radius  is  made  arbitrarily  small, 
but  remains  positive.  Hence  we  have 
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Theorem  III.  If  Z(X)  is  a  "  positive"  function  the  real  part 
of  Z(X)  in  the  right  half  plane  attains  its  minimum  value  on  the 
axis  of  imaginaries.  , 

Theorem  III,  Coroll.  1.  If  /?i  is  equal  to  or  less  than  the 
minimum  value  of  the  real  part  of  Ziiu)  then 

Z'(X)  -  Z(X)  -  Ri 
is  a  "  positive  "  function. 

We  shall  apply  this  theorem  immediately  to  the  separation  of 
poles  on  the  axis  of  imaginaries  from  the  function. 

Consider  first  a  pole  at  X  *  *.  The  numerator  is  of  degree 
one  higher  than  the  denominator,  i.e. 

.  On^-iX"'*'*  -|-  a«X*  ‘  t  OiX  gp 

”  6,X--1-  ...M  +  6o 


By  ordinary  division  of  numerator  into  denominator 


where 


Z{\) 


LX  + 


-I- 

6,X-  -f 


LX  Z'(X) 


o/X  Oo' 
bi\  bo  ’ 


L 


bn  * 


_  Note  that  the  real  part  of  LX  on  the  axis  of  imaginaries  is  zero, 
consequently  Re  Z'(t«)  »  ReZ(tw)  2:  0.  Since  Re  Z'(X)  is  reg¬ 
ular  in  the  right  half  plane  however  (i.e.  has  no  poles  there)  it  is 
everywhere  within  this  region  greater  than  the  minimum  value 
on  the  bounrjary:  i.e.  >  0.  hence  Z'(X)  is  a  "  positive  ”  func¬ 
tion. 

The  case  when  X  «  0  is  a  pole  follows  from  the  above  by  mak¬ 
ing  the  substitution  X'  *  1/X  everywhere.  Then 

7(\\  Qq  fliX  -f  atX*  -b  •  •  •  fl«X" 

“  b{k+bt\'+  •••  bj.’^ 

_  D  a/-|-aA-|-  ••• 

X  bi-\-  bo\  -}-•••  f>mX'"“‘ 
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—  ^  +  Z\\)t  where  D  • 

A 


and  Z'(X)  is  a  "  positive  real  ”  function. 

If  Z(X)  has  a  pole  on  the  boundary  at  X  ■>  ia  (say)  the  con¬ 
dition  of  reality  on  the  real  axis  necessitates  the  presence  of  the 
conjugate  pole.  These  poles  can  always  be  removed  in  the 
following  wav.  which  is  merely  an  application  of  partial  fractions. 
Let 

^  1!(X)  (X»+<r*)g,(X) 

Then 


Z(X) 


k 


X  -}-  iff 


+ 


k  /.(X) 
X  -  i(r“^g,(X) 


{k  being  the  real  positive  residue  of  Z(X)  at  X  «=  ±  iff) 


Z(X) 


2k\ 

X*-|-  <r* 


+  Z'(X). 


(6) 


The  important  difference  between  e<]uation  (6)  and  the  ordinary 
partial  fraction  development  is  that  the  numerator  of  the  first 
partial  fraction  would  ordinarily  have  been  2{k\-\-hff)',  here 
however  because  the  residue  at  X  iff  is  real,  A  =  0.  This  fact 
enables  us  to  conclude  that  the  real  part  of  the  first  partial 
fraction  in  equation  (18)  is  zero  on  the  axis  of  imaginaries  whence 
it  follows  as  before  that  Z'(X)  is  a  "  positive  ”  function.  Sum¬ 
ming  up  we  have 

Theorem  IV.  If  Z(X)  is  a  “  positive  real  ”  function  which 
has  poles  (residue  —  k,/2)  at  X  —  iffo,  iVi,  •  •  •  *<r„  w .  Then 

Z(X)  -  LX  +  L  +  Z'(X).  (7) 

raO  ^  T  W  r 


where  each  term  is  a  "  positive  real  ”  function  and 
Re  Z'iiw)  -  Re  Z(*a.). 

Theorem  IV,  Coroll.  1.  If  Z(X)  is  a  "  positive  real "  func- 
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tion  which  has  zeros  at  X 


1  *  k  \ 

— —  -  cx  -f  r  — — 


*  then 


r*  z\\)  ’ 


where  each  term  is  a  “  positive  real  ”  function  and 


Theorem  IV'.  Coroll.  2.  If  Z(X)  is  a  “  positive  real  ”  func¬ 
tion  all  of  whose  poles  lie  on  the  ima{;inary  axis  then  Z'(X)  in 
(7)  is  a  real  positive  constant.  A  similar  statement  holds 
when  all  the  zeros  lie  on  the  axis  of  imaftinaries  by  applying 
('orollary  1. 

Corresponding  to  Theorem  III  above  is  the  well-known  fact 
that  a  function  Rix,  y)  which  is  regular  w'ithin  a  certain  region 
is  completely  specified  within  that  region  by  the  values  which 
it  takes  on  the  boundary.  There  is  obviously  a  connection 
l)etween  this  fact  and  the  pf)ssibility  of  stating  the  necessary  and 
sufficient  conditions  in  terms  of  conditions  on  the  boundary. 

We  note  first  of  all  that  the  condition  of  regularity  in  the  right- 
half  plane  excludes  the  possibility  of  poles  within  this  region, 
i.e.  is  synonymous  with  equation  (26).  We  have  seen  further 
that  pr)les  on  the  imaginary  axis  are  independent  of  the  real  part 
of  Z(iw)  (Theorem  l\').  C'onsequently  the  condition  to  be  satis¬ 
fied  by  poles  on  the  Inmndary  must  be  stated  separately.  If  in 
addition  to  this  we  state  that  the  real  part  of  Z(tu>)  is  positive, 
all  conditions  for  a  “  pi)sitive  ”  function  are  fulfilled.  We  thus 
have  ' 

Theorem  V.  If  Z(X)  is  a  function  such  that 

(i)  No  poles  lie  in  the  right  half  plane. 

(ii)  Poles  on  the  boundary  are  simple  and  have  positive 
real  residues. 

(iii)  Re  Z(i«)  s  0. 

then  Z(X)  is  a  “  positiv’e  ”  function.  In  particular  the  zeros 
X  *  a,  will  satisfy  the  condition  (2a). 
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By  Theorem  I,  Coroll.  1  we  have  also 
Theorem  \\  Coroll.  1.  If  Z{\)  satisfies  the  conditions 

(i)  No  zeros  lie  within  the  right  half  plane. 

(ii)  Zeros  on  the  lK)undary  are  simple  and  at  them 
dZld\  *  a  positive  real  constant. 

(iii)  Re  Z{iw)  ^  0. 

then  Z(X)  is  a  "  positive  "  function.  In  particular  the  poles 

X  B  /3r  will  satisfy  the  condition  (25). 

It  is  always  possible  to  reduce  a  given  function  to  one  in  which 
the  second  restriction  in  Theor.  \  is  not  necessary  by  the  pro¬ 
cedure  of  Theor.  IV. 

So  far  we  have  dealt  entirely  in  rectangular  coordinates  in  the 
X  and  Z  planes.  Kquation  (46)  however  involves  an  inequality 
lietween  X  and  Z(X)  in  polar  coordinates.  This  is  es.sentially  a 
question  of  conformality,  and  like  most  questions  of  this  nature 
can  l>e  made  to  depend  on  a  fundamental  lemma  of  Schw’arz.* 
For  our  purix>ses  the  following  generalization  of  this  lemma  is 
convenient. 

Theorem  Di  e  to  Pick  (15):  If  the  function  IF  of  y  has  no 
essential  singularities  for  values  of  y  within  the  circle  K^,  and 
takes  on  values  which  lie  only  in  the  interior  of  another  circle 
Kw.  then  all  non-euclidean  distances,  elements  of  arcs  and  arcs 
are  shortened  in  the  conformal  mapping  by  IF(y).  If  one  such 
measure  remains  unchanged,  all  remain  unchanged  and  IF  is  a 
linear  function  of  y. 

.  In  this  theorem  a  non-euclidean  distance  between  two  points 
yi,  y*  is  defined  by  the  logarithm  of  a  cross-ratio  in  the  usual 
manner  of  projective  measurement  as  follows: — Through  the 
pr)ints  yi,  y*  construct  a  circle  orthr)gonal  to  the  circle  and  cut¬ 
ting  it  in  the  points  h  and  k;  the  non-euclidean  distance  is  then 


7t) 


yt  —  k 
y,  -  A 


(8) 


This  theorem  of  Pick  also  holds  for  the  limiting  case  when  the 
'interior  of  the  circle  Ky  or  Kw  becomes  a  half-plane. 

*H.  A.  Schwarz  1869.  See  alio  Bibliogr  (13)  and  (14)  Vol.  II,  p.  114. 

14 
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Now  W  will  be  a  "  positive  ”  function  of  y  if  Ky  and  Kw 
liecome  the  right  half  of  the  y  and  \V  planes  respectively.  The 
further  restriction  that  W  be  real  for  real  values  of  y  makes  the 
correspondence  lietween  W  and  y  on  the  one  hand  and  a  "  posi¬ 
tive  real  ”  function  Z(X)  and  X  on  the  other  hand  complete. 


All  that  remains  is  to  interpret  the  non-euclidean  distances. 
We  shall  do  this  only  for  the  more  interesting  cases: — 

(i)  Two  conjugate  points  X,  X  will  transform  into  two  other 
conjugate  points  Z,  Z  because  of  the  condition  of  “  reality.” 
In  Fig.  5  let  Pi(X),  Pj(X)  l>e  a  pair  of  conjugate  points  and  let 

X  ■=  i»  +  la,  I X I  *  p. 

The  circle  through  X,  X  orthogonal  to  the  boundary  of  the  right 
half  plane  will  cut  this  Iwundary  in  the  points  ^i(0  +  ip)  and 
C>*(0  -  ip) 

.  (y+tff-  p)  (v  -  ta  -  p) 

(P(X,  X)  »  log  ■  ■-==?  •  - - .  - 

(y  +  la  -f  p)  (v  —  ta  p) 

,  -Kff  -  p)» 


Ra 
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As  (P(X,  X);  decreases  towards  zero  (in  absolute  magnitude  since 
sign  does  not  enter  into  the  idea  of  distance)  the  ratio  P\Q\,  P\Qi 
must  approach  unity.  A  ratio  of  lengths  will  involve  only  angles 
and  in  Fig.  5  an  approach  of  the  ratio  P\Q\  P}Qt  to  unity  is 
readily  seen  to  mean  a  decrease  in  the  angle  PiOPt  towards 
zero,  i.e.  ’arg  decreases. 

(ii)  Consider  two  points  XiXj  on  the  real  axis.  The  orthogonal 
circle  in  this  case  is  the  real  axis  itself.  The  non-euclidean 
distance,  obtained  by  considering  a  limit,  liecomes 

<P(Xi,  X,)  =  log^  •  (10) 

From  this  we  see  that  if  for  one  value  of  Xo  on  the  positive  real 
axis  we  have  Xj  *  Z(Xi)  =  Zi,  this  will  be  the  only  pioint  for 
which  such  a  relation  holds  unless  X  »  Z(X).  For  if  there  be 
another  point  where  X*  =  Z(Xi)  *  Zj  we  shall  have 

(P(Xi.  Xi)  =  log^  *  logf^  =  (P(Z|Z»), 

Aj  iCj 

which  by  the  theorem  of  Pick  is  possible  only  if  this  is  true  for 
all  values  of  X.  The  same  is  obviously  true  if  we  substitute 
LX  for  X  (L  being  a  real  (X)sitive  constant). 

Hence  we  have 

Theorem  VT.  (i)  if  Z(X)  is  a  "  positive  real  ”  function 
|arg  Z(X)|  ^  |arg  X|  for  all  values  of  X  satisfying  0<  |arg  X| 
—  jr/2.  The  equality  signs  can  only  hold  simultaneously,  un¬ 
less  they  hold  identically. 

(ii)  On  the  positive  real  axis  (where  arg  X  =  0)  the  equation 
LX  “  Z(X)  cannot  be  satisfied  at  more  than  one  internal  point. 
(L  a  real  positive  constant.) 

Theore.m  VI,  Coroll.  1.  The  function(  Z(X)  —  LX),  (which 
is  not  necessarily  a  positive  function)  cannot  have  more  than 
one  zero  within  the  right-half  plane. 

Theorem  VI  may  be  interpreted  in  the  light  of  the  physical 
interpretation  given  to  Theorem  I.  Thus  if  X  ber  epiaced  by  a 
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"  real  positive  ”  function  of  X  the  resulting  network  will  have  a 
power  factor  closer  to  unity  than  the  original  network,  for  cor¬ 
responding  frequencies. 

The  converse  of  Theorem  VI  is  at  once  evident  for  if 
|arg  X|  ^  r/2,  X  lies  in  the  right-half  plane  and  |arg  Z(X)| 
being  —  |arg  X|.  Z(X)  will  likewise  lie  in  the  right-half  plane. 
Furthermore  when  arg  X  =“  0.  arg  Z(X)  *  0,  i.e.  Z  is  a  “  real  ” 
function.  Hence  we  have 

Theorem  V'll.  If  |arg  Z(X)|  —  |arg  X|  when  |argX|— t/2, 

Z(X)  will  be  a  “  positive  real  ”  function. 

It  is  now  apparent  that  if  Z(X)  is  a  "  positive  real  ”  function 
it  will  satisfy  ail  the  necessary  conditions  mentioned  in  Part  I, 
section  3;  for  conditions  2(a)  and  2(b)  follow  from  Theorem  11; 
condition  (3)  is  merely  (4a)  when  Re  X  —  0;  and  condition  (4b) 
is  fulfilled  by  Theorem  VI. 

Theorem  V’  gives  two  sets  of  conditions  equivalent  to  (4a) 
which  are  easier  to  handle  numerically  and  more  readily  inter¬ 
preted  electrically. 

From  Theorem  \'1I  we  see  that  (46)  is  an  alternative  way  of 
defining  a  "  pK)sitive  real  ”  function. 

W’e  next  proceed  to  show  that  a  "  positive  real  ”  function  not 
only  satisfies  all  the  necessary  conditions  immediately  derivable 
from  physical  considerations,  but  that  these  conditions  are  also 
sufficient  in  order  that  a  network  representation  of  the  function 
may  l:)e  found.  F"or  this  purpose  the  above  theorems  will  prove 
particularly  useful. 

Part  II K  Synthesis  of  Networks  wtth  Prescribed 
Impedance  F'unction 

1.  Functions  with  not  more  than  Two  Poles  (or  Zeros)  in  the 
Interior  of  the  Left  Half  Plane 

With  the  more  detailed  formulation  of  the  properties  of 
“  positive  real  ”  functions  given  in  Part  II  we  proceed  to  con¬ 
sider  some  of  the  simpler  cases  of  such  functions  and  their  net- 
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work  representations.  These  have  been  treated  in  piart  by 
Foster,  Cauer  and  Fry,  but  the  greater  power  of  the  methods 
now  at  our  disposal  will  be  abundantly  clear  even  for  these  cases. 

For  convenience  in  calculation  we  use  the  conditions  for  a 
"  positive  real  ”  function  as  stated  in  Theorem  W’e  may 
restrict  ourselves  to  functions  which  have  no  poles  or  zeros  on 
the  axis  of  imaginaries  for  if  such  poles  or  zeros  are  present 
they  may  be  removed  in  the  manner  demonstrated  in  Theorem 
IN':  they  correspond  to  pure  reactance  elements  in  series  or  parallel 
with  each  other  and  with  the  remaining  network. 


(a)  Functions  with  One  Pole  {or  Zero) 
Consider  the  function  * 


Z{\) 


Oo  +  fliX 
bo  "F  bi\ 


Re  Z(iw) 


Oobo  “F 

6o*  +  W 


(11) 

(12) 


We  may  arbitrarily  assume  Oo  positive  without  imposing  any 
restrictions  on  Z(X).  For  Re-Z(f«)  ^  0  we  must  have  6o  —  0  and 
a,bi  ^  0.  The  condition  for  the  pole  requires  bt  ^  0  hence  also 
oi  s  0. 


Let  us  now  plot  Re  Z(iu>)  as  a  function  of  u*  (negative  values 
of  w*  are  included  in  the  figure  for  the  sake  of  completeness 
although  they  do  not  enter  into  the  present  discussion).  The 
curve  is  a  hyperbola  which  takes  one  of  two  forms  depending  on 

whether  ^  <  or  >  ^  (see  Fig.  6).  In  the  case  ^  ^ 

Oo  b\  fto  fti 

(Fig.  6a)  the  smallest  value  of  Re  Z(iu)  in  the  right  half  plane 

occurs  at  the  origin.  This  value  may  be  subtracted  from  Z(X) 

and  still  leave  a  "  positive  ”  function  (Theorem  III,  Coroll.  1). 

Then 


Z(X) 


do  I  {d\bo  —  f>iao)X 

bo*  -F  6o*iX 
Rx  +  Z'(X). 


(13) 


'  This  function  waa  diicussed  by  Fry,  Bibliogr  (4). 
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Z'(X)  may  l)e  immediately  recognized  as  the  impedance  function 
<»f  a  network,  or  we  may  proceed  by  noting  that  it  has  a  zero  at 
the  origin.  Hence  applying  Theorem  IV 


Z^(X)  (fiibo  —  biOo)\  (dibo  “  biOo) 
The  corresponding  network  is  shown  in  Fig.  7  (a). 

An  exactly  similar  procedure  is  possible  when 
Fig.  6b).  Then 

7/\\  ~  ^tbo) 


and  so  on.  (The  results  are  obtainable  from  those  of  section 
40  by  the  substitution  X'  *=  I  X  or  by  an  interchange  of  the 
subscripts  (i  and  1.)  The  corresponding  network  is  shown  in 
Fig  7  (b). 

The  network  representation  of  (10)  thus  contains  resistance 
and  inductance  or  resistance  and  capacitance  according  as 


Z(X)  obviously  reduces  to  H 
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A  corresponding  discussion  which  is  dual  to  the  above  in  the 
sense  of  Theorem  1,  Coroll.  I  can  be  carried  through  with  1/'Z(X) 
giving  rise  to  the  networks  in  Fig.  7  (c)  and  (d).  The  networks 


of  Figs.  7  (c)  and  (d)  are  equivalent  to  the  networks  of  h'igs.  7 
(a)  and  {b)  respectively. 

It  is  interesting  to  note  that  the  complete  set  of  equivalent 
networks  (having  only  two  meshes)  is  obtained  by  combining 
the  processes  leading  to  Figs.  7a  and  7c  in  different  ways.  For 

example  if  ^  value  less  than  Oo/feo  can  be  separated  as  a 


*'-r: 

1 

R  - 

(otbi  —  0|6t) 

i 

1 

D- 

(a^,  —  0,6,) 

Rt~T 

6. 

D  '*•‘*1 
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series  resistance  (Fig.  7a)  and  thereafter  the  remaining  network 
constructed  as  in  Fig.  7  (c). 

The  atx)ve  discussion  disposes  immediately  of  such  forms  as 


..V  rto  +  a,X-|-fl,X* 


(ii)  2(X) 


gp  =F  fliX  _ 

bo~\~  ^iX  “F  ft*X* 


,  (iv)  Z{\) 


flo  "F  fliX  -f-  gpX* 
6iX  "F  ftjX*  ’ 
aiX  +  gjX* 

(>0  “F  (>iX  -F  AjX* 


The  corresponding  networks  are  shown  in  Fig.  8  for  future 
reference.  The  coefficients  in  these  functions  may  not  l)e  arbi¬ 
trary  positive  constants  as  in  (10),  the  additional  conditions 
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which  they  must  fulfill  lieing  shown  in  the  Figure  for  each  case. 
These  amditions  are  readily  obtained  by  applying  the  conditions 
for  (10)  to  the  reduced  functions  which  result  on  separating  the 
pole  (or  zero)  on  the  imaginary  axis  from  the  forms  (16). 

It  is  interesting  to  note  the  dualities  in  Fig.  8.  The  forms  (ii) 
and  Civ)  are  derivable  from  (i)  and  (iii)  respectively  by  the  sub¬ 
stitution  Z'  —  1/Z  while  (iii)  and  (iv)  are  derivable  from  (i)  and 
(ii)  respectively  by  the  sulistitution  X'  *  1,  X  (compare  Therirem 
I,  C'oroll.  1  and  2).  A  discussion  of  any  one  of  them  is  therefore 
readily  adaptable  to  all  the  others,  by  a  mere  change  of  notation. 

Flquivalents  to  the  networks  in  Fig.  8  similar  to  those  in  Fig.  7 
are  also  (xissible. 

(6)  Two  Poles  and  Two  Zeros  not  on  the  Boundary 
Consider  next  the  case 


Re  Z{i<t>) 


ao  +  fliX  4-  <JiX* 

bo  4  6iX  4  bi\*  ’ 

aJ)o  4  (oibi  —  ad^o  —  floAj)«*  4  atbju* 

bo'  4  (6i*  -  26o*,)u»* TftfV 


(17) 

(18) 


The  condition  for  the  poles  to  have  negative  real  part  is  given 
by 

*1  .b, 

and  7'  >  0.  (1 9) 

Oo  Oo 

In  (18)  the  denominator  cannot  lie  negative  for  real  values  of 
u  (this  is  liest  seen  by  expressing  it  as  the  sum  of  squares). 
Hence  the  numerator  must  always  lie  jxisitive,  i.e.  it  must  have 
no  real  positive  roots  when  considered  as  a  function  of  «*.  Hence 
we  must  have  (when  bo  >  0)  ao  >  0,  and  either 

at  >  0,  flo^t  —  Oi^i  4  a^o  —  0  (2b«) 

/ 

(a(d>t  —  Oifti  4  adio)'  —  ^a^jbjbt  ^  0.  (206) 

0 

Assuming  that  the  coefficients  satisfy  the  conditions  (19),  and 
(20a )or  (206),  let  us  consider  the  possible  manners  of  variation 
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of  ReZ(iw)  according  to  equation  (18).  Let  us  write 


Re  Z{iw) 


^  i  Bo  +  Biil  +  Biii^  ’ 


(18a) 


where  Q  =  w*. 

The  discussion  of  such  functions  is  an  elementary  problem  in 
algebra,  and  is  usually  carried  through  in  the  following  way. 
From  equation  (18a) 

{RBo  -  Ao)  +  (RBi  -  ^,)n  +  (RBt  -  /l,)n*  =  0. 

For  real  values  of  fl  we  must  have 


(RBi  -  A  lY  -  4iRBo  -  Ao){RBt  -  At)  >  0, 


R^(Bt*  -  ABoBi)  -  2R{AxB,  -  2AoBt->t  A^Bo) 

+  (/!.*- 4>1 0/1,)  >  0.  (21) 

This  means  that  R  can  or  cannot  (for  real  values  of  n)  take  on 
values  lying  betw’een  the  roots  of  the  expression  (21)  according 
as  the  sign  of  (Bi*  —  ABoBt)  is  negative  or  positive.  (Note  that 
this  is  identical  with  the  sign  of  6i*  —  Abfjbt,  i.e.  is  determined 
by  the  poles  of  Z(X)  being  real  or  complex.) 

Only  in  the  case  where  the  roots  of  this  expression  are  equal 
or  pure  imaginary  can  R  take  on  all  values.  Typical  curves  for 
R  are  shown  in  Fig.  9.  In  these  figures  the  axes  can  be  shifted 
parallel  to  themselves  and  reverse  direction  in  any  manner 
provided  only  R  remains  positive  for  positive  values  of  R.  Thus 
for  e.xample  Figs.  9  (6)  and  (d)  are  of  the  same  type,  but  with  the 
direction  of  the  R  axis  reversed. 

As  in  the  discussion  of  Z(X)  defined  by  (11)  the  procedure 
depends  on  the  frequency  at  which  the  least  value  of  the  ‘  re¬ 
sistance  ’  R(St)  occurs.  For  this  purpose  we  need  consider  only 
positive  values  of  R  in  Fig.  9  since  these  alone  correspond  to 
p>oints  on  the  boundary  of  the  right-half  plane  (br  to  real  fre¬ 
quencies). 


216 


OTTO  HRUNE 


form  of  Z'(X)  has  already  been  discussed  (Kig.  8  (iv)).  (Con¬ 
sequently  Z{\)  can  be  represented  by  such  a  network  together 
with  a  series  resistance,  as  shown  in  Fig.  10  A  and  B. 


1 

1 

1 

1 

[■mQHH 

Fig.  10 


The  case  when  occurs  for  w  »  oo  needs  no  further 

discussion,  the  corresp)onding  networks  l)eing  shown  in  Fig.  10 
('  and  I), 

There  remains  the  case  when  occurs  for  some  finite 

v'alue  «  =  <r.  Proceeding  by  analogy,  let  this  value  R,  be 
separated  out.  It  will  l)e  a  solution  of  (21)  (with  the  equality 
sign).  Let  us  write 


2(X) 


an  -}-  Ui^X  +  at'X* 
6o  +  6,X  -F 


R,  +  Z'(X). 


(23) 


The  function  Z'(X)  now  does  not  have  a  zero  on  the  axes  of 
imaginaries,  as  in  equation  28a,  but  will  be  characterized  by 
the  fact  that  for  some  value  of  frequency  (X  =  ia)  Z'(X)  will 
be  pure  imaginary.  Physically  this  means  that  the  corre¬ 
sponding  network  behaves  like  a  pure  reactance  at  this  fre¬ 
quency,  This  can  only  mean  that  that  part  of  the  network 
which  contains  resistance  is  short  circuited  by  (i.e.  is  in  parallel 
with)  a  reactive  branch  which  is  in  resonance  for  this  fre- 
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quency;  in  series  with  this  is  a  pure  reactance  which  may  be 
either  piositive  or  negative,  since  the  pure  imaginary  part  may 
have  either  sign.  The  only  type  of  element  which  can  meet 
this  requirement  is  inductance  with  mutual  coupling.  Accord¬ 
ingly  let  us  consider  the  network  of  Fig.  11  as  a  possible  repre¬ 


sentation  of  the  function  (17)  under  these  circumstances.  In 
this  network  L\,  Lt,  Lt,  are  an  equivalent  representation  of  two 
inductances  with  mutual  coupling:  one  of  them  may  lie  negative, 
with  the  necessary  and  sufficient  condition  for  physical  realiza¬ 
bility 

L,  +  L,  >  0;  -F  L,L,  +  L,L,  >  0  (24) 

whence  it  follows  that  Lj  +  >  0  and  Li  -|-  Li  >  0. 

Now  considering  the  network  remaining  after  /?,  has  been 
removed  from  the  network  of  Fig.  11,  its  impedance  function  is 
readily  found  to  be 


Z"(X) 


(L.L,  +  LtLi  +  L,L,)X*  +  (L,  -f  L,)rX» 

_ -I-  (L,  -f  Li)D\  +  rP 

{Li  -f  L,)X»  -f  rX  +  2) 


(25) 


Comparison  with  Z'(X)  in  equation  (23)  makes  it  apparent  that 
LiLi  -f-  LiLi  -f  LiLi  -  0  (26)  ' 


which  is  the  condition  that  the  two  coils  of  which  Lu  Lt,  Lt  are 
the  equivalent  shall  be  perfectly  coupled. 

Further  relations  which  have  to  be  satisfied  are 
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L,+  L, 

U+Lt 

U  +  U 


Oo 

fl#' 
“  6. 

a*' 

,  —anbi-\-ai'bi-^atbn 

”  bi 

ao 

“  **  ■  bX 

'  i.e.  * 

“  2bX 

► 

Oo'bt  —  -|-  at  bn 

“  26, 6o 

a/ 

4- a,'6,  —  rtt'6o 

bo 

"  26, 6o 

(27) 


Consequently  the  relation  (26)  becomes 


0  «  L.L,  +  L,(L,  +  U) 

=*  (—  "}■  ciib\  -f"  Otbo)(ao'bt  —  a/bi  +  otbo) 

+  lat’boMt  +  ai'bi  -  mX) 

*  A(ii/(iii>obt  —  {oo^bi  —  (i\b\  “t"  Oj^fto)**  (28) 


("omparing  this  with  equation  (18)  and  remembering  that 
Re  Z'iiui)  has  a  double  zero  when  w*  =  <r*,  it  is  evident  that 
condition  (28)  is  satisfied.  Hence  Z(X)  may  be  represented  by 
the  network  in  Fig.  11  by  going  through  the  steps  indicated  in 
equations  (23)  and  (27). 

We  have  thus  established  a  pnxredure  whereby  a  network 
representation  may  be  found  for  any  "  real  f>ositive  ”  function 
of  the  form  given  in  equation  (17).  The  network  will  have  one 
of  the  forms  shown  in  Figs.  10  and  11. 


2.  General  Procedure 

The  methods  exemplified  in  the  last  section  are,  with  very 
little  modification,  applicable  to  the  general  case  of  a  “  positive 
real  ”  function  with  a  finite  number  of  poles  and  zeros.  The 
general  procedure  for  finding  a  network  representation  of  such  a 
function  will  be  a  step  by  step  process;  at  each  step  the  function 
is  decomposed  into  a  part  which  can  immediately  be  represented 
by  an  element  of  the  network,  and  another  part  which  is  again  a 
positive  real  function.  The  new  function  should  be  simpler  than 
the  previous  function  if  any  progress  is  to  be  made  towards 
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complete  representation;  this  will  show  itself  in  a  decrease  in  the 
number  of  poles  and  zeros.  (The  numlier  of  poles  beinR  always 
equal  to  the  number  of  zeros.) 

Let  the  given  function  be  Z{\).  Poles  and  zeros  on  the  a.\is 
of  imaginaries  can  immediately  be  removed  by  Therirem  IV  and 
corresponding  network  elements  constructed.  When  this  has 
been  repeated  often  enough  we  are  left  ^ith  a  ‘‘  positive  real  ” 
function  which  is  either  a  constant  or  has  all  its  poles  and  zeros 
in  the  interior  of  the  left-half  plane.  I>et  this  function  be  Zi(X). 

Next  examine  the  real  part  of  Zi(X)  on  the  axis  of  imaginaries. 

We  remark  in  passing  the  Re  Z{iw)  is  an  even  function  of  u 
while  Im  Z{iu)  is  odd,  in  other  words  we  may  always  write 

Z(iw)  =  /?(«»)  +  (29) 


Since  Re  Z(iw)  cannot  be  negative  it  must  have  a  lower  limit 
2:  0.  Let  this  minimum  value  be  R\  and  occur  when  w  =  a 
(a  real).  Then  clearly  Zj(X)  =  Z|(X)  —  R\  will  have  its  real 
part  S  0  on  the  boundary  and  regular  in  the  right-half  plane, 
i.e.  Zi(X)  will  be  a  “  positive  real  ’’  function.  Moreover  Zj(jV) 
j  f  will  be  pure  imaginary.  Let  • 


Z,(»(r)  =  iX. 


(30) 


Now  if  <r  =  0  or  « ,  A'  =  —  AT  =  0;  hence  we  can  immediately 
conclude  that  Zi(X)  has  a  zero  at  X  =  0  or  x  respectively.  We 
could  therefore  write 


1 

Z,(X) 


X^Z,(X) 


(31a) 


or 


Z,(X)  “  +  z,(X) 


(316) 


respectively;  in  either  case  Zi(X)  will  have  one  less  zero  and  pole 
than  Zj(X)  (or  Zi(X)). 

Consider  next  the  case  when  a  is  not  zero  or  infinite. 

We  proceed  to  make  the  points  X  =  ±  i<r  zeros  of  a  new 
function  simply  derivable  from  Zj(X)  by  a  step  corresponding  to 
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the  realization  of  an  element  in  the  network  representation. 
Note  that  if 

Ztiia)  -  i.Y, 

then 

1  .  1 

Z,(i«r)"  *A'‘ 

Two  conditions  may  dt’ise;  X/a  —  N{<r*)  (etjuation  (29))  may 
l)e  either  positive  or  negative.  We  consider  these  two  pr)ssi- 
bilities  separately. 

(i)  Let  X/a  *  N{a*)  *  L\  l)e  negative. 

Then  we  can  write 


Z,(X)  -  L.X  +  W(\), 


(32) 


where  H’(X)  is  a  "  positive  real  ”  function  and  has  zeros  at 
X  »  ±  Iff.  For  —  LiX  is  a  “  positive  real  ”  function  and 
W^(X)  *  Zt(\)  —  L]\  is  thus  the  sum  of  two  "  positive  ”  func¬ 
tions;  also  IV(ia)  Zj(iff)  —  iX  =  0.  (Note:  fT(X)  has  a  iK)le 
at  infinity.)  Hence  we  may  write 


1 


A'X 


1 


W'(X)  X*  +  '  IT'(X)  • 


(33) 


where  W'^'(X)  is  a  '*  jxwitive  real  ”  function  which,  like  W{\), 
has  a  pole  at  infinity. 

Let 

fF'(X)  -  /.,X  +  Z,(X).  (34) 


If  we  further  write 


p 


(35) 


the  relation  l)etween  Z|(X)  and  Zj(X)  in  terms  of  a  network 
representation  is  shown  in  Fig.  12.  C'omparing  this  with  h'ig.  11 
and  formula  (25)  and  rememliering  that  Zi(X)  has  no  pole  at 
X  »  00  we  have  as  the  algebraic  relation 


Z,(X) 


(L,  +  L,)X«Z,(X)  d-  (Lt  +  Lx)D\  -f  DZ,(\) 
(L, -f  i:.»)x*  +  Z,(X).X  + /; 


(36) 
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Also  Lt,Li  are  positive  by  (33),  (34)  and  (35)  (cf.  equation  24) 
hence  the  network  is  realizable. 


L.  L, 


(ii)  I^t  X/a  —  l)e  positive.  Then  we  may  consider 

i't(X)  -  where  Ytiia)  -  -  i  -J;  -  -  ia 


Cl  ■»  — 


a*N{a') 


^  is  negative  and  proceed  in  an  exactly  analogous  manner  as  with 
the  preceding  case.  Translating  the  results  into  network  ele¬ 
ments,  however,  the  network  will  be  reciprocal  to  that  in  h'ig.  12. 
This  is  shown  in  Fig.  13,  Li  being  replaced  by  Ci,  L*  by  C|,  D 


cAc.jc, 


by  K  and  Li  by  Ci.  The  relation  between  Yt(\)  and  y’i(X)  will  be 
.  (C,  +  C,)X*F,{X)  -F  (C,  +  Ci)K\  4-  KY,{\) 


(c,  +  c,)x*  -F  K,(x) .  X  +  a: 


The  network  elements  in  Fig.  13  are  not  directly  realizable 
since  they  contain  the  negative  capacity  Ci.  Equation  (37) 
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may,  however,  lie  rewritten 

(C,  +  C,)X*Z,'(X)  -f  X  +  KZxW) 


'  (C,  +  C,)X»  -H  (C,  +  C,)A'Z,'(X).X  +  K  ' 

where  Z,'(X)  *  l/r,(X) 

which  is  of  exactly  the  same  form  as  (36).  Let  us  write  down  the 
necessary  relations  l)etween  the  coefficients  of  (37a)  and  (36) 
in  order  that  Zi  and  Z/  may  be  identical.  They  are 

^  *  Cl  +  Cl  ’ 


C, +  L, 


1  C,  -}-  C, 
a:  C,  +  C,  ’ 


Cj  -h  Li  *  ^ , 

/  +  A.  =  1£l±_^ 

we  have  also  (analogous  to  37a  and  31a) 


and  from  3&i 


CiCi  4"  CjCj  4"  CiCi  =  0, 

/  =1—^ 

’  A-  C,  4-  Cl  ’ 

7 

/i:c,4-Ci’- 

,  1  Cl 


A  C,  4-  C,  ’ 


with  the  relations  from  (38f) 


D  K 


CiCi  4~  CiCi  4~  C|Ci 
A*(C,  4-  Cl)* 


LiLt  4"  LiLi  4"  LiL 


0.  (38e) 
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It  follows  that  the  fictitious  network  of  Fig.  13  can  be  made 
equivalent  to  the  physically  realizable  network  of  h'lf?.  12  by 
means  of  the  equations  (38o)  and  (38</).  Note  that  the  signs  of 
L\,  Li  and  Ci,  Ci  are  interchanged.  Hence  in  case  (ii)  L\  and 
Lt  are  positive,  and  Li  is  negative. 

Furthermore,  since  we  now  know  the  structure  of  the  network 
it  is  evident  that  Ztiia)  —  iLya  must  l)e  zero,  ('onsequently 
Li  =  Nia*),  and  the  procedure  of  ('ase  (i)  may  l)e  followed  irre¬ 
spective  of  the  sign  of  N(a*).  (At«one  stage  a  non-“  pr)sitive  ” 
function  will  be  encountered  but  the  final  Zi(X)  will  l)e  a  “  real 
positive  ”  function.) 

K.xamining  the  reduction  of  poles  and  zeros  by  this  process, 
we  note  that  the  first  step  (e(|uation  32)  increases  the  numfjer 
by  1.  The  next  step  (equation  33)  decreases  the  numl)er  by  2, 
while  the  last  step  (equation  .?4)  effects  a  further  reduction  of  1. 
In  all,  thus,  if  /?i  occurs  for  X  »  i<t  ^  0  or  x,  Zj(X)  will  have 
two  poles  and  two  zeros  less  than  Zi(X). 

This  procedure  can  now  be  applied  to  all  cases  and  repeated 
until  the  final  function  has  no  poles  and  no  zeros,  i.e.  is  a  positive 
constant  corresponding  to  a  pure  resistance.  It  leads  uniquely 
to  a  network  representation  of  the  original  “  positive  real  ” 
function. 

The  calculation  of  the  network  is  made  entirely  in  terms  of  the 
values  of  successive  impedance  functions  on  the  axis  of  imagi- 
naries.  Each  reduction  of  the  function  is  effected  by  the  removal 
of  a  zero  (or  pole)  of  the  function  on  the  axis  of  imaginaries. 
If  a  function  dr)es  not  have  such  a  zero  on  the  imaginary  axis  it 
is  shown  always  to  be  possible  to  derive  from  it  a  function  which 
will  have  such  a  zero;  the  removal  of  this  zero  together  with  the 
related  steps  also  correspionds  to  the  calculation  of  realizable 
elements  of  the  corresponding  network. 

For  more  ready  reference  we  summarize  the  different  steps 
with  the  corresponding  network  interpretations  in  Table  I,  and 
state  the  conclusion  as 
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TABLE  I 

Gbsbral  Pbocbdl'bb  for  Constructing  a  Nbtwork  Rbpresbntation  of 
Any  Given  "Positive”  Real  Function 


(a)  Remove  ail  polea  on  the 
axis  of  imaginariea: — 

_  r  \  1  ArX  v>/\\ 


(Theor.  IV) 


(6)  Remove  all  zero*  on  the 
axia  of  imaginariea: — 

'  -CJil--  I  * 

Z'(X) 

(Theor.  IV,  Cor.  1) 


Repeat  (a)  and  (6)  until  no  poles  or  zeros  of  Z|(X)  lie  on  the  axia  of  imag- 

inaries. 


(c)  Examine  /?(«*)  in 
Z,(««) -/?(«-•) 

I.et  Hi  be  the  least  value  of 
/?(w*)  for  positive  values  of  w’ 
and  let 

H,  -  /?(»•) 

Z.(X)  ~  +  Z,(X) 


(d)  Write  L,  -  Ar(»»)  (»  found 
in  (c)) 

Z,(X)  -  Li\  +  If’(X) 

IF(X)  has  a  zero  at  X^±ta 
and  hence 


IF(X)  L,X*+/)^L,X+Z,(X) 
As  special  cases  when  r— 0 
or  «o,  this  reduces  to  Li-0, 
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Theorem  V'III.  To  every  "  positive  real  ”  function  with  a 
finite  number  of  poles  and  zeros  corresponds  a  finite  physically 
realizable  network.  Hence  the  terms  "  positive  real  "  function 
with  a  finite  number  of  poles  and  zeros  and  impedance  function  of  a 
finite  network  with  lumped  linear  passive  elements  are  syn¬ 
onymous. 

3.  Discussion  of  Networks  Obtained 
A  discussion  of  the  general  type  and  properties  of  the  network 
obtained  by  the  process  summarized  in  Table  I,  as  well  as  of 
certain  special  cases,  is  of  interest. 

It  will  be  noticed  first  of  all  that  the  network  always  has  a 
ladder  structure.  The  ladder  structure  is  thus  capable  of  realiz¬ 
ing  the  most  general  form  of  driving  point  impedance. 

In  general  mutual  inductances  will  be  involved  but  this 
mutual  inductance  if  present  occurs  always  between  self-in¬ 
ductances  in  adjacent  meshes;  in  certain  cases  mutual  inductance 
may  lie  entirely  absent,  viz.  when  procedure  (c),  Table  I,  in¬ 
volves  only  minimum  values  /?i  at  X  *  0  or  x  throughout. 

The  procedure  is  carried  out  in  such  a  way  that  mutual  induc¬ 
tances,  when  they  occur,  do  so  with  a  coefficient  of  coupling 
unity;  this  apparently  involves  an  ideal  physical  condition  not 
generally  inherent  in  the  given  impedance  function.  If,  how¬ 
ever,  the  function  Z(X)  has  a  pole  at  X  **  x  the  necessity  for 
perfect  coupling  is  only  apparent,  since  a  pole  at  X  x  corre¬ 
sponds  to  a  self-inductance  Lo  in  series  with  the  perfectly  coupled 
inductance  La  in  Fig.  14.  But  this  .separation  of  Lq  and  is 


L.  L.J_  Lfc 


Fig.  14 


quite  arbitrary,  the  only  limitation  being  that  Lo  is  the  largest 
inductance  which  can  be  so  separated  and  still  leave  the  remain¬ 
ing  network  physically  realizable.  If  Lo  (or  any  part  of  it)  be 
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combined  with  A.  into  an  inductance  L,',  coupled  with  the  in¬ 
ductance  Lh  then  obviously  LJ'Lh  >  A/,»*  and  the  coupling  will 
l)e  “  UH)se.”  This  condition  of  “  loosening;  ”  will  simultaneously 
extend  throughout  the  remaining  network.  Only  in  such  ca.ses 
where  the  condition  of  "  [jerfect  ”  coupling  is  indeerl  inherent  in 
the  given  impedance  function  liecause  of  the  absence  of  a  fiole 
at  X  *  *  will  this  condition  l)e  forced  on  the  corresponding 
network. 

In  fact  a  network  structure  like  that  indicated  in  Fig.  14  would 
under  certain  conditions  l)e  eminently  suitable  for  practical 
construction.  The  series  resistances  are  in  the  proper  position 
to  lie  combined  with  the  inductances,  while  in  the  parallel 
branches  only  capacities,  whose  series  resistance  is  negligible, 
occur. 

The  whole  question  t)f  practical  usability,  however,  depends  on 
the  special  conditions  to  l)e  met  in  the  particular  application. 
Its  full  disc'ussion  would  of  necessity  involve  the  consideration 
of  e<juivalent  networks. 

In  this  connection  it  may  also  l)e  pointed  out  that  the  dual 
circuit  met  with  in  Fig.  13  could  sometimes  be  used,  namely  in 
such  cases  where  the  negative  capacity  occurs  in  parallel  with  a 
larger  |>ositive  cajMcity  (corresponding  to  a  zero  at  X  •=  «)  so 
that  the  combination  will  lie  positive. 

At  each  stage  in  the  general  prr)cedure  described  in  the  pre¬ 
ceding  se('ti()n  the  determination  of  a  given  number  of  inde¬ 
pendent  elements  in  the  network  is  accompanied  by  a  corre¬ 
sponding  reduction  in  the  numl)er  of  independent  constants  in 
the  function  which  remains.  The  resulting  network  therefore 
does  not  contain  any  syperfluous  elements.  Let  us  consider  this 
property  of  the  network  in  greater  detail. 

By  an  inde[)endent  network  element  is  meant  one  whose  value 
does  not  dejiend  on  the  values  of  other  elements;  thus  in  Fig.  12 
the  elements  of  the  group  L\L\Li  are  not  independent  since  their 
values  are  connected  by  the  relation 


L]Lt  "t"  AjAj  “F  LiLt  b 


(26) 
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Similarly  by  the  number  of  independent  constants  in  the  function 
is  meant  the  numlier  of  such  constants  necessary’  to  determine 
the  function. 

A  function  is  completely  determined  by  prescribing  its  poles, 
its  zeros,  and  an  arbitrary  factor.  Poles  and  zeros  in  the  interior 
of  the  left-half  plane  are  either  real  or  occur  in  conjugate  complex 
pairs.  Hence  to  each  such  j>ole  or  zero  in  the  interior  of  the  left- 
half  plane  corresponds  one  independent  constant.  A  pair  of 
|X)les  (or  zeros)  on  the  imaginary  axis  involves  only  one  con¬ 
stant,  while  poles  or  zeros  at  the  origin  or  infinity  introduce  no 
new  constants.  The  numlier  of  indejiendent  constants  in  the 
function  is  thus 

where 

n  *  numl)er  of  poles  in  the  interior  of  left-half  plane, 

m  »  number  of  zeros  in  the  interior  of  left-half  plane, 

h  ■■  numlier  of  pairs  of  poles  and  zeros  on  the  imaginary  axis 

(excluding  0  and  *). 

We  have  stated  this  result'  in  this  way  liecause  a  mere  count 
of  the  numlier  of  coefficients  in  numerator  and  denominator  is 
not  always  sufficient.  To  every  conjugate  pair  of  poles  or  zeros 
on  the  imaginary  axis  corresponds  in  general  a.  relation  among 
the  coefficients.  In  the  extreme  case  where  all  zeros  (or  poles) 
lie  on  the  imaginary  axis,  these  relations  are  simply  expressed  by 
stating  that  the  coefficients  of  either  the  even  or  fidd  powers  of 
X  in  the  numerator  (or  denominator)  are  zero.  In  intermediate 
cases  the  relations  are  not  so  easily  seen  and  therefore  likely  to 
i)e  missed  unless  a  detailed  examination  of  the  poles  and  zeros  is 
made.  * 

With  these  facts  in  mind  it  is  easy  to  trace  the  reduction  of  the 
independent  constants  in  the  function  brought  about  by  the 
removal  of  the  various  groups  of  elements  in  Table  I  from  the 
network. 

In  special  cases  additional  relations  liesides  those  mentioned 
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above  may  exist  amoni^  the  cwfficients.  making  possible  a  still 
further  reduction  in  the  number  of  elements  in  the  network. 
The  possibility  of  making  this  reduction  will  not  always  be  evi¬ 
dent  frf)m  the  general  procedure  of  Table  I.  A  complete  dis¬ 
cussion  of  such  possibilities  would  involve  a  discussion  of  ail 
erjuivalent  networks  which  will  not  be  attempted  here. 

Ff>sters  “  Reactance  Theorem  ”  is  readily  seen  to  be  only 
a  particular  case  of  the  general  procedure  in  which  all  the  poles 
and  zeros  lie  on  the  axis  of  imaginaries.  For  the  other  cases  of 
networks  having  only  two  kinds  of  elements  the  procedure  of 
Table  I  leads  to  the  types  of  structure  shown  in  Fig.  1  (b)  and 
(f)  in  which  either  inductance  coils  or  condensers  are  replaced  by 
resistances. 

Part  IV — Extension  ok  Method  to  the  Determination  of 

Certain  EgiiVALKNT  Networks 

1.  Change  in  the  Order  of  Procedure 
Very  slight  consideration  will  show  that  the  order  of  the  stejw 
(a),  (b),  (c)  and  (d)  s|>ecifietl  in  Table  1,  is  not  essetitial.  Thus, 
for  example,  in  the  simple  case  where  all  the  poles  and  zeros 
lie  on  the  axis  of  imaginaries  any  pole  or  any  zero  may  be  removed 
first  and  thereafter  again  any  pole  or  any  zero.  The  networks 
shown  in  Fig.  1  are  special  cases  when  a  definite  order  is  adopted, 
Fig  1  (a)  results  when  all  poles  of  Z(X)  are  removed  in  succession, 
i.e.  the  network  given  by  Table  I ;  (b)  when  all  zeros  are  removed 
in  succession;  (c)  results  when  we  remove  first  the  pole  at  in¬ 
finity,  then ^ the  zero  at  infinity  and  so  on  alternately;  and  (d) 
when  poles  and  zeros  are  removed  alternately  at  the  origin.  The 
order  may,  however,  be  entirely  haphazard.  In  fact  only 
“  part  of  a  pole  ”  i.e.  a  term  representing  a  pole  at  the  same  point 
but  with  residue  which  is  a  positive  proper  fraction  of  the  cor¬ 
responding  residue  of  Z(X),  may  be  separated,  the  remaining 
positive  function  can  thereafter  be  represented  in  any  of  the  ways 
shown  in  Fig.  1  {b),  (c)  or  (d);  this  would  give  a  network  with 
superfluous  elements. 
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When  we  are  dealing  with  a  more  general  type  of  function, 
the  order  of  removing  poles  and  zeros  on  the  imaginary  axis  is 
still  arbitrary  until  the  procedure  of  Table  I  (c)  becomes  necessary’. 
Obviously  if  there  are  any  zeros  on  the  axis  of  imaginaries  these 
will  also  be  points  at  which  ReZ(tw)  is  zero;  consequently  step 
(d)  liecomes  erjuivalent  to  (b)  until  all  zeros  on  the  axis  of  imag¬ 
inaries  have  been  removed.  The  presence  of  a  pole  in  Zi(X)  on 
the  imaginary  axis  however  will  not  alter  the  value  of  R\  in 
step  (f).  In  the  next  step  (d)  therefore  Zj(X)  will  be  a  "  posi¬ 
tive  ’’  function  and  nothing  will  be  altered  in  the  argument  con¬ 
cerning  the  validity  of  the  procedure  (d).  In  the  event  of  a 
pole  at  infinity  having  l)een  left  in  Zi(X)  we  shall  obtain 
LiLt  +  Ltl-i  -b  LtLi  >  0  instead  of  *  0,  which  obviously  still 
fulfills  the  physical  re(|uirements.  In  fact  in  this  ca.se  L|  is 
exactly  equal  to  Lo  +  Li  (Table  I  (a)  and  (</)).  Poles  on  the 
imaginary  axis  can  therefore  be  left  in  the  function  or  separated 
at  will  at  any  stage  in  the  procedure.  Another  alternative  is  to 
treat  1/Z(X)  as  an  admittance;  step  (c)  will  correspond  to  the 
separation  of  a  parallel  conductance  from  Z(X);  in  this  case 
zeros  of  Z(X)  do  not  necessarily  have  to  lje  first  removed,  but 
jxiles  (i.e.  zeros  of  1/Z(X))  must. 

2.  Consideration  of  “  imaginary  frequencies  ” 

In  considering  a  network  representation  of  “  positive  real  ” 
functions  with  two  poles  and  two  zeros,  we  were  lead  by  certain 
physical  considerations  to  the  network  of  Fig.  12,  which  in  turn 
lead  to  equations  (27)  and  the  relation  (28).  Now,  while  our 
physical  reasoning  depended  on  the  fact  that  RiU)  (erjuation 
18a)  had  its  minimum  value  for  a  positive  value  of  12,  equations 

(27)  ha\e  no  reference  to  this  value  of  12.  The  necessary  relation 

(28)  will  hold  whenever  /f'(12)  has  a  double  zero,  and  in  order 
that  equations  (27)  may  lead  to  realizable  elements,  it  is  only 
necessary  that  Z'(X)  (equation  (2.1))  shall  be  a  "  positive  real  ” 
function.  Both  these  conditions  are  satisfied  if  a  stationary 
value  of  /?(12)  equal  to  R,  (say)  be  deducted  from  Z(X),  and  if 

R,  ^  /?(12)  for  positive  values  of  12.  (40) 
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This  therefore  gives  us  an  alternative  procedure  in  certain  cases 
leading  to  erjuivalent  networks.  F^.g.  if  /2(12)  varies  in  the  man¬ 
ner  shown  in  Fig.  10  (d)  R,  may  tie  taken  as  the  ma.\imum 
occuring  lietween  the  two  vertical  asymptotes  in  this  Figure. 
In  this  case  Lt  in  Fig.  II  would  be  negative,  and  physical  con¬ 
ceptions  of  ‘  resonance  ’  would  need  to  lie  extended  to  give  a 
physical  interpretation  to  this  procedure.  The  type  of  vari¬ 
ation  of  RUl)  shown  in  Fig.  10  (a)  on  the  otherhand  will  never 
liermit  this  kind  of  prcK'edure;  it  corresponds  to  networks  with 
two  kinds  of  elements  only. 

It  will  now  lie  show’n  that  a  similar  procedure  can  lie  justified 
in  the  general  case. 

Negative  values  of  12  corresptind  to  imaginary  values  of  u 
which  in  turn  means  real  values  of  X.  If  therebire  we  write 

Z(X)  -  /?(- X*)  +  XiV(-  X*)  (41) 

the  interpretation  in  terms  of  real  values  of  X  can  lie  carried  over 
from  the  discussion  for  pure  imaginary  values  without  any 
difficulty. 

Let  a  stationary  value  of  /?(—  X*)  satisfying  (40)  occur  when 
X*  =  and  let  /?,*/?(  —  i^).  Then  if 

Z,(X)  -  +  Z,(X)  (42) 

it  is  clear  that  Zi(X)  will  lie  a  "  positive  real  "  function  in  virtue 
of  (48).  Now  if 

2»(X)  =  (R(-  X*)  -F  R^)  +  XJV(-  X*) 
we  know  that 

'  Z,(y)  -  yN(-  v*). 

Let  us  write 

L,  =  N(- 

and 

Z,(X)  -  L,X  +  W{\).  (43) 

Then  it  follows  from  equation  (41)  and  (42)  that 

H'(X)  =  [/?(-  X*)  -  /?,]  +  X[iV(-  X)*  -  L,].  (43c) 

i.e. 

H'(»-)  -  0  and  L,  -  Z,(k)f.  (436) 
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It  is  further  clear  that  equations  (436)  holds  for  X  *  db  v. 
Hence  W  will  not  l)e  a  "  positive  ”  function,  since  it  has  the 
zero  X  *  »>  in  the  right-half  plane.  By  Theorem  VI,  Coroll,  1 
however  we  know  that  this  is  the  only  zero  of  W''(X)  within  the 
right-half  plane.  Note  further  that 


Re  W'(»w)  ^  0  (44) 

in  virtue  of  (40). 

If  therefore  we  separate  the  zero’s  at  X  *  ±  from  B'(X)  by 
a  partial  fraction  expansion  of  1  irfX),  the  remaining  function 
may  be  a  positive  real  function. 

For  this  purpr)se  we  examine  the  residues  of  the  poles  of 
1  M-XX)  at  X  *»  ±  v.  We  may  rewrite  (43a) 

1F(X)  -  R'i-  X*)  +  XN'i-  X*) 

which,  in  virtue  of  (436)  and  the  fact  that  R,  is  a  stationary  value 
of  R{—  X*),  can  again  be  written 

1F(X)  *  (X*  -  •<»)*•  r(-  X*)  -F  X(X»  -  i^)-»(-  X*) 

Hence  the  residue  at  X  »=  is 

[  IC(X)  i.,  “  2.^«(-  ^  “  i 


The  residue  at  X  »  —  obviously  has  the  same  value.* 
Consequently  we  may  write 


1 


+ 


+ 


1 


fF(X)  X  +  I.  '  X  -  K  fF,(X) 


K\ 


+ 


1 


(46) 


.Since  Re 


W{iw) 


-  X*  +  V*  '  fT,(X) 

0  and  the  first  term  of  the  right-hand  side 


'This  property  is  the  exact  analogy  to  the  property  that  for  a  “positive 
real”  function  the  residue  at  a  pole  on  the  imaginary  axis  is  a  positive  real 
(|uantity. 
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of  (46)  is  pure  imaginary  for  X  ■  iu,  it  follows  from  (44)  that 

Ke  ^  0.  But  fri(X)  has  no  zeros  in  the  right-half  plane 

and  no  zeros  on  the  imaginary  axis.  C'onsequently  by  Theorem 
V,  ('oroll.  1,  fTi(X)  is  a  "  positive  real  ”  function.  The  process 
is  completed  by  writing 

fr,(X)  -  L»\  +  Z,(X).  (47) 


Also  let 


Z.  - 

Lt  ^ 


(48) 


It  is  now  only  necessary  to  show  that  the  reduction  of  Z*(X) 
to  Zt(X)  corresponds  to  the  calculation  of  elements  in  a  physically 
realizable  circuit. 

Referring  to  equation  (4.?6),  we  have 

Z,(y) 


Li 


(43b) 


where,  if  y  is  positive  (and  real),  Zt(y)  will  be  positive  and  real, 
since  Zt(X)  is  a  "  positive  real  ”  function.  Consequently  I^i  is 
positive. 

Furthermore  Lg,  erjuation  (47),  is  positive  since  Z$  is  a  "  posi¬ 
tive  real  "  function  with  a  pole  at  infinity;  and  the  relation 

L,L,  -f  LtL,  -f  LxLi  -  0  (26) 

can  l)e  shown  to  hold  in  exactly  the  same  manner  as  for  Figs.  1 1 
and  12,  consequently  L»  is  negative  and  D  is  positive.  The 
prcxress  therefore  corresponds  to  a  determination  of  the  elements 
L\.  Lf,  Li,  A  of  a  realizable  network  connected  in  the  manner 
of  Fig.  12. 

3.  Relation  to  Equivalent  Networks  Obtained  by  Affine  Trans¬ 
formation  of  (Quadratic  Forms 

Equivalent  networks  have  been  derived  from  a  given  network 
by  Howitt,  (6)  by  the  application  of  an  aflfine  transformation  to  the 
quadratic  forms^  connected  with  the  network.  Cauer  (5)  has  also 

’  Corresponding  to  the  stored  electromagnetic  and  electrostatic  energies 
and  the  rate  of  dissipation  of  energy  in  heat. 
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mentioned  this  method.  Such  a  transformation  can  be  accom¬ 
plished  by  the  matrix  multiplication 

C‘AC~A'.  (49) 

where  A  is  the  matrix  ||a„||  of  the  system  of  equations 

£  ■«  a  III  I  -b  Oit^t  oii/i  "t"  •  *  *  oi»/» 

0  “  Otlll  4"  «»»/*  4“  Ull/l  4"  ’  •  •  dtnln 


0  -  a,|/l  4-  dni^t  4-  •  •  • 

for  the  given  network;  in  these  equations  the  I,  are  a  set  of 
independent  circulating  mesh  currents  and 

a,,  L,,\  -f-  Rr,  4"  (51) 

are  generalized  self-  (r  »  s)  and  mutual-  (r  +  s)  impedances 
of  the  5th  mesh. 

i4'  is  a  similar  matrix  ||a,/||  for  an  equivalent  network. 

C  is  the  transformation  matrix  ||c„||  with  c„  real  constants 
and 

c„  -  1.  Cu  “0  (5  +  1).  (52) 

C'  is  the  matrix  ||c„||  conjugate  to  C. 

If  we  denote  the  determinant  of  A  by  D,  the  determinant  of  A' 
by  D\  and  the  determinant  of  C  by  we  have 

D'  -  AW  (53) 

and  in  virtue  of  (52)  the  first  minor 

dD'  dD 


It  is  on  account  of  this  property  that  the  impedance  function  is 
invariant  since 


D 

dD’ 

“  dD 

da,/ 

dan 

(55) 
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This  property  is  however  equally  true  of  the  determinants 
|Lr*|.  |2?,. |,  \Dr,\  and  their  first  minors  with  respect  to  L\\, 
R\u  Du  respectively  (erjuation  (51)). 

R  F?  T? 

. 

o _ ^ 

Fig.  15 


Turning  now  to  the  networks  obtained  by  the  procedure  out- 
linetl  in  the  preceding  sections  we  note  that  they  always  have 
the  ladder  structure  indicated  in  Fig.  15  with  no  resistance  in 
the  parallel  branches;  consequently 


I^^.I 


and  the  first  minor 
d 

dRn 


Ri 

0 

0  • 

•  0 

0 

Rt 

0  • 

•  0 

0 

0 

Rt  • 

•  0 

0 

0 

0  • 

•  Rn 

R 

0  • 

.  0 

1 

0 

Rt  • 

•  0 

0 

0  • 

•  Rn 

(56) 


(57)- 


The  quotient  of  (56)  and  (57)  is  simply  R\  and  this  quotient 
is  invariant  under  the  transformation  (49).  Thus  if  according 
to  the  last  section  several  values  of  R,  are  possible  (e.g.  RJi^Rk 
in  Fig.  16),  the  corresponding  networks  cannot  be  derivable 
from  each  other  by  a  transformation  like  (49)  although  an  in¬ 
finite  group  can  be  derived  from  each  one  of  them  by  such  a 
transformation.  This  is  true  also  when  a  usable  value  of  /?(fl) 
occurs  for  Si  *  0  or  00 .  In  such  a  case  a  network  with  a  greater 
number  of  meshes  results. 
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The  question  naturally  presents  itself  whether  all  e<iuivalent 
networks  can  fie  derived  by  the  application  of  the  transformation 
(49)  to  each  of  the  networks  obtained  by  using  separate  R,. 


This  qutetion  must  be  answered  in  the  negative,  for  examples 

I R  I 

can  be  constructed  in  which  the  quotient  — — - for  a  given 

network  does  not  appear  as.  a  stationary  value  of  the  function 
/?(«*)  =*  Re  Z(tw)  derived  from  the  network.  It  is  thus  evident 
that  a  gap  still  remains  to  be  bridged  in  the  theory  of  equivalent 
networks.  The  results  of  bridging  this  gap  should  have  con¬ 
siderable  mathematical  as  well  as  physical  interest. 

• 
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{Letter  to  the  Editor  by  G.  W.  O.  Howe) 

Dear  Sir: 

I  have  read  with  great  interest  the  paper  by  Dr.  H.  B.  Dwight 
on  the  Calculation  of  Resistances  to  Ground  by  the  method 
which  I  introduced  in  1914.  I  was  always  under  the  impression 
that  the  method  gave  very  accurate  results,  but  Dr.  Dwight 
shows  conclusively  that  in  the  case  of  a  disc  the  error  is  as  much 
as  8  per  cent  and  there  is  no  doubt  that  in  the  case  of  a  square 
the  error  will  be  of  the  same  order.  It  is  important  to  know 
that  the  method  can  give  errors  of  this  magnitude  in  certain 
cases.  To  enable  those  who  are  interested  in  the  subject  of  the 
calculation  by  this  method  either  of  capacity  or  of  earth  resist¬ 
ances  to  refer  to  the  earlier  papers  on  the  subject,  I  append  a 
list  of  the  papers  published  between  1914  and  1920. 

I  am. 

Yours  faithfully, 

G.  W,  O.  Howe  ‘ 

1914.  "The  Capacity  of  Radio-Telegraph  Antennae.”  The  Electrician,  vol. 

73,  pp.  829,  859,  906. 

1915.  "The  Capacity  of  Aerials  of  the  Umbrella  Type.”  The  Electrician, 

vol.  75,  p.  870. 

1915.  “The  Calculation  of  the  Effective  Resistance  of  Earth  Plates.”  The 

Electrician,  Vol.  76,  p.  353. 

1916.  “The  Calculation  of  the  Capacity  of  Radio-Telegraph  Antennae 

Including  the  Effects  of  Masts  and  Buildings.”  The  Electrician, 
Vol.  77,  pp.  761,  880. 

1917.  “The  Capacity  of  an  Inverted  Cone  and  the  Distribution  of  its 

Charge."  Journal  of  the  Physical  Society  of  London,  XXIX,  p.  339. 
1920.  “Capacity  of  Rectangular  Plates  and  a  Formula  for  the  Capacity  of 
Aerials.”  Radio  Review,  Nov.  1920,  p.  710. 

'  Dr.  Howe  is  Professor  of  Electrical  Engineering  at  the  University  of  (ilar 
gow.  Ed.  Note. 
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DIRAC  EQUATIONS  IN  GENERAL  RELATIVITY 

1.  Four  Dimensional  Theory 
By  J.  a.  Schoutbn* 


Introduction.  In  his  paper  "Elektron  und  Gravitation  I”* 
VV'eyl  has  shown  that  Dirac’s  wave  theory  and  general  relativity 
can  be  connected  in  a  quite  satisfactory  way  by  introducing  a 
covariant  differentiation  of  spin-quantities,  and  that  the  electro¬ 
magnetic  potential-vector  comes  in  nearly  automatically  if  we 
consider  ^  not  as  an  ordinary  vector  but  as  a  pseudo-vector  only 
determined  but  for  an  arbitrary  “Eichfaktor"  of  the  form 
He  restricts  himself  in  this  paper  only  to  the  so  called  "two 
component"  theory  but  deals  with  the  "four  component"  theory 
in  the  second  edition  of  his  book  on  Gruppentheorie  und  Quan- 
tenmechanik.  In  1930  *  the  author  has  shown  that  the  cause  of 
,  the  appearance  of  Hermitian  symmetry  in  this  part  of  physics  is 
to  be  found  in  the  non -definiteness  of  the  fundamental  tensor  in 
relativity,  and  that  it  is  possible  to  establish  the  theory  for 
Minkowskian  space-time  in  a  way  that  is'invariant  under  Lorentz 
transformations  as  well  as  under  linear  transformations  in  spin- 
space.  Naturally  the  matrices  generally  used  in  dealing  with 
this  subject  don’t  occur  in  a  theory  built  in  this  way  but  they  can 
be  introduced  at  every  moment  by  specializing  the  coordinate 
system  in  spin-space.  It  seemed  desirable  to  generalize  this  for 
general  Riemannian  space-time  and  to  establish  on  this  base  a 
theory  of  linear  displacement  of  spin-quantities  connecting  them 

'  ProfcMor  Schouten,  of  the  Delft  Technical  Univrnity,  gave  a  course  of 
lectures  at  the  Massachusetts  Institute  of  Technology  during  the  fall  term  of 
1930. — Ed.  note. 

>  Zeitschrift  fur  Physik  50  (1929)  330-352. 

*  Die  Darstellung  der  Lorentzgruppe  in  der  komplexen  Et  abgeleitet  aus 
den  Diracschen  Zahlen,  Proc.  Amsterdam  38  (1930),  189-197. 
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with  (general  relativity.  The  lectures  on  the  K^neral  theory  of 
linear  displacement  and  its  application  on  spin-quantities  which 
I  had  the  honor  to  give  from  October  until  December  1930  at  the 
Massachusetts  Institute  of  Technology  and  from  January  1931 
until  March  1931  at  Princeton  University,  led  to  the  composition 
of  this  paper. 

After  a  first  §  concerning  symbols  and  equations  of  Ricci-cal- 
cuius  used,  in  which  only  the  part  concerning  generalized  pseudo¬ 
quantities  brings  something  entirely  new,  the  second  §  deals  with 
the  theory  of  spin-quantities  in  Minkowskian  sp>ace-time.  This 
$  is  a  revised  and  much  improved  new  edition  of  the  ideas  laid 
down  in  the  short  note  cited  above.*  The  o*  appear  as  co- 
contravariant  quantities  in  spin-space  and  because  of  this  fact 
expressions  as  have  no  meaning  at  all.  No  fundamental 
tensor  in  spin-space  is  introduced  (as  most  authors  do  in  some 
way,  implicitly  or  explicitly)  but  by  means  of  the  always  exist¬ 
ing  bivectordensity  c  it  is  possible  to  deduce  from  the  a*  a 
system  of  covariant  quantities  c*  such  that  has  a  meaning. 

New  is  the  conclusion  that  the  quantities  €*  are  densities  of 
weight  —  1  and  the  components  and  4'^  of  the  spin-vector  ^ 
densities  of  weight  +  yi.  The  third  §  deals  with  spin-quantities 
in  Riemannian  space-time  and  their  covariant  differentiation. 
The  chief  theorem  here  proved  is  that  the  covariant  differentia¬ 
tion  of  contravariant  spinvectors  of  weight  4*  is  uniquely 
determined  by  the  covariant  differentiation  in  space-time.  This 
§  contains  a  discussion  on  more  general  pseudo-spin-vectors  and 
leads  to  the, conclusion  that  by  the  influence  of  a  gravitational 
field  the  components  of  the  potential  vector  change  from  ordinary 
numbers  into  Dirac  numbers.  The  fourth  $  deals  with  the  Dirac 
equations.  The  simplest  covariant  equation  of  the  second  order 
that  can  be  linearized  is  deduced.  The  most  interesting  result 
of  this  §  is  that  the  Riemannian  character  of  space-time  shows 
itself  chiefly  in  diminishing  me*  by  y^Koh*.  The  last  §  contains  the 
variational  equations,  obtained  by  starting  with  a  scalar  density 
that  differs  from  that  used  by  Weyl  only  by  a  term  due  to  the 
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non-symmetrical  character  of  the  displacement  in  space  time. 
In  addition  to  the  terms  found  by  Weyl  in  the  above  cited  second 
edition  p.  194  we  find  a  term  due  to  the  above  mentioned  non- 
symmetrical  character. 

In  the  second  part  of  this  paper  will  be  shown  how  the  mass- 
term  can  be  brought  in  in  a  natural  way  by  starting  with  a  five¬ 
dimensional  Riemannian  manifold. 

§1.  Symbols  and  Equations  of  .Ricci  Calculus  Used 
IN  THIS  Paper 

1.  Systems  of  measuring  vectors.  We  denote  the  general  co¬ 
ordinates  in  Riemannian  space-time  by  a,  •••,<»)*  /,  2,  3,  4 
(printed  in  italics),  and  the  corresponding  measuring  vectors  by 
This  system  we  denote  by  (k).  At  every  point  we  intro¬ 
duce  an  arbitrary  system  of  four  mutually  perpendicular  contra- 
variant  unitvectors,*  one  time-like  and  three  space-like,  h,  i, 

j,  /k,  /,  m  »  0,  1,  2,  3  (printed  vertically),  and  the  reciprocal 
covariant  vectors  T'his  system  is  denoted  by  {k).  The 
components  of  any  geometrical  object  ‘  with  more  than  one 
component  with  respect  to  (i-)  are  denoted  by  a  central  letter 
and  small  greek  indices,  those  with  respect  to  (k)  by  the  same 
central  letter  and  small  latin  indices.  So  p'  »  (t‘,  v*,  p*,  v*)  are 
the  components  of  a  vector  with  respect  to  (v)  and  p*  *  (p®,  p*. 
p*,  p*)  those  with  respect  to  (k).  If  the  system  (f)  or  (k)  is  trans¬ 
formed  by  introducing  new  coordinates  i4,  •  •  *,  0  =  I,  ^,^,4 
or  new  measuring  vectors  e';  II,  I,  J,  K,  L,  M  “  6,  1,  S,  3,  new 

alphabets  are  used  and  new  series  of  signs  for  the  fixed  indices 
but  the  central  letter  of  a  geometrical  object  is  never  changed.  A 
quantity  has  not  only  components  belonging  to  (p)  or  to  (Jt) 
but  also  intermediate  components  with  respect  to  (r)  for  some 

*  A  unitvector  it  a  vector  the  square  of  whose  length  is  -h  1  if  it  is  space- 
like  and  —  1  if  it  is  time-like. 

*  A  geffme/ricat  object  is  a  system  of  components  with  a  well  defined  mode 
of  transformation,  for  example  the  components  of  s*  of  a  vector  or  the  para¬ 
meters  of  a  displacement ;  a  quantity  is  a  geometrical  object  whose  compo¬ 
nents  transform  linearly,  (or  example  a  vector  or  a  density. 
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of  the  indices  and  to  (k)  for  the  other  ones.  The  intermediate 
components  Af,  i4x  of  the  unit  affinor  connect  the  components 
of  a  vector  or  affinor  (but  not  those  of  more  general  geometrical 
objects)  with  respect  to  (r)  and  to  (k),  e.g. 

(1)  »*  »  A*3f\  if  «  ? 

When  dealing  with  quantities  with  only  one  component,  such  as  I 
densities,  the  components  with  respect  to  (y)  and  (k)  are  dis¬ 
tinguished  where  there  is  danger  of  ambiguity  by  putting  an  I 

index  in  brackets  over  the  central  letter,  i.e.  iSil  p!  In  general 
it  is  not  possible  to  find  coordinates  such  that  the  system  (k) 
is  a  system  of  measuring  vectors  belonging  to  those  coordinates.  ^ 
This  is  possible  if  and  only  if  i 

(2)  d(^  “  0,  equivalent  to  ^x,  «  0.*  I 

We  call  this  case  the  holonomic  case,  the  other  the  non-holonomic 
one.*  In  the  nonholonomic  case,  we  write  instead  of  D 

for  the  components  of  the  linear  element. 

In  Euclidean  space,  the  case  of  §  2,  we  take  the  system  (k)  * 

parallel  at  all  points.  Then  are  orthogonal  Cartesian  coordi-  •  J 

nates.  The  general  curvilinear  coordinates  do  not  occur  in 
that  §. 

2.  CovarUnt  differentiation  in  Riemannian  space-time.  The  j 

parameters  of  the  general  metric  non-symmetrical  displacement  ■ 

with  respect  to  (i*)  are  denoted  by  those  of  the  ordinary 

0  0 

symmetrical  displacement  by  FJ^.  FJ,,  is  symmetrical  in  X  and 

0  ^  ! 
M.  So  I'x^  the  Christoffel -symbol,  and  the  covariant  dif¬ 

ferentiations  are  given  by 

*  The  sign  ^  it  always  used  when  an  equation  is  not  invariant  under  all 
transformations  of  coordinates  or  measuring  vectors  with  respect  to  any  index 
or  indices.  So  in  general  an  equation  with  .  holds  only  for  the  system  or 
systems  of  reference  with  respect  to  which  the  equation  is  written  down  and  ] 

does  not  stand  any  transformation  at  all.  In  special  cases  some  restricted  | 

transformations  are  allowed:  in  the  case  under  consideration  for  instance  all 
transformations  of  (r)  to  holonomic  systems. 

^J.  A.  Schouten,  Fber  nicht-holonome  Cbertragungen  in  einer  L»,  Math. 

Zeitschr.  30  (1929),  149-172,  S  153.  The  notations  in  that  paper  are  not  yet 
consequent  with  respect  to  the  use  of  the  central  letter. 
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a)  VX  -  I  d 

b)  vx  “  I  *  5?* 

0 

The  parameters  with  respect  to  {k)  are  written  Fy  and  Fy  respec¬ 
tively  and  we  have: 


(4) 


a)  V/»*  -  d/v‘‘  +  F^* 

0  0  3/  «  i4f  d.. 

b)  V/T*  -  -I-  F{^‘  I  ^  ' 


0  0 
Fy  18  in  general  not  symmetrical  in  i  and  j.  Fj;^,  FJ^  and 
0 

Fy,  Fy  are  connected  by  the  equations  • 


(5)  r*y  -  fj,  -h  Atd,Ai  «  a  -  A'^  d^l 

(6)  F*y  -  f;;^  -I-  Ald^Ai  ^  A^r^-  A'^  d^l 

From  (5)  follows 

(7)  h~  -A'^d^.Al* 

0 

Hence  Fy  is  only  symmetrical  in  i  and  j  in  the  holonomic  case. 
From  (2)  and  (6)  we  deduce  that  the  F^j  transform  like  the 
components  of  a  quantity  of  the  third  degree  for  all  transforma¬ 
tions  to  holonomic  systems.  We  denote  this  quantity  by 

(8)  FS^,  i  V. 

It  is  well  known  that 


(9)  Fj;  -  a  +  V  -  -  5'^, 

and  from  (5)  and  (6)  follows  that  this  equation  holds  for  all 
transformations  to  holonomic  or  non-holonomic  systems.  It  is 
remarkable  that  not  only  the  alternating  part  of  Fj||^  in  \(i  but 
also  the  symmetric  part  depends  on  SjJ'.  From  (6)  it  follows  that 

(10)  r*y,-5y*-^;fd^^j!,. 

'  Der  Ricci-KalkUl,  Springer  1923,  S  73. 

*  Here  only  tranaformationaof  (»)  to  holonomic  tystenu  are  allowed  since  it  is 

0 

only  for  these  systenu  and  not  for  general  systems o(  measuring  vectors  that 
is  always  zero. 
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and  according  to  (7) 

«')  + 

both  equations  holding  for  all  transformations  to  holonomic  or 
non-holonomic  systems. 

It  is  a  well  known  fact  that  for  the  orthogonal  systems  {k) 


i 

% 

t 

'  (12) 

r)“»  *  0; 

0  0 

n 

(13)  f*,  =  0. 

But  these  equations  hold  as  well  for  the  as  follows  from  (9) 

(14) 

r‘“>  -  0; 

n  i 

(15) 

n,  =  0, 

the  first  one  expressing  that  an  orthogonal  system  of  unit- 
vectors  passes  by  F>seudoparallel  displacement  into  a  system  of 
the  same  kind,  the  second  one  that  the  displacement  leaves  the 
volume  invariant. 

3.  Densities.'**  A  density  of  weight  f  is  a  quantity  of  only  one 
component  with  the  transformation 


if  the  system  (i>)  is  transformed  into  the  holonomic  or  non- 
holonomic  system  (N),  (d()"  “  being  the  components  of 

the  linear  element  with  respect  to  this  system.  The  covariant 
derivative  of  Q  is 

(17;  v/p  «  djp  - 


(17; 

hence  for  the  system  (k): 
(18) 


Vyp  =  3yp. 


**  A  theory  of  densities  and  the  more  simple  peeudoquantities  is  found  in 
J.  A.  Schouten  und  V.  Hlavaty,  Zur  theorie  der  allgemeinen  iinearen  Cber- 
tragung.  Math,  ZeUsckr.  30  (1929),  414-432. 
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In  Riemannian  geometry 

(19)  ‘a’  =  l«x^l 


is  a  density  of  weight  +  2,  its  square  root 


(20) 


'f. 


a  most  frequently  used  density  of  weight  4-  1.  The  components 
of  a  and  e  with  respect  to  (k)  have  the  value  1,  hence  from  (18) 
it  follows  that  the  covariant  derivatives  of  a  and  e  vanish.  An 
affinordensity  of  weight  f  is  the  product  of  a  density  of  weight  f 
and  an  ordinary  affinor.  The  covariant  differential  contains  a 
term  involving  e.g.  for  the  vectordensity  h'  of  weight  f 


(21)  «  dr  -h  -  fD'F^df*. 

If  we  write  for  the  parameters  of  the  covariant  differentiation 
of  a  contravariant  vectordensity  of  weight  f  or  a  covariant  one 
with  weight  —  f,  then 

(22)  =  rj;  - 


Hence  is  zero  if  and  only  if  t  ^  I  In. 
*  The  equation 

(23)  e"*  «=  1 


defines  a  contravariant  vectordensity  of  weight  1,  that  has 
only  components  li  ~  1  and  0  with  respect  to  all  systems  of 
measuring  vectors.  Its  ordinary  differential  and  its  covariant 
differential  both  vanish. 

Another  kind  of  density  used  hereafter  is  defined  after  Weyl  by 
the  equation 

(16')  p’=lAl-*p. 

instead  of  (16).  The  covariant  derivative  of  p  is  then 


(17') 

f 

where  F^ 
(22') 


V ‘p  =  a ‘p  -  tpru^, 


is  the  real  part  of  FJ^.  For  f  *  1/n  we  get  in  this  case 
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Hence  in  this  case  is  imaginaiy  and  equal  to  the  imaginary 
part  of  if  and  only  if  f  «  1/n. 

4.  Pseudoquantitiei.*  In  many  cases  we  have  besides  the  co¬ 
ordinates  another  independent  variable  with  the  trans¬ 
formation 

(24)  r  -  rCnr*;  r  0. 

A  pseudoscalar  of  class  f  is  a  quantity  with  only  one  comp>onent 
V  with  the  transformation 


*  (r) 

r  P. 


(25) 

where  t  denotes  the  f-th  power  of  r.  The  covariant  derivative 
of  p  has  the  form 

(26)  v/p  “  a/p  -  fivp, 

where  is  a  geometrical  object  with  the  transformation 

(27)  Tu  «  A{,r,  A-  du  log  r. 


The  must  be  given  in  order  that  the  pseudoscalars  have  a 
covariant  differential  and  can’t  in  general  be  computed  from  the 
rj^,  this  being  possible  only  if  r  depends  on  the  transformation 
of  into  A  density  is  such  a  pseudoscalar,  here  r  = 

A  pseudoaffinor  of  class  f  is  the  product  of  a  p>seudoscalar  of 
class  f  and  an  ordinary  affinor.  The  covariant  differential  con¬ 
tains  a  term  in  F^,  thus  for  the  pseudovector  of  class  f: 

(28)  iP'  =  dP'  4-  FJ^P^de^  -  fPT„de^. 

Pseudoquadtities  of  this  kind  occur  in  cases  where  there  is 
any  indetermination.  For  instance  an  affinor  of  rank  1  can  be 
written  in  an  infinite  number  of  ways  as  a  product  of  two  vectors 
and  can  therefore  be  considered  as  the  product  PxlP^  of  two  vectors 
respectively  of  class  4-  1  and  —  1.  Every  ordinary  quantity 
of  degree  higher  than  one  can  be  considered  as  a  sum  of  products 
of  two  or  more  pseudovectors  provided  that  the  sum  of  all  the 
class-numbers  of  these  pseudovectors  be  zero. 
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I 

? 

[ 


I 


The  idea  of  peeudoquantities  can  be  generalized  by  introducing 
instead  of  ^  n  independent  variables  ri"  subject  to  linear  trans¬ 
formations  of  the  form 

(29)  =  + 

where  the  are  (like  t)  functions  of  the  More  general 
contravariant  pseudovectors  of  class  f  can  then  be  defined  by 
the  transformation  formulae 

(30)  -  V  0'  » 

From  these  the  definition-formulae  of  more  general  covariant 
pseudovectors  and  more  general  pseudoquantities  of  higher  degree 
can  be  deduced  in  the  ordinary  way.  Six  >8  the  unity  affinor 
considered  as  a  more  general  p>seudo-quantity  of  class  -f  1  in  r 
and  —  1  in  X.  By  transvection  of  a  more  general  contravariant 
pseudovector  of  class  f  and  a  covariant  one  of  class  V  we  get  an 
ordinary  p>seudo8calar  of  class  f  -f  V.  The  covariant  differen¬ 
tiation  of  a  more  general  contravariant  pseudovector  of  class  1 
has  the  form 

(31)  =■  d^o"  + 

where  is  a  geometrical  object  with  the  transformation 

(32)  IIJm  “ 

In  the  general  case  the  group  of  transformations  Sl^  is  the 
linear  homogeneous  one  but  a  special  case  arises  if  a  subgroup 
is  used.  The  group  consisting  of  the  identical  transformation 
only  leads  to  ordinary  quantities: 

(33)  ar  * 

The  group  of  magnifications 

(34)  ar  -  rA]!;  ai 

leads  to  ordinary  pseudoquantities.  If  the  orthogonal  group 
with  respect  to  gx#  used: 

(35)  a^£x«i  *  ^AM> 


i 


1 

1 


f 

s 

i 
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is  invariant  for  all  transformations  of  the  group  and 
can  therefore  be  considered  as  a  pseudcxjuantity  of  class  —  1  in 
both  indices: 

(^6) 

In  this  case  the  parameters  IIj;^  of  the  connection  with  *»  0 
are  subject  to  the  conditions 

(37)  +  n- 0^  =  rzji„  + 
from  which  we  get 

(38)  f.<,(n?,^  -  rrj  -  0. 

Now  every  expression  alternating  in  Xk  can  be  written 

(3^)  *  VXftr  “  ^ritX  *  *  rr(X#)i 

hence  can  be  written 

(40)  n;;^  -  +  2^^'  -  2',^  -  2^. 

where  2,;;'  is  a  geometrical  object  alternating  in  X^.  Hence' 
the  parameters  of  covariant  differentiation  are  derived  from  those  of 
ordinary  quantities  by  changing  into  2>;'.  From'  (32)  and 

(40)  follow  the  formulae  of  transformation  of  the 

(41)  2Ai?  » 

from  which  is  to  be  seen  that  2x^'  is  an  ordinary  quantity  as  far 
as  transformations  of  the  alone  are  concerned  (S"  *  ^Ij*)  but 
that  it  changes  with  transformations  of  the  ij".  llenceworkingwith 
more  general  pseudoquantities  defined  with  respect  to  the  orthogonal 
group  comes  to  the  same  thing  as  working  with  a  variable  Sijf. 

5.  Hermitian  quantities."  Associated  w'ith  the  coordinates 
in  any  n-dimensional  manifold  we  consider  their  complex  con¬ 
jugates  which  we  write  N  =  7,  •  •  •,  Then  we  can  define 
vectors,  afhnors  and  other  geometrical  objects  starting  with  the 
just  in  the  same  way  as  ordinary  objects  are  defined  with 

"  A  theory  of  Hermitian  quantities  is  found  in  J.  A.  Schouten  and  D.  v. 
Dantzig:  Cber  unititre  Geometrie,  Math.  Ann.  (1930),  319-346. 
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respect  to  the  transformation  of  the  VV'e  call  them  geometrical 
objects  of  the  second  kind.  Obviously  every  geometrical  object 
of  the  first  kind  is  in  one  to  one  correspondence  with  the  geo¬ 
metrical  object  of  the  second  kind  having  the  complex  conjugate 
components,  so  these  latter  objects  don’t  give  anything  new. 
But  something  new  arises  if  we  consider  geometrical  objects 
with  some  small  indices  referring  to  and  some  big  ones  referring 
to  Such  objects  we  call  Ilermitian  quantities.  To  every 
Hermitian  quantity,  for  instance  to  PjJ*  belongs  one  and  only 
one  other  Hermitian  quantity  Pkii  with  components  that  are 
complex  conjugate  to  the  components  of  the  first  one.  This 
quantity  we  call  the  conjugated  one,  it  is  given  the  same  central 
letter  with  a  bar.  A  covariant  Hermitian  quantity  Axm  is  called 
symmetrical  resp.  alternating  if  the  covariant  equation 

(42)  Axil  *“  A|ix  or  Axm  “  ~  Ajix 
respectively  holds.  If  any  variable  vector  x'  is  given,  every  sym¬ 
metrical  Hermitian  quantity  is  in  one  to  one  correspondence  with 
an  Hermitian  form 

(43) 


§2.  Spin-Quantities  belonging  to  Euclidean  Space-Time 

If  we  introduce  the  simplest  form  of  the  wave  equation  in  a 
euclidean  space-time  with  the  orthogonal  cartesian  coordinates 
{*.  A  -  0.  1,  2.  3: 

(44;  =  =  ^  ct,  P  ~  X,  e  =  y,  =  *. 

where 


(45)  +  1,2,3, 

and  the  hypercomplex  numbers  of  Dirac  a*,  A  »  0,  1,  2,  3,  4, 
defined  by  the  equations 


(46) 


a)  “  f‘*  ;  i,  j  *  0,  1,  2,  3, 

P)  a*  “  a®o*o*a*, 
y)  a*a*  *  —  1, 

8)  (aW)o*  *  aUa’a*)',  i,j.  A  “  0,  1,  2,  3,  4, 
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then  this  equation  can  be  written  as 

(47)  ^  T  dy  -|-  mca*  ^  ^  —  0, 
and  we  may  consider  the  linear  equation 

(48)  ^  a^T  3/  +  mca*  ^  ^  *  0 
as  the  linearization  of  (44). 

The  16 numbers  1 ; o*; a**  =  —  =  a*a^;i  *  aWa*; 

if  jf  h  ^  (equivalent  to  at**  ■«  a*a^:  a*;  i,j,  ifc  “  0,  1,  2,  3,  gen¬ 
erate  an  associative  hypercomplex  number  system,  the  sedenion- 
system,  first  discovered  by  Clifford.  Every  number  of  this  system 
(that  is  a  linear  combination  of  the  16  numbers  first  introduced 
with  arbitrary  real  or  complex  coefficients)  is  called  a  sedenion. 
Now  the  co-contravariant  quantities  of  the  second  degree 
A,  B,  C,  ‘ •  *=  1,  •  •  • ,  4  in  an  auxiliary  £<  also  build  an  associa¬ 
tive  numbersystem  with  16  linear  independent  numbers  if  we 
define  addition  and  multiplication  as  follows: 


a)  iP+Qr.A  =  +  A 

b)  {PQr.A «  p^.mQIa 


and  it  can  easily  be  proved  that  there  can  be  established  (in  an 
infinite  number  of  ways)  a  one  to  one  correspondence  between 
these  two  systems.  Hence  we  may  represent  the  16  numbers,  1, 
a*,  etc.,  by  co-contravariant  quantities  of  the  second  degree  in 
the  auxiliary  £«  and  accordingly  write  them 
ot**^.Af  It  remarkable  that  these  quantities  are  not 

the  most  gefieral  ones,  for  it  can  be  proved  that  the  elementary 
divisors  of  are  X  —  1,  X  —  1,  X+1,  X+l  for  ife  =  1,  2,  3 
and  X  —  X  —  X  4*  ».  X  -|-  t  for  /k  ■«  0,  4.  Sedenions  of  this 
kind  we  call  space-like  or  time-like  unit  sedenions  respjectively. 
A  sedenion  that  can  be  obtained  from  a  unitsedenion  by  multipli¬ 
cation  with  an  ordinary  real  or  complex  number  has  elementary 
divisors  of  the  form  X  —  o,  X  —  o,  X  +  a,  X  +  a  and  is  called  a 
special  sedenion.  a**,  and  a*^,  i,  /k  “  0,  1,  2,  3;  A.j,  k 
are  unitsedenions  as  well. 
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Now  we  can  consider  the  16  expressions 

/  *  0,  1,  2,  3;  i,  j,  k,l^,  as  quantities  of 
the  second,  thiid,  fourth,  fifth  and  sixth  degree  lying  with 
0,  1.  2,  3,  4  indices  in  space-time  and  with  two  indices  in  the 
auxiliary  £4.  By  means  of  them  every  scalar,  vector,  bivector, 
trivector  or  quadrivector  in  sp>ace-time  is  connected  in  a  unique 
way  with  a  sedenion.  On  the  other  hand  these  quantities  de¬ 
termine  a  one  to  one  correspondence  between  any  sedenion  and 
certain  systems  consisting  each  of  a  scalar,  a  vector,  a  bivector, 
a  trivector  and  a  quadrivector  in  space  time.** 

All  quantities  in  the  £4  we  call  spinors,  the  vectors  also  spin- 
vectors  and  the  £4  spin-space. 

By  the  choice  of  another  orthogonal  cartesian  coordinate 
system  in  space-time  a®,  o*,  o*,  a*  undergo  a  Lorentz  transforma¬ 
tion  and  a*  is  invariant  if  the  transformation  has  determinant  -}-  1 
and  invariant  but  for  a  factor  —  1  if  the  determinant  is  —  1. 
Now  every  sfiecial  sedenion,  having  the  elementary  divisors 
X  —  o,  X  —  a,  X-j-a,  X-f-o  can  be  written  by  a  suitable  choice 
of  the  coordinate  system  in  the  form 

(50)  —  ae^cA  —  o^ca  +  a^CA  +  ae^CA, 

and  hence  determines  a  system  of  two  planes  in  £41  the  plane  of 

e  and  e  and  the  plane  of  e  and  e.  a*  is  invariant  and  so  the  two 

1  s  _  a  4 

planes  £j  and  £%  belonging  to  a*  are  invariant  planes  in  £4.  The 
unity  affinors  in  these  planes  are  obviously 

(51)  I  =  yi(,a  -H  ic^)',  I  =  }4(a  —  ta^), 

0  0 

and  we  have  the  identities 


(52) 


a)  a*  =  —  ii  +  il, 

0  0 

b)  a  =1+1. 

0  0 


**  The  geometric  properties  of  ledenioni  will  be  dealt  with  fully  in  the  aecond 
part  of  this  paper.  Sec  also  the  author’s  papers  Cber  die  in  der  Wellenglei- 
chung  verwendeten  hypercomplexen  Zahlen,  Proc.  Kon.  Akad.  v.  Wet.  Amster¬ 
dam  32  (1929),  105-108  and  Die  Darstellung  der  Lorentzgruppe  in  der  kom- 
plexen  £%  abgeleitet  aus|den  Diracschen  Zahlen,  Proc.  Kon.  Ak.  v.  Wet.  Am¬ 
sterdam  33  (1930),  190-197. 
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By  means  of  the  unity  affinors  i  and  I  every  spin  vector  can  lie 

0  0 

decomposed  into  two  components  lying  respectively  in  Et  and  £«. 
Et  and  £«  being  invariant  we  now  choose  the  contravariant 
measuring  vectors  in  £4  so  that  two  of  them  lie  in  £1  and  two  in 
£1  and  call  them  respectively  e*;  a,  b,  C.  •  •  •  •■  1,  2  and  <*; 
?l,  (5,  •  •  •  “  T,  2.  The  components  of  any  contravariant 

spinvector  are  then  ^);  ^). 

Every  sedenion  P  can  be  decomposed  into  four  parts: 


(531 


iPi  -b  iPl  +  IPt  +  IPl. 
00  00  00  00 


Applying  this  decomposition  to  o*,  /fc  «  0,  1,  2,  3,  by  virtue  of 
(46fii  and  (51)  two  of  the  parts  vanish,  the  other  ones  being 


(54) 


ux’ 

0 


o"i 

0 


0-  +  /9*. 


lies  with  the  upper  index  in  Et  and  with  the  lower  in  Et  and 
/J*  just  inverse,  so  that  we  can  write  them  in  full  and 
According  to  (46a)  they  are  subject  to  the  identities 


(55) 


ii*'- 


For  the  products  of  two  and  three  factors  0  we  get  from  (46)' 
(51)  and  (55) 


(56) 


(57)  ^ 


-  *•?>' 


-  ,/9'o  -  -  ijw  -  ^ 


»ia*'  *  —  to** 
0  0 


,■310  «  _  ^  ^ 


—  lla®‘  “  —  lo” 
0  0 


-  -  0'; 

0^~  t0'; 


0iu  .  _ 

0i/3ot  -  -  ^ 

-  0t«  -  ,-^1^ 

01001  ^  -  00 


cycl.  1,  2,  3, 


cycl.  1,  2,  3. 


m 
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Here  $'•*.  0'>,  ?•'*,  stand  for  fi'p,  i,j,  k  pt ; 

other  products  don’t  occur  because  every  product  of  a  0  with  a  0 
or  a  ^  with  a  /J  is  identically  zero.  The  equation  (56)  is  used  to 
define  the  quantities  t  and  “  1>  2,  3.  These  quantities  are 
sedenions  lying  totally  in  Et  and  Et  respectively,  so  they  can 
be  written  in  full  i*,  and  i*«.  With  i  and  i  respectively  they  each 

I*  1'"  0  0 

build  a  quaternion  system: 


cycl.  I,  2,  3. 


The  quantity  /3*  establishes  a  one  to  one  correspondence  be¬ 
tween  vectors  in  time-space  and  sedenions  lying  with  the  upper 
index  in  Et  and  with  the  lower  in  Et". 

(591  ~ 

Ify  - 

and  0^  does  the  same  with  Et  and  Et  interchanged. 

The  quantities  0'>  and  “  0,  1,  2,  3  establish  a  one  to  one 

correspondence  between  bivectors  in  time-space  and  systems  of 
a  sedenion  lying  in  Et  and  one  lying  in  Et". 

*’*•  “  »  j^(-  ivoi  -  Vtt)  +  cycl.  1,  2,  3, 

*  j1i(**'oi  -  Vtt)  +  cycl-  1.  2,  3, 

whose  scalars  v*.  and  r*«  both  vanish  because  t  and  I,  i  =  1,2,  3, 

have  the  elementary  divisors  X  X  —  i. 

If 


the  corresponding  bivector  has  the  components 


=  »■(»  —  v') 


cycl.  1,  2,  3. 
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Hence  there  is  a  one  to  one  correspondence  between  real  bivectors 
in  space-time  and  sedenions  expressible  in  terms  of  t,  i  and  t 

with  complex  coefficients  at  one  hand  and  with  sedenions  express' 
ibie  in  terms  of  I,  I  and  I  with  the  complex  conjugate  coefficients 

on  the  other  hand.  So  there  is  a  one  to  one  correspondence  too 
l)etween  complex  linear  transformations  in  £t  and  £i,  the  trans¬ 
formations  being  conjugate  if  they  have  complex  conjugate 

coefficients  in  i,  i,  i,  i  and  I,  i,  i,  i.  But  this  correspondence  is 
0  I  s  a  0  I  a  a 

not  a  linear  one:  if  for  instance  the  transformations  P  and  Q 
correspond  with  P  and  Q,  then  (a  +  bi)P  +  (c  +  di)Q  corre¬ 
sponds  with  (o  —  bi)P  {c  —  di)Q. 

The  most  general  linear  transformation  of  contravariant 
vectors  in  Et  is  obtained  by  transvecting  the  vector  with  a 
quaternion  of  the  form 

(63)  Q,: 

0  i  a  a 

(64)  V  - 

The  corresponding  transformation  of  covariant  vectors  is 

(65)  'tt',  » 
where 

(66) 

and  II Q  ||  is  the  norm  of  Q,  that  is  the  sum  of  the  squares  of  the 
coefficients.  'If  ||^||  *=  I.  the  transformations  are  unimodular. 
Hence  the  most  general  linear  homogeneous  transformation  that 
leaves  £|  and  £*  invariant  transforms  a*  in  the  following  way 

(67)  'a*  -  +  Rd^Q, 

Q  and  R  being  arbitrary  quaternions  in  Et  and  Et  respectively 
whose  norms  ||  ^||  and  ||  R  ||  are  not  necessarily  unity.  The  fol¬ 
lowing  theorems  are  easily  proved : 
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I.  A  transformation  of  the  form  (67)  leaves  a'a'gn  invariant 
if  the  norms  of  Q  and  R  are  equal. 

II.  A  transformation  of  the  form  (67)  is  a  real  transformation 

0  1  s  S  0  I  2  s 

if  and  only  if  Q,  Q,  Q,  Q  are  complex  conjugated  to  R,  R,  R,  R 

and  the  norms  of  Q  and  R  are  equal  and  real. 

III.  The  real  transformations  expressible  in  the  form  men¬ 
tioned  under  1 1  are  only  those  Ix)rentz  transformations  with  deter¬ 
minant  -f  1  that  can  be  created  out  of  real  rotations  in  space 
and  "special”  I^orentz  transformations,  that  are  transformations 
of  the  form 

(68)  'x  =  X  cos  AX/  4*  /  sin  AX/, 

'/  *  X  sin  AX/  +  /  cos  AX/. 

VVe  get  the  whole  group  of  all  real  Lorentz  formations  by  intro¬ 
ducing  a  transformation  '/=*—/  and  one  of  the  form  'x  =  —  x 
but  not  all  transformations  got  in  this  way  can  be  expressed  in  the 
form  mentioned  under  II.  In  other  words,  the  group  of  all  real 
transformations  leaving  a'a^gn  invariant  is  not  continuous  but  a 
so  called  ”  mixed  ”  group,  consisting  of  such  transformations 
that  can  be  reached  in  the  grbup-manifold  '*  in  a  continuous  way 
starting  from  identity  and  others  where  this  is  not  possible. 
Only  the  hrst  kind  of  transformations,  which  obviously  build 
a  continuous  group  for  themselves,'*  can  be  expressed  in  the 
form  mentioned  under  II. 

So  far  we  have  made  no  assumption  at  all  concerning  the  co¬ 
ordinate  systems  in  £t  and  £].  Now  we  choose  them  in  such 
a  way  that  the  t  and  i  and  in  consequence  also  the  0  and  0  get 
complex  conjugate  comF>onents.  To  make  this  choice  invariant, 
from  now  on  only  complex  conjugate  linear  transformations  in 
£t  and  £|  are  allowed.  The  determinants  of  0  and  0  are  not 

**  The  group-manifold  ia  the  manifold  in  which  every  “  point  ’*  ia  a  trana- 
formation  of  the  group. 

Thia  group  ia  not  equivalent  to  the  group  of  all  real  Lorentz  tranaforma- 
tiona  with  determinant  -f-  1,  for  example  'x  ■  x,  'y  —  y,  ^  —  b,  ’t  —  t 
belonga  to  thia  latter  group  and  cannot  be  reached  continuoualy  atarting  from 
identity. 
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invariant  with  these  transformations,  but  from  (56)  it  follows 
that  we  always  have 

(69)  =  1^1  --1^*1;  *“1,2,3. 

So  we  can  choose  the  coordinates  in  Et  and  £<  in  such  a  way 
that 


(70)  1^1  =  -  1^*1  =  1^1  =  -  1^*1  =  +  1;  *  =  1,  2.3, 

and  in  order  to  make  this  choice  invariant  we  have  to  put 
another  restriction  on  the  transformations  of  coordinates  in 
and  Et'.  the  determinant  has  to  be  real.  So  from  now  on  only 
those  transformations  of  the  coordinates  in  £«  and  Et  are  allowed, 
that  applied  to  /3*  and  induce  in  space-time  the  continuous  sub¬ 
group  of  the  Lorentz  group  mentioned  above. 

The  transformations  of  coordinates  in  Et  and  Et  being  now 
complex  conjugate,  we  can  identify  the  quantities  in  Et  with  the 
quantities  of  the  second  kind  in  Et  (cf.  §  1).  Then  the  I  are  the 
quantities  of  the  second  kind  conjugate  to  the  i  and  and 
are  conjugate  Hermitian  quantities  in  the  last  two  indices. 

In  £s  no  bivector  is  given,  as  the  quantities  introduced  so  far 
have  no  comitant  “  that  is  a  bivector.  But  the  bivector-densities 
E*‘,  €,|  of  weight  +  1  and  —  1  respectively  in  Et  defined  by  the 
equations  \ 

(71)  E'»=  +  l;  *i*“  +  l, 


holding  for  every  system  of  coordinates,  and  their  conjugates 
E*®,  (HQ  in  Et  are  given  quantities.  We  now  prove  the 
Principal  Theorem: 


The  densities  of  weight  —  I 


(72) 


**iea  == 


**  The  word  comitant  ia  uaed  in  the  sense  of  Weitzenbock,  a  comitant  of 
any  system  of  quantities  is  a  quantity  whose  components  depend  on  the  com¬ 
ponents  of  the  quantities  of  the  system  in  a  way  independent  of  the  choice  of 
the  coordinates.  So  an  invariant  ia  a  comitant  that  is  a  scalar. 
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are  Hermitian  symmetrical  in  the  last  two  indices: 

(73) 

In  fact,  from  (55)  and  (70)  follows  immediately  that 

*  -  ^.1 
/3**3  =  -  ?‘i 

=  4-  2. 

hence,  by  transvection  with  *,j 
‘.t  ‘.la 

(75)  V*  ^  =  0,  1,  2,  3. 

‘.aa  *  t.h 
‘fii  ~  ‘*ii. 

Here  is  the  point  where  Hermitian  symmetry  and  the  so  called 
Hermitian  forms  (transvection  of  a  symmetrical  Hermitian  quan¬ 
tity  of  the  second  degree  with  a  vector  and  its  conjugate)  come 
into  this  part  of  physics.  From  our  deduction  it  follows  at  once 
that  their  appearance  dei)ends‘on  the  —  sign  of  g®®  '•  and  on  the 
special  values  of  the  determinants  of  the  If  we  start  with  a 
positive  definite  fundamental  tensor,  Hermitian  symmetry  does 
not  come  in  automatically  and  can  only  be  brought  in  in  an 
artificial  way.‘^ 

From  (70)  and  (72)  follows  for  the  determinants 

(76)  l,o|  *  1?1  =  +  1;  1,*|  =  1J*1  =  -  1;  *=1,2,3, 

hence  *®  and  i®  are  positive  definite  and  €*  and  e*;  *  =  1,  2,  3 

**71%  Hermitian  matrices  occurring  in  Norbert  Wiener's  generalized 
harmonic  analysis,  Acta  Mathematica  vol.  55  (1930),  pp.  117  to  258,  have  the 
same  source,  they  only  come  in  because  the  equation  of  light  waves  is  of  the 
hyperbolical  type. 

This  may  be  a  hint  not  to  change  t  into  it  in  order  to  make  things  "more 
symmetrical,"  in  fact  doing  this  disturbs  symmetry  instead  of  improving  it. 
Compare  Eddington,  The  interaction  of  electric  charges,  Proc.  Roy.  Soc.  126 
(1930),  696-728.  Where  he  takes  the  sign  for  g**  he  has,  in  building  con¬ 
jugates,  to  discriminate  between  the  cases  where  i  appears  explicitly  and  those 
where  it  appears  implicitly,  as  in  it,  and  has  not  to  be  reversed. 
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negative  definite,  c  and  <  establish  a  one  to  one  correspondence 
between  Ilermitian  tensor-densities  of  weight  —  1  and  vectors  in 
space-time.  It  is  easily  shown  that  time-like  vectors  correspond 
to  positive  definite  Hermitian  tensordensities  and  space-like 
to  indefinite  ones.  A  vector  in  the  light  cone  corresponds  to 
a  Hermitian  tensordensity  with  determinant  zero. 

So  far  no  attempt  is  made  to  fix  the  coordinates  in  £t  and  E\ 
in  order  to  get  definite  components  for  the  quantities  t,  i,  ^ 
and  c.  Now  for  our  further  developments  this  is  in  no  way 
necessary  or  useful  and  we  will  give  here  a  possible  choice  of 
coordinates  merely  in  order  to  enable  the  reader  to  compare  the 
results  with  those  of  other  authors  who  work  with  a  fixed  co¬ 
ordinate  system  in  £4.  c**  being  positive  definite  and  c',  c*,  c' 

indefinite,  the  system  of  unit-vectors  ^  being  chosen  in  any  way, 

coordinates  in  £1  and  £t  can  be  transformed  always  by  an 
allowed  transformation  in  such  a  way  that  gets  the  simple  form 


(77) 

,0  _  ^  ,0  -  «« 
•.II  “  •.!*  “ 

4-  1; 

•?ii  “ 

•"tl  -  0, 

and  c', 

f*.  €*  the  following 

simple 

forms 

•.II  *  •.» 

0; 

•!ii  “ 

•!»i  “  - 

1. 

(78) 

•.II  •■»  “ 

0; 

•*.i  « 

-  •%!  “  + 

*, 

•.II  “  •.«  * 

-  1; 

•*ii« 

•*.T- 

0. 

Then  the  components  of  the  /3,  that  are  not  zero,  are 


(79) 


-  -  +  1. 
^!!i-  -/3!*i-  -  1. 

-  *•. 

^!!i  -  ^  +  1, 


and  the  non-vanishing  components  of  t,  t,  t  and  i 


1 

!'• 

!’■ 


s’. 


+  1. 
+  *. 
-  1. 
+  ». 


M 


(80) 
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The  matrices  of  the  t  are  but  for  a  factor  t  identical  with  the 
matrices  of  Pauli. *• 

§3.  Spin-Quantities  belonging  to  Riemannian  Space-Time 

In  Riemannian  space-time  all  equations  of  §  2  are  valid  in 
every  point,  except  the  equations  (44),  (47)  and  (48)  containing 
d;.  To  every  point  of  space-time  belongs  a  local  spin-space  £4. 
The  components  with  small  latin  indices  are  now  components 
with  respect  to  the  local  system  of  orthogonal  unit-vectors 

0  I 

r',  r*  chosen  at  every  point  in  an  arbitrary  way.  If  only  one  0 

is  considered,  the  measuring  vectors  in  the  local  spin-space 
may  be  chosen  in  such  a  way  that  the  ordinary  differentials  of 
the  components  of  /9  and  ^  vanish.  (If  two  different  are  con¬ 
sidered,  for  instance  one  for  the  electron  and  another  for  the 
proton,  this  is  in  general  not  possible  for  the  components  of  both  /3.) 
Then  they  remain  zero,  if  we  subject  the  coordinates  in  spin- 
space  to  general  linear  homogeneous  transformations  with  real 
determinant  in  £|  and  the  complex  conjugate  ones  in  Et  (the 
^  transformations  allowed  in  §  2)  and  at  the  same  time  the  unit- 
vectors  to  the  corresponding  real  l^rentz  transformation,  2*  if 
we  subject  the  unit-vectors  or  the  coordinates  in  spin-space  or 
both  to  “  synchrone  ”  Lorentz  transformations  respectively  “  syn- 
chrone  ”  transformations  of  the  kind  allowed  in  §  2.  Only  in  the 

'*  Many  authors  speak  of  “matrices'*  and  deal  with  matrices  instead  of 
precisely  defined  quantities.  Now  in  geometry  a  matrix  is  only  a  scheme  of 
components  of  a  quantity  with  respect  to  any  system  of  measuring  vectors  and 
one  and  the  same  matrix  can  belong  to  wholly  different  quantities,  lienee 
such  a  scheme  has  no  geometrical  meaning  at  all  if  the  transformation  of  the 
components  is  not  given,  in  other  words  if  the  particular  quantity  to  which  it 
belongs  is  not  given.  For  a  quantity  in  geometry  is  given  only  by  its  com¬ 
ponents  with  respect  to  any  system  of  reference  together  mtk  their  mode  of 
transformation.  The  symmetry  of  a  matrix  for  instance  has  only  a  geometrical 
tense  if  the  matrix  belongs  to  a  covariant  or  a  contravariant  quantity  and 
multiplication  of  matrices  has  no  sense  at  all  in  the  case  of  two  covariant  or  two 
contravariant  quantities.  Using  only  matrices  and  neglecting  the  modes  of 
transformation  may  be  in  some  simple  cases  a  suitable  substitute  for  the 
theory  of  quantities  that  is  behind  it,  but  in  every  more  complicated  case  it 
gives  only  a  glimpse  of  it  and  spoils  the  "fine-Ktructure"  of  the  theory. 
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case  1”  the  components  of  ^  and  0  have  definite  values  remaininK 
constant  during  the  investigation. 

Covariant  differentiation  of  spin-quantities  can  be  chosen  now 
in  such  a  way  that  the  covariant  differentials  of  0  and  ^  vanish  too. 
This  can  be  done  in  various  ways  but  we  shall  show  that  with 
respect  to  contra  and  covariant  spin-vector-densities  of  weight  -f  }4 
resp.  —  }4  (defined  with  the  absolute  value  of  the  determinant 
of  transformation)  one  and  only  one  covariant  differentiation  with 
this  property  is  possible.  If  we  write  for  the  parameters  of  the 
covariant  differentiation  of  spin-vectors  A'^  and  aX  then  the 
equation 

(81)  0  -  -  A;g^„. 

leads  to 

(82)  -  A£/3f‘,  +  Al^fe. 

Now  we  assume  that  the  ordinary  differentials  of  the  com¬ 
ponents  of  and  vanish;  then,  using  (55)  we  get 

(83)  2r"  =  - 

According  to  (15)  PJ*  vanishes  identically,  hence 

(84)  0  -  -  Ai  +  r^. 

Hence  the  imaginary  part  of  A|J  vanishes.  Obviously  (84)  is 
invariant  under  all  transformations  of  spin-coordinates  of  the  kind 
allowed  in  §  2.  If  we  write  A^  and  A^^  for  the  parameters  of  the 
covariant  differentiations  of  contra  and  covariant  spin-vector- 
densities  of  weight  yi  and  —  yi  respectively 

(85) 

A«>  “  A|}5  — 

where  A{^  is  the  real  part  of  A{^,  then  by  alternating  the  right  side 
of  (83)  we  get 

(86)  2r«-/3!^rX+^*«ASi. 
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or  usinR  (51): 

-  -  2r'»  - 

^  '  2r;*  -  -  2r”  -  - 

from  which  equation  AJ;  and  Aj^  can  be  computed.  We  get  two 
different  equivalent  forms: 

(88)  a;,  -  -  aJ,  -  - 

where  *  /j^Py  and 

(89)  »  3iPj»'/3f%;  Aj^  -  - 

It  is  easy  to  verify  that  the  real  parts  of  A'^  and  aJ  are  not 
determined  by  (81)  because  they  have  no  influence  on  the  values 
of  the  right  side  of  (81).  We  could  have  derived  the  same  result 
(88,  89)  without  mentioning  Aj^,  by  considering  as  a  density  ' 
of  weight  +  in  c  and  —  yi  in  a  which  is  obviously  allowed. 

The  displacement  of  vectors  in  spin-space  or  of  vector  densities 
of  another  weight  is  not  determined  by  the  displacement  in  time- 
space.  But  as  we  have  only  to  deal  with  densities  of  this  special 
weight  this  is  of  no  importance.'* 

A  general  vectordensity  4'^  of  weight  in  spin-space 

is  determined  by  its  two  components  and  of  weight  -f 
in  £t  and  £f  The  conjugate  vectordensity  ^^of  the  second  kind 
is  in  the  same  way  connected  with  and  ^  determines  in 
time-space  two  real  scalars,  two  real  vectors  and  a  real  bivector 
which  can  be  defined  by 

Jijoof,  as  —  *  5  + 

+  ?*«*«»^*  ”  J*. 

(90) 

^a*V  “  ”  «'*t 

JijaV  =  *(^*<.kiA‘  -  “  i{B  —  B), 

**  In  hi*  paper  Geometrie  der  Diracachcn  Theorie  dea  Elektrona,  Zeitachrift 
fiir  Phyaik  57  (1929),  261-277,  V.  Fock  haa  tried  to  make  uae  of  the  indeter¬ 
mination  of  the  diaplacement  of  apin-vectora  to  introduce  the  electromagnetic 
potential  vector.  However  the  diaplacement  of  contravariant  vector-denaitiea 
of  weight  -f-  H  being  wholly  determined  and  only  thear  vector-denaitiea  playing 
a  role,  the  idea  of  Weyl  of  replacing  the  potential  vectors  by  pseudo-vectors 
of  class  -f-  1  and  —  1  seems  much  better. 
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where  n  is  the  bivector  in  spin-8pace  defined  by 

(91) 

V'ice  versa  ^  is  determined  by  j*.  5'*  and  B  but  for  transforma¬ 
tions  of  the  form 

(92)  V‘  “ 

It  is  easily  proved  that  the  bivector  ii  a  comitant  of  s,  s’ 
and  B  and  can  be  written 


(93) 


B-\-  B 
2\B\ 


-I-  - 


i(B  -  B) 


2\B\ 


where  7*''^  is  the  quadrivector  with  the  orthogonal  components 
/«m  1  in  time-space,  s  and  s'  are  mutually  perpendicular 

and  the  absolute  values  of  their  lengths  are  equal  and  .8 ‘Ms  a 
bivector  whose  two  blades  can  be  chosen  one  in  the  plane  of 
s  and  s'  and  one  perpendicular  to  this  plane. 

If  we  look  at  ^  only  as  an  artificial  wave  symbol  and  at  s,  s' 
and  the  scalar  B  as  quantities  with  a  physical  signification  then 
and  have  to  be  considered  as  ordinary  pseudo- vector-densi¬ 
ties  of  class  -}-  1  and  weight  -f"  M  with  t  =  e**  and  and 
as  pseudo-vector-densities  of  class  —  1  and  weight  -|-  But 
we  may  go  one  step  further  and  consider  ^  only  determined  by  j* 
and  B.  Then  and  are  determined  but  for  linear  transforma¬ 
tions  of  the  form 

(94)  V*  “ 

I 

where  r  and  <r  are  chosen  in  such  a  way  that  the  determinants  of 
r  and  ?  are  +  1  and  t,  9,  r  and  »  are  only  bound  by  the  condition 
that  s  and  B  are  invariant.  This  condition  leads  to  the  equations 

(95)  A**  ■*  "I"  if'V*  ”  TTir*,^‘ir*r^*’  +  99W*^lr^t^^, 

(96)  ^•^*1  K  TffT**,^**'?*^^*. 

Now  and  having  equal  rights  (95)  and  (96)  must  hold  if  r 
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and  w  change  places.  From  this  it  follows  at  once  that 


and  that  corresponds  to  the  most  general  transformation 
leaving  A**  invariant: 

(99)  “  A*®- 

Hence,  if  we  introduce  along  with  the  coordinates  in  Et  the 
auxiliary  variables  ri*  with  the  transformation 


and  can  be  considered  as  more  general  pseudo-vector- 
densities  respectively  of  class  -|-  1  or  —  1  and  weight  -|-  yi-  The 
tensor  A*®  is  invariant  under  the  transformation  xf,,  hence  there 
exists  a  Hermitian  more  general  pseudo  quantity  of  weight  +  1 
in  both  indices  having  the  same  components  as  A*®  with  respect 
to  all  systems  of  reference 

(101)  I)*®  =  A*». 

From  this  follows  for  the  parameters  11^  and  lljiy  of  the  displace¬ 
ment  of  pseudo-quantities: 

(102) 

Hence 

(103)  -  (n;,  - 

is  Hermitian  alternating  in  0  and  91.  The  most  general  para¬ 
meters  11  are  therefore  given  by  the  formulae 

(104)  Hi,- + 


where  the  factor  —  is  introduced  only  for  convenience  and  is 


mk 
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a  geometrical  object  only  bound  by  the  condition 

(105) 

From  this  condition  it  follows  immediately  that  is  real.  An 
easy  calculation  shows  that  the  introduction  of  the  remaining 
part  of 

(106)  —  iliPf’,  <pj  » 

is  equivalent  to  replacing  5^*  by 

(107)  +  IV  + 

where  and  are  alternating  in  i  and  j  and  lie  totally  in  the 
Rt  perpendicular  to  j*.  We  have  here  a  special  case  of  the  more 
general  pseudo-quantities  introduced  in  §  2,  they  belong  to  the 
group  of  those  lx)rentz  transformations  that  leave  the  direction 
of  j*  invariant.  The  introduction  of  being  equivalent  with 
the  introduction  of  an  5^*  with  variable  components  that  are 
functions  of  the  we  proceed  here  only  with  the  other  part  of 
that  depends  only  on  <fif.  This  means  that  we  return  in  this 
p>aper  to  the  point  of  view  of  Weyl.  is  no  vector,  its  com¬ 
ponents  transform  according  to  the  equation 

(108)  ^ 

from  which  it  follows  that  its  alternated  ordinary  differential 
quotient  is  a  bivector 

(109)  «= 

As  the  ^  undergo  only  real  transformations  we  suppose  ^  to  be 
real./^j^  is  then  real  too  and  ^  and  can  be  interpreted  following 
Weyl  as  potential  vector  and  electromagnetic  bi vector.  In  the 
more  general  case  can  be  regarded  as  a  potential  vector  whose 
comF>onent8  are  not  ordinary  numbers  but  Dirac  numbers,  that 
is  quantities  of  the  second  degree  in  £|.  But  it  is  remarkable 
that  to  obtain  this  result  it  is  not  necessary  to  introduce  more 
general  pseudo- vectors,  the  part  of  \[j  dependent  on  S'^: 

(110)  ■ 
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together  with  is  a  potential  vector  with  Dirac  numbers  for 
components  as  well.  The  only  difference  between  the  more 
general  and  the  restricted  theory  is  that  in  the  former  these 
components  are  functions  of  the  fn  both  cases  the  part  of 
dependent  on  the  Riemannian  character  of  time-space  and 
independent  of  will  have  a  similar  effect  so  that  we  come  to 
the  conclusion  that  by  the  influence  of  a  gravitational  field  the 
components  of  the  potential  vector  change  from  ordinary  numbers 
into  Dirac-numbers. 

54.  Dirac  Equations  in  Riemannian  Space-Time 

In  Riemannian  space-time  the  non-invariant  equation  (44) 
cannot  be  the  wave  equation  and  the  simplest  possible  general¬ 
ization  cannot  be  linearized,  ViVfl/  being  not  symmetrical  in  i 
and  j.  So  we  start  from  the  other  end  with  the  simplest  possible 
generalization  of  (48): 

(112)  +  =  0, 

considering  ^  as  an  ordinary  pseudo-vector-density  of  weight 
-{-  yi  and  class  1  in  £«.  Then  (112)  becomes,  written  in  full: 

(113)  -  may* 

-  {  7  +  I  -  0. 

(114)  +  mcV-* 

■  J  +  A5/^*)  +  7  I  +  «  0. 

Iterating  the  process  (112)  we  get 

(115)  -  +  m*cV*  -  0. 

(116)  -  +  m»cV*  “  0. 

and  these  equations  are  therefore  in  Riemannian  space-time  the 
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simplest  possible  generalizations  of  {44)  admitting  linearization. 

Writing  (115)  out  we  get 

(117)  -  {  d^V  +  (d/Afc)^‘  -f 

+  ^  {di^:)r  +  2  ^  ^ 

-  r\^,r  -  r*  a:»^‘  -  ^  r‘ 

+  a:,aU‘  +  2  ^  w  =  0. 


Now  a  great  number  of  terms  in  this  expression  can  be  made 
zero  at  one  point  P  of  space-time  (not  at  all  points  at  the  same 
time)  by  a  suitable  choice  of  the  local  systems  (A).  Indeed,  if 
we  start  with  the  local  system  at  P  and  construct  the  local  system 
at  every  point  Q  of  the  neighborhood  of  P  by  moving  the  system 
at  P  along  the  geodesic  PQ  in  a  pseudoparallel  way,  than  not 
only  6eJ‘  vanishes  in  P  for  every  direction  of  dp  but  also  66e'’ 

and  from 
(118) 


6e-  i  r^(df)^  =  0, 

M«*  =  (dO'Vi(df)»V,<* 

‘  i  {di)>id0^d,T*, 
and  (87)  it  follows  that  not  only  and  A^  vanish  but  also 


(119) 


Hence  (117)  becomes  at  P: 


(120)  -  {  d,d,r  +  {dM)4*  +  ^  {di<fii)r 


*!%€  ^ 

+  7a  “  :5ii 


f»A* 


-b  m*c*4‘  ”  0, 


(121)  h*g'>didip^  —  m*c*^* 

=  +  2^ 


+  -  *V‘ayAjVfl 
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Now  at  P 

(122)  -  =  mK  +  a:')*:. 

where 

(123)  /Co  *  —  ~ 

is  the  curvature  of  time-space  for  the  case  Si^  =  0  and  K' 
depends  only  on  Si^  and  its  first  covariant  derivative.  So 
(121)  reduces  to 

(124)  A*g‘»ayd.^‘  -  (wV  -  ih'{K  + 

\  eh  2eh  e* 

“  *  1  TT  7h' 

■  +  7  {(-/«>  +  1*  2.  3). 

Both  terms  to  the  right  are  well  known  from  the  euclidean 

theory,  the  last  one  is  the  spin  term.  The  only  correction  due 

to  the  Riemannian  character  of  space  time  is  the  term  containing 

K  -f=  K'.  It  is  remarkable  that  the  whole  term  containing  m 
0 

itnc^ 

vanishes  \i  K  K'  — rj*  . '  According  to  a  theorem  of  Schur 

0  nr 

in  the  symmetrical  case  K  can  only  be  a  constant  in  a  Riemannian 

manifold  with  constant  curvature  and  such  a  manifold  can  be 
imbedded  in  an  At,  its  radius  of  curvature  being  then  equal  to 

V3  times  — ,  the  principal  wave  length  of  the  Broglie  wave. 

THC 

The  equation  of  such  a  manifold  would  be 

3A* 

(125)  **  +  y»  +  *»  -  cV  - 

u  being  the  fifth  Cartesian  coordinate  in  R%. 

§  5.  Variational  Equations 
By  transvecting  (113)  with  we  get 

-  ^  *  0, 


(126) 
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and  by  trangvecting  (114)  with 

(127)  —  “  0. 

ff 

The  sum  of  the  right  hand  sides  of  (126)  and  (127)  and  — 
multiplied  by  : 

(128)  TO  “  —  4- 

4- 

is  a  density  of  weight  4~  1  whose  imaginary  p>art  is,  independently 
of  (126)  and  (127),  a  divergence: 

(129)  TO  -  TO  »  -  T  «Vw(^V*  4-  ^V®)  -  2  j  'ts^Sif 

A  (»)  « A  w  .  „  .  «  A 

»  -  T  e  v,5/  -  2  T  e  j>5«‘  =  -  T  d.V. 

t  t  ^  t 

The  last  equation  holds  only  for  holonomic  systems.  Hence 

(») 

TO  seems  well  fit  to  be  used  in  the  equation  of  variation 
(») 

(130)  Sf^Jlded^d^di* 

VVeyl  calls  a  quantity  whose  imaginary  part  is  a  divergence 
“  praktisch  reell.” 

The  independent  variation  of  affd  with  the  con¬ 

dition  that  be  invariant  leads  immediately  to  the  equations  of 
Dirac  (113)  and  (114)  and  to  their  conjugates.  These  latter 

equations  we  get  more  easily  starting  with  TO.  The  independent 
variation  of  tpi  (only  occurring  in  V,V'‘  and  V,V'*)  leads  imme- 
e 

diately  to  -  5*,  the  one  term  of  the  Maxwellian  equation  contain¬ 
ing  the  current  vector-density.  The  other  part  of  the  Maxwellian 

equation  comes  in  after  adding  to  TO  the  density  tfx^f^  with 
a  suitable  constant  numerical  coefficient. 
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We  will  now  look  upon  as  a  function  of  the  measuring 
vectors  ^  and  give  them  a  variation  The  spin-vectors 

and  the  gjg.  and  Fj;,,  may  be  constant  during  the  variation. 

<r) 

But  the  and  t  change.  3)1  can  be  decomposed  into  five  parts. 

aW'  «  -  *  ‘e 

(131)  fir' = 

»iiv «  _  ^jV>i;5--. 

The  first  part  gives  a  variation 

(132)  igii'  »  -  T 

where  The  second  part  can  be  written 

i  j 

(133)  »)"  -  -  T?.'„|  -  Hi^rFu^..  - 

-  -  6*e’«"r”»'. 

Now 

(134)  -  AUl.  4-  a^r. 

hence  the  first  part  of  Ssll"  is,  omitting  parts  that  vanish  by 
partial  integration: 

(135)  »  -  K  7  'ts‘r%e,6^  +  7  'e(d^s>)hf 
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The  second  term  of  this  expression  is  annihilated  by 

(136)  -rsfe,S;J‘6^. 

(») 

The  first  term  gives  added  to  iSDi' 

(137) 

We  may  expect  that  the  other  parts  of  9)f  will  give  just  the 
terms  necessary  to  replace  in  this  expression  all  by  V^.  The 

w 

missing  terms  containing  are  given  by  39)^": 

(f*)  0  4 

(138)  m"^  -  -  -  +  ^V®)«^. 

and  the  other  missing  terms  can  be  written 

(139)  -  6he^s^^2^,^6t^. 

10  SI 

In  fact  we  find  after  a  somewhat  laborious  calculation  that  the 
(») 

second  part  of  is  equal  to 

I 

I  M  ^  i 

(140)  «g)f"  -  -  6/ivr„„i«'  -  th  t 

*  10  SI  f 

The  fifth  part  gives  the  variation 

A''  -  - 


(141) 
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So,  if  we  write 

(142)  «/ 
then  we  find 

(143)  Tii=  Hr 

—  6A V joiniif "f"  f  }oI 

+  H»»»f(?*«k<iA‘  -  ?®Je«^*)2<i  * 

The  influence  of  is  to  be  seen  in  the  third  term. 

*'Comp.  Weyl.  Gruppentheorie  und  Quantenmechanik.  S.  194. 
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2.  Five  Dimensional  Theory 
By  J.  a.  Schoutbn  • 

Introduction 

The  chief  object  of  this  second  part  is  to  show  how  the  mass- 
term  in  the  Dirac  equations  comes  in  automatically  if  we  start 
with  a  live-dimensional  instead  of  with  a  four-dimensional  Rie- 
mannian  manifold.  After  a  first  §  concerning  conventions  and 
notations  we  show  in  §  2  that  local  spin-space  in  a  point  of  a  Ft 
is  the  same  as  in  a  point  of  a  Ft,  but  that  a*  has  no  longer  an 
exceptional  F>oeition.  The  sedenions,  mentioned  in  the  first  part 
of  this  paper,  are  here  dealt  with  thoroughly.  The  two  most 
important  theorems  of  this  section  are  that  two  arbitrary  pentad- 
systems  have  always  special  sedenions  in  common  and  that 
to  every  pentad  system  belongs  a  bivectordensity  of  weight  + 
in  spin-space.  From  the  first  theorem  results  that  two  given 
pentads  determine. a  direction  in  the  local  R%  and  two  invariant 
planes  in  local  spin-space  and  this  leads  automatically  back  to  the 
four-dimensional  theory.  From  the  second  theorem  results  the 
possibility  to  deduce  from  every  co-contravariant  quantity  o*  a 
co-covariant  one  i;*,  so  that  has  a  meaning  though 
has  no  meanjng  at  all.  The  symmetry  of  the  9*  is  equivalent 
with  the  Hermitian  symmetry  of  the  c*  and  c*  in  the  four¬ 
dimensional  theory,  so  Hermitian  symmetry  comes  in  only  after 
the  introduction  of  two  different  a's.  In  the  third  §  the  covariant 
differentiation  of  spin-quantities  is  deduced.  The  simplest  wave 
equation  of  the  first  order,  —  0  differs  slightly  from  the 

equation  in  the  four-dimensional  case  and  this  difference  gives 

‘  ProfcMor  Schouten,  of  the  Delft  Technical  University,  gave  a  course  of 
lectures  at  the  Massachusetts  Institute  of  Technology  during  the  fall  term  of 
1930. — Ed.  note. 
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riae  to  a  term  that  has  just  the  properties  of  a  mass-term  if 
time-space  is  holonomic  in  Vt  and  2^.  the  covariant  differential 
of  the  spin-vector  in  a  direction  perpendicular  to  space-time 
vanishes.  Realisation  is  possible  in  different  ways,  but  the 
case  where  the  curvature  of  space-time  is  constant  and  equal  to 

—  may  have  a  special  interest. 

1.  Conventions  and  Notations 

We  start  in  this  paper  with  a  Riemannian  five-dimensional 
manifold  Vt  with  a  fundamental  tensor  of  signature  1.  The 
general  coordinates  are  denoted  by  C.  «i  •  •  •,  w  «■  1,  2,  3,  4,  5 
(printed  cursive)  and  the  corresponding  measuring  vectors  by 
r',  tx-  This  system  we  denote  by  (•').  At  every  point  we  intro¬ 
duce  in  the  local  Rk  an  arbitrary  system  of  five  mutually  per¬ 
pendicular  real  contravariant  unit  vectors,  two  time  like  (with 
square  of  length  “  —!)«',«'  and  three  sp>ace-like  (with  square 

0  4 

of  length  “  +1)  This  system  is  denoted  by  (c). 

The  indices  a,  b,  will  take  the  values  0,  1,  2,  3,  4  (printed 

vertically),  the  indices  h,  i,  •••,  m  only  the  values  0,  1,  2,  3. 
The  component  of  any  geometrical  object  gets  small  greek 
indices  as  far  as  it  is  referred  to  (i')  and  small  latin  indices  as 
far  as  it  is  referred  to  (c).  All  conventions  and  notations  as  to 
the  use  of  central  letters,  transformations  of  coordinates,  quanti¬ 
ties  with  one  component,  non-holomic  linear  elements  and  inter¬ 
mediate  components  are  just  the  same  as  in  the  four-dimensional 
rase  and  are  dealt  with  in  §  1  of  the  first  part  of  this  paper, 
referred  to  in  this  part  as  I.  Everything  said  concerning  co¬ 
variant  differentiation,  densities  and  pseudoquantities  in  §$  2,  3,  4 
of  I  holds  for  the  T|  too. 

2.  Spin-Quantities  Belonging  to  a  Point  of 
At  every  |x>int  of  the  we  have 

(1)  _  ^  «  gll  »  _  ^44  «  1. 
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From  this  it  follows  that  the  equation 

(2)  -  0  (a.  6  -  0,  1,  2,  3,  4) 

can  be  linearized: 

(3)  “  0 

by  introducing  the  hypercomplex  number  system  defined  by  the 
equation 

(4)  «<•«*>  -  g-, 

(a*a*)a*  “  a*(ot*o*)  (o,  6,  c  *  0,  1 , 2,  3, 4). 

These  equations  are  equivalent  to  (46)  of  I,  hence  linearization 
is  accomplished  with  the  use  of  the  same  hypercomplex  number 
system  as  is  needed  in  the  case  of  the  Vt.*  As  we  have  seen  in  I 
this  system  leads  to  the  introduction  of  an  auxiliary  Ei,  the  local 
spin-space  at  every  point  of  the  Vi,  so  in  the  the  same  thing 
has  to  be  done  and  the  only  difference  between  local  spin-space 
in  Vi  and  in  Vt  is  that  in  the  latter  case  a*  has  no  exceptional 
position  and  that  for  this  reason  there  are  no  invariant  planes 
in  Ei. 

As  in  I  we  call  every  sedenion  with  elementary  divisors  X  —  a, 
X  —  a,  X-ffl,  X  +  oa  special  sedenion  and  if  a  »  1,  or  o  *  * 
respectively,  a  space-lilce  or  a  time-like  unit  sedenion.  The  five 
sedenions  o®,  o‘,  o*,  o*,  o*  and  every  other  system  of  5  sedenions 
in  this  system  having  the  same  rules  of  multiplication  we  call  a 
pentad,*  all  sedenions  that  can  be  expressed  linearly  with  real  or 
complex  coefficients  in  the  sedenions  of  a  pentad  are  special 
sedenions  and  form  the  pentad-system  belonging  to  this  pentad. 
Obviously  every  pentad  system  contains  « i®  pentads  and  these 
pentads  can  be  transformed  into  each  other  by  orthogonal  trans- 

*  This  is  a  general  rule,  to  Vt,  and  belongs  the  same  system.  The 

quaternion  system  belongs  to  Vt  and  Vi. 

*  Eddington  uses  the  word  pentad  only  for  the  so  called  “four-point' 
sedenions  viz.  real  sedenions  that  have  the  rules  of  multiplication  io*,  a',  cf, 
o',  Mr*  and  whose  matrices  are  built  up  of  12  numbers  0,  2  numbers  1  and 
2  numbers  —  1.  We  reject  this  restriction  because  it  is  not  invariant  under 
linear  transformations  in  £4  and  any  pentad  being  given,  the  measuring 
vectors  in  £4  can  always  be  chosen  in  such  a  way  that  Mt*,  a',  o’,  o',  Mr*  have 
the  "four-point"  property. 
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formations  with  respect  to  f.».  The  pentad  a*  can  be  considered 
as  a  quantity  of  the  third  degree  {A,  B,  C,  •  ••  1,  2,  5,  4) 

with  one  index  in  local  five-dimensional  space-time  and  two 
indices  in  local  spin-space.  This  quantity  establishes  a  one-to- 
one  correspondence  between  vectors  in  space-time  and  special 
sedenions  belonging  to  the  p>en tad-system  of  a*.  Another  pentad 
of  the  same  system  establishes  another  correspondence  between 
these  vectors  and  the  same  special  sedenions,  that  can  be  got 
from  the  former  one  by  an  orthogonal  transformation  in  local 
space-time.  But  a  pentad  of  another  pentad-system  establishes 
a  one-to-one  correspondence  between  space-time  vectors  and  a 
totally  different  system  of  special  sedenions,  the  special  sedenions 
belonging  to  this  other  pentad-system. 

A  unit  sedenion  is  invariant  under  linear  homogeneous 
transformations,  as  follows  immediately  from  the  form  of  the 
elementary  divisors.  Hence  there  are  «•  unit  sedenions  and  « 
special  sedenions  and  in  the  £■•  of  all  sedenions  these  special 
sedenions  fill  an  X%.  E^ch  pentad  system  fills  an  £|  in  this  X%, 
hence  two  arbitrary  pentad  systems  have  <x> '  special  sedenions  in 
common  that  dijfer  from  each  other  only  by  a  real  or  complex 
numerical  factor.*  Among  these  common  special  sedenions  are 
4  unit  sedenions,  2  time-like  and  2  space-like.  From  this  we  see 
that  by  two  different  arbitrary  pentad  systems  (or  pentads)  in 
the  local  spin-space  of  any  point  of  K|  a  direction  in  the  local  £§ 
is  uniquely  determined.  Two  pentad  fields  determine  a  con¬ 
gruence  in  Vi. 

If  a*  »  is  a  common  unit  sedenion  of  the  two  pentads  a 

13  I 

and  a  and  thus  e*  the  unitvector  in  the  direction  determined  in 

3  4 

the  local  /?»,  from  the  rules  of  multiplication  of  the  a*  follows 
immediately  that  a  can  be  written  in  the  form 

(5)  a*  “  X  a*  -f-  M  X*  -f-  *  1, 

*  Eddington  hat  proved  a  special  cate  of  this  theorem:  From  the  16 
numbers  1,  ct*,  a*>,  a*  six  pentads  can  be  built,  and  any  two  of  these  pentads 
have  a  unit  sedenion  in  common.  “A  Symmetrical  Treatment  of  the  Wave 
Equation,"  Proc.  Royal  Soc.,  121  (1928),  p.  389. 
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hence: 


Every  Unit  Sedenion  Belongs  to  « *  Pentad  Systems. 

The  pentad  systems  having  in  common  with  the  system  a 
are  connected  in  pairs,  the  one  connected  with  a  contains  the 
pentad  a'*  “  a*\  a'*  “  a*.  We  call  a'  the  pentad  coupled  to  a 
(to  avoid  the  expression  conjugated)  with  regard  to  a*.  P'rom 
(4)  it  follows  that  a  is  coupled  to  the  pentad  —  a*^,  a*. 

The  E%  of  the  pentad  systems  filling  up  an  Xt  and  tw'o  of  them 
having  always  in  common  an  E\,  the  total  number  of  pentad  systems 
is  00 ». 

Be  tABcn  the  quadrivectordensity  in  £«  of  weight  —  1  defined 
by  the  invariant  e(|uations 

(6)  *1114  *  +  If 


then  for  any  pentad  a 

\')  °‘..A  ^..B  ^..C  ^ .  .D  *MraH  *ABCD 

(not  summed  over  c)  and  from  this  equation  it  follows  that 


(8) 


.A  *Brvo 


(not  summed  over  c).  Hence  the  bivector-tensordensity  of 
weight  —  1 

(9)  *ABCD  “tr*  *BrCD 

is  a  comitant  *  of  the  pentad  system  of  a.  In  the  E%  of  all 
bivectors  of  £4  this  quantity  is  a  covariant  tensordensity  of 
weight  —  ^  and  can  be  written  X,  f  “  1,  2,  3,  4,  5,  6. 
According  to  (9)  its  rank  is  5.  Hence  if  E'*'"'*  is  the  6-vector- 
density  in  £•  of  rank  +  1  defined  by  the  covariant  equation 

(10)  E'**"*  -  +  1 

*  A  comitant  (Komitante)  of  any  given  aystem  of  quantities  is  a  quantity 
whose  components  can  be  calculated  from  the  components  of  the  given  quan¬ 
tities  only.  Because  there  is  no  quadri-vector  given  in  £4  there  does  not 
exist  any  comitant  bivector-tenaor,  only  a  bivector-tensordensity  of  weight 
-  1. 


r 
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then 

(11)  ... 

is  a  contravariant  tensor  density  of  weight  +  and  rank  1  in  £». 
Such  a  density  is  always  the  product  of  two  equal  contravariant 
vectordensities  of  weight  +  in  Eg  and  each  of  them  is  equiva¬ 
lent  to  a  contravariant  bivectordensity  of  weight  +  }^  in  £4. 
The  bivectordensity  that  differs  from  the  derived  one  only  by  a 
numerical  factor  and  is  normalized  by  means  of  the  quadrivector 
density 

*  (12)  jj'14*  «  E4*c/>.  £1114  «  +  1, 

we  will  denote  by  H'***.  H''**  is  a  comitant  of  the  pentad  system 
of  a  but  for  its  sign  and  the  same  holds  for  the  covariant  bivector 
density  of  w’eight  —  ^  defined  by  the  equation 

(l-J)  VcD  “  *abcd- 

Obviously  is  normalized  as  well: 

,  (14)  »l47/)l  “  *abcd- 

Hence  these  quantities  are  but  for  a  factor  ±.  1  invariant  under 
all  transformations  that  leave  the  pentad  system  invariant,  that 
is  under  the  group  of  all  orthogonal  transformations  in  R%.  It 
is  inconvenient  that  and  H''**  are  only  invariant  but  for  a 
factor  db  1.  But  because  they  are  invariant  under  identity,  they 
are  invariant  under  ail  transformations  of  the  orthogonal  group, 
that  can  be  reached  in  the  group  manifold  in  a  continuous  way 
starting  with  identity.  This  part  of  the  group  is  generated  by 
the  10  infinitesimal  transformations 


(15) 


«4  +  dt 


leading  to  finite  transformations  ot  the  form 


(16) 


a'  cos  X  -f-  a*  sin  X 
sin  X  +  a*cosX 


J 

e 

y 

Yi 


a 


P  ^  9 
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ioT  p,q  ^  1,  2,  3  or  p,  <7  ■«  0,  4  and 

'a**  =  o<’  cosh  X  +  a*  sinh  X 
'a«  =  o'  sinh  X  +  o’cosh  X 


for  p  »  1,  2,  3;  g  =  0,  4  or  ^  “  0,  4;  g  »  1,  2,  3. 
The  condition  of  invariance  of  under  (15)  is 


(18) 


„a»C  '  I  _•*/>  a-  n 

“...ii  ’tea  I  “...a  'Iad 


hence  the  quantity 
(19) 


f  mhf* 

Vac  “T.a 


is  symmetrical  in  A  and  B.  From  (18)  it  follows  that 
(20)  arr.Aarr.BVco 


/ 

p  «  0,4;  g  -  1,2,3 

.  ^AB 

p-  1.2,3;g-  0,4 

1  9 

p,  g  =  0, 4 

+  Vab 

p,g  »  1,2,3 

not  summed  over  p,  g. 


Transvection  of  (20)  with  o”*c  ®”Tz)  alternation  over  pqrs 
{(ives 

-  n!»a.  r  “  0,  4 


(21)  ar^arsVeo 


■f"  Vab'  ^  ”  1*  2,  3 


not  summed  over  r 


from  which  equation  it  follows  that  the  quantity 

(22)  nic-  af.ji  «  -  ri\c  a^.B 

is  alternating  in  A  and  B. 

Every  bivector  in  £4  can  be  decomposed  in  w  *  ways  into  two 
leaves.  If  we  choose  in  £4  a  fixed  £>  not  passing  through  the 
origin,  the  bivector  is  equivalent  to  a  null  system  in  this  E%  and 
the  decomposition  of  the  bivector  is  equivalent  to  the  decomposi¬ 
tion  of  the  system  of  sliding  vectors  belonging  to  this  null  system 
into  two  sliding  vectors.  Every  special  sedenion  determines 
two  planes  in  £4  and  the  special  sedenions  belonging  to  the 
F>entad  system  a  determine  therefore  systems  of  two  planes. 
It  is  easily  shown  that  these  systems  coincide  with  the 
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systems  of  two  blades  in  which  the  bivector  Ti\g  can  be  de¬ 
composed.  From  this  we  see  that  not  only  is  determined 
by  a  but  that  vice  versa  to  every  non  degenerate  bivector  in  Etipv 
null  system  in  the  £i)  one  and  only  one  pentad  system  lielongs. 
The  theorem  that  two  p>entad  systems  have  always  <x)>  special 
sedenions  in  common  is  equivalent  to  the  well  known  theorem 
that  two  systems  of  sliding  vectors  can  be  decomposed  simul¬ 
taneously  in  one  and  only  one  way  into  two  sliding  vectors  so 
that  the  lines  of  these  vectors  coincide.  The  planes  through  the 
origin  and  their  lines  are  the  planes  of  common  special  sedenions. 

We  now  take  two  pentad  systems  a  and  a  and  suppose  that 
a*  a'*  is  the  common  unit  sedenion  and  that  a'  is  coupled  to 
a 


(23) 


oM;  a'*  -  o'^  o'®‘  -  o«;  a'** 
a®  “  —  a'®*;  o'  *  —  o'*®. 


o** 


bet  be  the  normalized  bivectordensity  belonging  to  the 
pentad  system  of  a',  then  from  the  equations  corresponding  to 
(20)  for  a'  it  follows  that 


(24) 

hence 


Vab'i  ^ 
~  Vab*  ^ 


0.  4 
1,2.  3. 


not  summed  over  r 


(25)  o'%  o^c  ot**o  rifgy  Vohu 


(not  summed  over  c)  which  is  only  ()ossible  if  vanishes. 

Hence  the  two  null  systems  belonging  to  and  are  in  in¬ 
volution,  that  is  there  exists  a  coordinate  system  in  £4  such 
that  the  non-vanishing  components  of  ij  and  are  tjii  “  ~  1, 
n»4  “  +  1,  iju  “  —  1,  ’1*4  “  —  1.  From  (19)  and  (24)  we  deduce 
that 


(26a)  v^BA 

(26b) 


VbcOiT.a 


v7abI 

— 


V..AB 


V'ba  *  Vbc  <C.a 


9  *»  0,  1,  2,  3, 
>  -  0,1, 2, 3:9  •  4, 
p  -  4;9  =  0,  1,  2,  3, 

+  ^\ab\  r  »  0,  1,  2,  3, 
-  <ba\  “  4. 
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If  we  now  decompose  all  quantities  with  resF>ect  to  the  two 

planes  of  a*  and  use  the  coordinate  systems  (c)  and  (Q)  in  these 

planes  introduced  in  1,  then  —  i;  splits  up  into  c  and  c,  a*  into 

/9*  and  n*  into  c*  and  i*,  k  ^  0,  1,  2,  3,  and  a*  into  —  t  t  and 

0 

+  i  I.  The  symmetry  of  ib  »  0,  1,  2,  3  is  then  equivalent 
0 

with  the  Hermitian  symmetry  of  c; 

(27)  =  «  0.  1,  2,  3. 

Covariant  Differentiation  of  Spin  Quantities 
Any  pseudo-vectordensity  of  weight  -f  and  class  +  1 
with  T  *  has  a  covariant  derivative  of  the  form 

(28)  ^ 

The  can  be  chosen  in  one  and  only  one  way  so  that  the  co¬ 
variant  derivative  of  vanishes.  Obviously  af;'^  can  be  con¬ 
sidered  as  a  quantity  of  weight  -b  K  and  class  +  1  In  C  and 
weight  —  and  class  —  1  in  /I.  Then  from  the  equation 

(29)  0  =  d,  +  rs,  -b  AS*  -  A*, 
and  the  identity 

(30)  Ai,  =  0. 

depending  on  the  fact  that  is  of  weight  4-  we  get 

(31)  4rr  +  a*  =  2 AS,  a“*e. 

hence 

(32)  ASl  «  -  VAV^a^.A  -  l/16a;^(a,o,*Jar^^. 

If  there  is  only  one  o  given  we  can  take  the  local  unit  vectors 
and  spin-coordinates  in  such  a  way  that  the  ordinary  differentials 
of  the  components  of  a  vanish.  If  there  are  more  a,  for  instance 
one  for  one  particle  and  the  other  for  another  p>article,  this  is  not 
possible  for  the  components  of  both  a’s.  In  this  case  the  last 
term  to  the  right  may  get  some  physical  interpretation.  If  the 
differentials  vanish  for  any  particular  choice  of  unit  vectors  and 
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spin  coordinates  they  will  stay  zero  under:  (1)  Orthogonal  trans¬ 
formations  of  unit  vectors  combined  with  the  corresponding 
transformation  of  spin  coordinates,  (2)  synchrone  orthogonal 
transformation  of  unit  vectors,  (3)  synchrone  transformations  of 
spin  coordinates  and  (4)  all  transformations  that  can  be  built 
up  from  those  already  mentioned.  Assuming  the  differentials 
to  vanish  we  get 

(33)  AS,  -  - 


To  see  the  difference  from  the  four-dimensional  case  we  decom¬ 
pose  with  respect  to  the  planes  of  a*: 


(34) 


-I-  A‘«^'  -f  -I-  ^ 
v*^«  «  +  A«  -I-  ^ 


Then  from  (33)  we  have 


(35) 


AU  =  -  M 
Ai  »  -  K 

A5i.=  + 

A«  -  - 


the  terms  with  Ai.  and  A^  in  (34)  are  due  to  the  fact  that  the 
two  planes  of  a*  are  no  longer  invariant  under  the  displacement. 
The  Dirac-equations  are 


\  ^  +  aJ,^*  -I-  ^  ^  -f  mc4>*  -  0, 

+  Af,^"  +  ^  )  -  mcr  -  0. 


The  equation 

(37)  Ta*V*^^-0 


282 


J.  A.  SCHOUTEN 


can  be  decomposed  into  • 

7^1  ( “*■  S 

=  0, 

h  /  '  \ 

T/J^e  (  a,^»  +  Ag,^"  +  ^  j  -  hv,r 

-  yihT,Jl^_.r  -  =  0. 

In  order  that  these  equations  be  equivalent  to  (36)  it  is  necessary 
and  sufficient  that: 


(39) 


a)  V4^«  =  0; 
r'4(«t  “ 


7) 


2mc 

T’ 


0, 


The  geometrical  meaning  of  (39/3)  is  that  the  congruence  of  ^  is 

Vi-normal,  in  other  words  time-space  is  holonomic  in  Vy  The 
geometrical  meaning  of  (39a)  is  that  the  spin-vector  density  ^ 
is  pseudo-parallel  along  the  curves  of  the  congruence  The 

planes  £,  and  £,  are  pseudo-parallel  along  these  curves  if  and 
only  if  A*4  and  A5|4  vanish,  that  is  if  r4„  vanishes.  This  means 
geometrically  that  the  curves  of  ^  are  then  geodesics.  The  r,4 

are  equal  to  the  components  of  the  so  called  second  fundamental 
tensor  of  the  T4  of  time-space 

(40)  Ay  ^  r„ 

I 

and  A'  =  g^Ay  is  the  invariant  that  vanishes  only  for  minimal  1^4. 
Hence  (39y)  means  that  this  invariant  h'  is  constant  and  equal  to 
2mc 

“T" 

Having  introduced  the  T,  to  bring  in  the  mass-term  in  a 
geometrical  way  it  seems  natural  to  supF>ose  that  the  T,  is 
*  The  terms  connected  with  the  held  being  introduced  by  considering  ^  as 
a  pseudovector  density  as  was  pointed  out  in  I. 
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euclidean.  Then  we  have  according  to  the  theorem  of  Gauss 

(41)  /Cyu  *  — 
and  hence 

(42)  K  = 

So  we  have  proved  now  the  theorem ; 

The  Dirac-equations  for  Riemannian  space-time  with  electro¬ 
magnetic  field  and  mass  can  be  written  in  the  form  of  equations 
without  field  or  mass 

(43)  a*V*^  =  0 

in  an  /?».  Here  a*  is  the  set  of  Dirac-numbers  defined  by  (4)  and 
V  is  the  symbol  of  a  covariant  differentiation  whose  parameters  are 
given  by  (35).  The  congruence  of  ^  is  V^-normal,  the  spin-vector 

field  ^  is  pseudo- parallel  along  the  curves  of  this  congruence.  The 
Vi  plays  the  role  of  time-space,  the  scalar  h'  of  its  second  funda- 

2  T9%C 

mental  tensor  ha  is  a  constant  and  equal  to - ^  • 

There  is  a  choice  of  hfj  that  has  a  special  interest,  the  choice 
that  leads  to  a  Vi  with  constant  curvature: 


(44)  r. 

In  this  case  we  have 


me 

“  2A^«- 


(45) 


K  =  - 


m*c*  4m*c* 


A* 


A* 


=  3^ 


A* 


and  the  curvature  of  the  Vi  is 


(46) 


The  equation  of  a  possible  Vi  of  this  kind  in  the  Rt  is 

Ah* 

(47)  *»  +  y*  +  t*  -  c*/*  -  «*  =  -  — • 

All  Vi  are  congruent,  the  curves  of  the  congruence  ^  are  no 

geodesics  and  the  planes  Et  and  Et  are  not  pseudo-parallel  along 
these  curves. 


A  NEW  DEDUCTION  OF  THE  GAUSSIAN  DISTRIBUTION 
By  Noibbit  Wibnbb 

It  is  well  known  that  under  fairly  general  conditions,  an 
arbitrary  law  of  distribution  for  a  simple  error  will  lead  asymp¬ 
totically  to  the  Gaussian  distribution  for  composite  errors  made 
up  of  large  numbers  of  independent  simple  errors.  An  excellent 
treatment  of  this  question  is  to  be  found  in  Paul  Levy’s  Calcul  des 
probabiliUs.  The  present  paper  belongs  to  the  domain  of  ideas 
there  treated,  and  presents  a  related  but  perfectly  distinct 
property  of  the  Gaussian  distribution.  This  property  may  be 
stated  as  follows:  instead  of  compounding  simple  errors  without 
number,  let  us  see  if  we  can  resolve  each  apparently  simple  error 
into  the  composition  of  similar  components  with  a  perfectly 
arbitrary  distribution.  Under  certain  auxiliary  assumptions  of 
a  very  broad  nature,  we  shall  find,  either  that  our  process  of 
resolution  terminates  at  a  stage  where  the  mean  square  error  is 
still  finite,  or  the  original  distribution  is  precisely  Gaussian.  In 
more  exact  language,  le\  f{x,  a)  be  defined  for  —  oo  <  x  <  « , 
0  <  a  <  A,  let  it  be  even  and  non-negative,  and  let 


J**  fix,a)dx^\. 

(1) 

Let 

J  x»/(x,  a)dx 

(2) 

and 

/]r/(x.  a)Jdx 

(3) 

be  finite  for  each 

a.  Let 

lim  fix,  a)  «  0,  [x  +  0] 

(4) 
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and  let 


J'  /(*,  a)f(y  -  X.  b)dx  =  f{y,  a  +  b)  (5) 

for  every  positive  a  and  b  for  which  a  -{■  b  <  A.  Then 


1 


V2T//a  ^ 


,-(2>/4JVa) 


f(x,  a) 
where  H  is  a  constant. 

To  prove  this,  let  us  notice  that,  as  L^*vy  has  pointed  out, 


(6) 


j  y*/(y.  a  +  b)dy  =  j  fix,  o)dxj'  y*f(y  -  x,  b)dy 

=  I*  fix,  o)dx  J  (s*  +  2CX  +  b)dz 

=  f  x*fix,a)dx  ,  b)ds 

-f  j'  fix,  a)dx  j"  ^fiz,  b)dz 

=  ^  x*fiX,  a)dx  4-  J*  x*fix,  b)dx.  (7) 
Again,  whatever  B  may  be, 

lim  f*  «)</*  ^  lim  I  f  +  f  1  jf*/(x,  fid.t 


Let  us  notice  that  by  (4), 


4-  lim  r  Jr*/(x,  f)dx.  (8) 


lim 


ir-n 


x*fix,  f)dx  =  0, 


(9) 


and  hence  that 
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which  is  impossible  for  all  B  unless 

lim  I  t)dx  -  0.  (12) 

Combining  this  continuity  condition  with  (7),  we  see  that 

r  x*/(x,  a)dx  *  Ila,  (13) 

• 

where  //  is  some  constant. 

Let  G(x)  be  analytic  and  0{x~*)  at  infinity.  The  expression 


[£ 


G{x)fix,  t)dx 


-6»]/£ 


x»/(*.  t)dx 


will  l)e  a  weighted  average  of  the  difference-quotients 
G{x)  -  2Gio)  4-  C(-  x) 

X* 

forx  <  C,  and  will  be  bounded.  Thus  by  (4), 
lim  1[£  G(x)/(x,  t)dx  -  G(o)  ]/£  x*/(x,  t)dx 

x*/(x,  t)dx  j  -  0. 

Thus  the  yltimate  bounds  of  oscillation  of 


(14) 


(15) 


(16) 


l£ 


C(x)/(x,  t)dx  -  G(o) 


]/£ 


x*/(x,*)dx  (17) 


will  not  be  exterior  to  the  range  of  (15)  for  values  of  x  between 
—  C  and  C.  This  is  however  true  for  all  C,  however  small,  and 
yields  G"(0)  for  the  limit  of  (17)  as  <  0.  More  generally, 


lirnTj^ 


+  {)/(*.  •)dx 


-«"]/£ 


x*/(x,.)dx«G"({).  (18) 


¥ 
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Let  U8  now  assume  further  that  G'{x),  G”(x).  and  G'"(x)  exist 
for  every  x  and  belong  to  Lt.  Let  us  put 


7(m)  “  1  G{x)e~"‘*dx 

and 

(19) 

a)  •  fix,  a)e-'-dx. 

(20) 

By  condition  (1),  ^(t/,  a)  is  continuous  in  u.  By  Plancherel's 
theorem. 

G{x)  —  —  J  y(u)e''‘*du 

and 

(21) 

J(x,  a)  *  l.i.m.  —  f  ^(u,  a)e‘“'di*. 

A-^m  **■  J-A 

By  the  Parseval  theorem  for  Fourier  transforms, 

(22) 

ip(u,  a)^(u,  b)  »  a  +  b), 

and  by  (1)  and  (4), 

(23) 

lim  «)*■!• 

•—*0 

Thus  where 

V>(m,  a)  +  0, 

(24) 

ip(u,  a)  - 

(25) 

where  \f'(u)  is  an  even  function.  By  a  further  use  of  the  Parseva 

theorem, 

7[/]g(* +  {)/(*.  .)d*-G(t)j 

1  /'•  /  _  1  \ 

)i«.  (26) 

However,  by  (18)  and  (13), 

isHr.  +  «)ix-C(f)j 

’"hr 


19 
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Combining  this  with  (26), 

1  r“  r  —  1  1 

limjj^J  - - - h //«*  J</tt  “  0.  (28) 

Now  let  uo  be  any  value  of  u  for  which  ^(u,  a)  ^  0.  Let  (ui,  ut) 
be  a  closed  interval  containing  uo.  which  we  may  choose  so  short 
that  it  contains  no  point  for  which:  tp(u,  a)  0.  Over  this  in¬ 
terval  we  shall  uniformly  find 

_  I 

lim - =  ^(«).  (29) 

•—►0  • 


Hence  if  y{u)  is  so  chosen,  as  is  possible,  not  to  vanish  at  uo.  to 
vanish  outside  (wi,  ih),  and  to  possess  continuous  derivatives  at 
all  points  of  orders  up  to  and  including  the  third,  G(x)  will  satisfy 
all  the  conditions  which  we  have  set  for  it,  and 

lim^  7(m)«‘'^^— -^1 — •  -  ^(»0  *  0.  (30) 

Combining  (28)  and  (30),  we  see  that 

^(«o)  “  -  //«o‘,  (31) 


It  is  perhaps  worth  while  to  comment  that  the  whole  argument 
turns  on  the  positiveness  of /(x,  c)  for  small  values  of  c.  Thus  the 
question  of  the  positiveness  of  the  Fourier  transform,  which  is  so 
difficult  to  treat  in  the  case  of  a  single  function,  offers  a  much 
easier  approach  in  the  case  of  the  complete  set  of  powers  of  a 
given  function. 


ALGEBRAIC  MATRIC  EQUATIONS' 


I  By  Philip  Franklin 

1.  Introduction.  We  begin  with  equations  of  the  type 
P{X)  -  A, 

where  A  is  a  given  square  matrix  of  order  n,  X  is  a  similar  matrix 
to  be  found,  and  P{X)  is  a  polynomial  with  scalar  coefficients.* 
For  the  special  case  X’^  ^  A,  with  A  non-singular,  the  existence 
of  a  solution  is  well  known,*  and  recently  Roth  *  found  all  the 
solutions  of  the  polynomial  equation  which  are  expressible  as 
polynomials  in  ^4.  In  our  treatment,  we  make  use  of  a  slight 
modification  of  the  usual  canonical  forms  for  matrices,  to  find  the 
solutions  X  expressible  as  polynomials  in  A.  We  also  develop  a 
systematic  procedure  for  finding  ail  the  roots.  When  the 
characteristic  equation  of  A  has  all  its  roots  simple,  the  poly¬ 
nomial  equation  in  X  always,  has  a  finite  number  of  roots.  In 
other  cases,  however,  there  may  be  none,  or  an  infinite  number  of 
roots.  There  are,  however,  only  a  finite  number  of  roots  which 
are  not  equivalent  matrices. 

We  obtain  another  treatment  of  the  equation  X"  ^  A,  when 
A  is  non-singular  by  generalizing  the  logarithmic  function  to 
I  matrices  along  lines  suggested  by  Phillips.*  This  illustrates  the 
extension  of  our  methods  from  polynomials  to  integral  functions. 

We  may  generalize  the  polynomial  matric  equation  by  allowing 
the  coefficients  of  P(X)  to  be  square  matrices  *  expressible  as 
'  Prewnted,  in  part,  to  the  American  Mathematical  Society. 

*Cf.  W.  E.  Roth,  "The  Matric  Equation  P{X)  ■  A,"  Transactionj  oj  the 
I  American  Mathematical  Society,  vol>  JO  (1928),  p.  579  and  the  reference*  there 

given. 

*L.  E.  Dicicaon,  Modern  Altebraic  Theories,  Chicago,  1926,  p.  121. 

*  H.  B.  Phillipa,  “Functiont  of  Matrices,”  American  Journal  of  Mathe¬ 
matics,  vol.  41  (1919),  p.  278. 

I  *  W.  E.  Roth,  Bulletin  of  the  American  Mathematical  Society,  vol.  37  (1931), 

p.  670,  Abstract  no.  295. 
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polynomials  or  power  series  in  a  matrix  ^ ,  or  to  be  any  rectangular 
matrices  *  of  m  rows  and  n  columns.  But,  for  any  such  matric 
equation,  we  may  write  a  polynomial  equation  with  scalar 
coefficients,  which  includes  among  its  roots  all  of  the  roots  of  the 
original  equation.  Thus,  theoretically,  we  may  solve  the  equa* 
tion  with  matric  coefficients  by  selecting  from  the  general 
solution  of  the  scalar  equation  the  proper  subset  of  values.  The 
method  is  only  practical  when  we  are  seeking  a  restricted  type  of 
solution,  as  for  example,  solutions  polynomials  in,  or  commu¬ 
tative  with,  a  given  matrix. 

We  conclude  with  an  application  to  generalized  conjugate 
matrices.^ 

2.  Canonical  Forms.  For  our  purposes,  it  is  convenient  to 
use  a  normal  form  for  a  matrix  differing  slightly  from  that 
ordinarily  given.  Preparatory  to  the  introduction  of  this  form, 
we  recall  some  of  the  results  of  the  theory  of  elementary  divisors.* 
For  any  square  matrix  A,  there  exists  a  non-singular  matrix  Q 
such  that 

(2.1)  A  -  Q  M  Q-', 

where  Af  is  any  matrix  with  the  same  elementary  divisors.  In 
particular  we  may  specialize  Af  once  for  all  to  a  canonical  form, 
admitting  all  possible  elementary  divisors.  One  such  form  is  a 
series  of  square  blocks  along  the  main  diagonal,  surrounded  by 
zeros,  with  each  block  of  the  type 

a,  1  0  •••  0 

0  1  •  • •  0 


0  0  0  •  •  • 

corresponding  to  an  elementary  divisor  (X  —  a<)*.  In  place  of 

*  W.  E.  Roth,  "On  the  Unilateral  Equation  in  Matricea,"  rratuMtions  of 
the  American  Mathematical  Society,  vol.  32  (1930),  p.  61. 

*  "Generalized  Conjugate  Matricea,"  Annals  of  Mathematics,  vol.  23 
(1921),  p.  97. 

*  M.  Bocher,  Introduction  to  Higher  Algebra,  New  York,  1919,  pp.  283-295. 
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these  we  shall  admit  blocks  of  the  more  general  type: 


(2.3) 


a< 

bi 

Ci  • 

•  ti 

0 

ai 

bi  • 

•  Si 

0 

0 

0  • 

•  ai 

which  evidently  have  the  same  elementary  divisors  as  the  blocks 
Mi.  For  any  square  matrix  A,  as  before,  we  may  find  a  non¬ 
singular  matrix  R,  such  that: 


(2.4)  A  R  N 

where  N  is  built  up  of  blocks  iV<,  surrounded  by  zeros.  The 
are  fixed  by  the  matrix  A,  the  bi  are  any  numbers  not  zero,  and 
the  remaining  constants,  c<  etc.,  are  absolutely  arbitrary. 

The  advantage  of  the  less  definite,  but  more  flexible,  form 
(2.3)  over  the  form  (2.2)  is  at  once  apparent  when  we  perform 
simple  algebraic  operations  on  our  matrices.  For,  if  two  matrices 
are  reduced  by  the  same  matrix  R  to  normal  forms  built  up  of 
blocks  Ni  of  the  same  order,  their  sum  or  product  will  be  reduced 
to  a  form  built  up  of  blocks  which  are  the  sums  and  products  of 
the  corresponding  Ni.  Similarly  if  a  matrix  is  multiplied  by  a 
scalar,  each  block  of  its  normal  form  will  be  multiplied  by  a 
scalar.  But,  if  the  original  blocks  Ni  were  of  the  restricted  form 
Mi,  they  would  in  general  no  longer  be  of  this  restricted  form  after 
the  addition,  multiplication,  or  multiplication  by  a  scalar,  and 
after  a  number  of  such  operations  would  be  of  the  general  form 
Ni.  On  the  other  hand,  the  form  Ni  is  substantially  preserved 
under  these  operations,  the  only  exception  being  that  the  result 
may  be  of  the  form  given  in  (2.3)  with  bi  >  0.  The  product  of  a 
matrix  Ni  with  a,  b,  c  •  •  •  as  the  elements  of  its  first  row  by  one 
with  X,  y,  z  ’  “  has  as  the  elements  of  its  first  row  the  successive 
coefficients  of  • 

(a  +  bX -\-cX*+  ••  •)(*  -\-yX  +  zX'+ 

i.e.: 

(2.5)  ax,  ay  bx,  az  +  by  +  cx,  •  •  • . 


i 


I 
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Consequently,  the  nth  piower  of  a  matrix  with  a,b,c  •  •  •  for  the 
elements  of  the  first  row  will  be  obtained  from 

(a  +  bX +  cX*+ 

and  will  have  as  the  elements  of  its  first  row: 


(2.6)  a",  nba*~^,  - jj - 6*o"“*  +  nco*"', 

n{n  -  l)(n  -  2)  ..  _  .  ,  n(n  -  1)  . 

—  *  -f-  — T~: —  bca*  •  +  noo* 


3! 


M 


In  consequence  of  this,  if  P{X)  is  a  polynomial  with  scalar 
coefficients,  the  elements  of  the  first  row  of  the  matrix  for 

the  Ni  just  described,  will  be: 

(2.7)  P(o),  bFia),  j,  P'\a)  +  cna), 

P'"(o)  +  bcF\a)  +  dP'(o),  • . . . 

t 

This  will  be  of  type  Nt,  unless  P'(o)  vanishes.  * 

If  A  is  reduced  by  (2.4),  we  shall  evidently  have 

(2.8)  P(A)  -  R  PiN)  R-\ 

where  P{N)  consists  of  a  series  of  blocks  P(A^<),  each  found  from 
(2.7). 

3.  Commutative  Matrices.  For  later  application,  we  shall  now 
characterize  i^l  matrices  which  commute  with  a  given  matrix; 
which  we  reduce  to  the  classical  canonical  form.  Let  P|  be  a 
matrix  reduced  to  canonical  form  A/|,  so  that: 

Pi  -  R  Mi  R-\ 

and  Pt  be  any  other  matrix  commutative  with  it.  Define  a  new 
matrix  T  by  the  relation : 

T  - 


I 
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Then 

P,  -  R  T  R-', 

so  that  T  is  the  matrix  to  which  Pt  is  reduced  by  R,  and  the 
assumed  commutativity, 

PrPt  -  Pt  Pu 

necessitates 

A/,  r  -  T  Mi, 

so  that  T  commutes  with  Mu  and  the  problem  is  reduced  to 
finding  all  matrices  which  commute  with  one  in  normal  form. 
Next  consider  a  matrix 


A 

0 

0 

B 

where  >1  is  a  square  matrix  of  n  rows,  while  B  is  one  of  m  rows,  and 
the  zeros  stand  for  rectangular  matrices  with  all  their  elements 
zero.  Let 

P  Q 
R  S 

be  a  matrix  of  similar  structure,  so  that  P  and  5  are  square 
matrices  of  order  n  and  m  respectively,  which  commutes  with  it. 
We  evidently  must  have: 

(3.1)  AP~P‘A, 

A’Q^  Q  B, 

B’R  -  R  A, 

B  S  -  S  B. 

In  particular,  if  A  and  B  each  have  all  the  elements  below  the 
main  diagonal  zero,  and  each  element  of  the  main  diagonal  of  A 
is  distinct  from  every  element  of  the  main  diagonal  of  B,  these 
conditions  make 

0, 

and  the  pairs  A,  P;  Q,  S  commutative.  We  may  apply  this 
result  to  Mt,  by  grouping  together  all  blocks  Mi  with  equal 
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elements  in  the  main  diagonal  into  new  blocks  Mi.  For  example, 
one  such  block  might  be: 

a  1  0  0  0  0 

0  a  1  0  0  0 

0  0  a  0  0  0 

0  0  0  rt  1  0  • 

0  0  0  0  a  0 

0  0  0  0  0  a 

Then  the  result  just  found  shows  that  any  matrix  T  commutative 
with  Mt  must  consist  of  square  blocks  Ti  of  the  same  order  as  the 
a>rre8ponding  A//  along  the  main  diagonal,  surrounded  by 
zeros.  Moreover,  each  block  Ti  commutes  with  the  corre¬ 
sponding  block  Mi,  so  that  our  problem  is  reduced  to  finding  its 
solution  for  such  blocks. 

If  the  block  M!  under  consideration  consists  of  a  single  block 
of  m  rows,  so  that  it  is  an  Mt  of  the  form  given  in  (2.2),  it  is 
readily  verified  that  the  only  matrix  Ti  commutative  with  it  is  a 
single  block  Um  of  m  rows  similar  in  structure  to  the  Ni  of  (2.3), 
except  that  the  elements  of  its  first  row  are  arbitrary.  If  the 
block  Mi'  nmsists  of  two  equal  blocks  each  of  m  rows,  then 
the  fact  just  mentioned,  together  with  the  conditions  (3.1)  show 
that  the  only  Ti  commutative*  with  it  is  one  built  up  of  four 
blocks  Um,  similar  to  Si.  If  the  block  A//  consists  of  two  unequal 
blocks,  of  m  and  n  rows  respectively,  say  m  >  n,  a  consideration 
of  the  conditions  (3.1)  shows  that  the  corresponding  Ti  will  have 
two  blocks  Um  and  Un  along  the  main  diagonal,  surrounded  by  a 
rectangular  bWk  formed  from  the  first  n  columns  of  a  Um  above 
the  main  diagonal,  and  by  one  formed  from  the  last  n  rows  of  a 
Um  below  the  main  diagonal.  In  the  general  case  M/  is  formed 
from  a  series  of  square  blocks  of  mi,  m*,  •  •  •  rows  in  order,  and  we 
may  arrange  them  in  decreasing  order,  so  that 

mi  >  mi  >  mi  •  •  •. 

Then  the  corresponding  Ti  will  have  a  series  of  blocks  Um^,  Um^, 
‘  ■  •  along  the  main  diagonal,  surrounded  above  the  main  diagonal 
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by  rectangular  blocks  consisting  of  the  first  mj  columns  of  a  £/«,., 
and  below  the  main  diagonal  by  rectangular  blocks  consisting  of 
the  last  fft/  rows  of  a  The  elements  of  all  the  blocks  [/ 

mentioned  are  arbitrary,  and  independent  of  one  another.  As 
an  illustration,  the  general  matrix  Tt  commutative  with  the 
matrix  Af|'  given  in  (3.2)  will  be  of  the  form: 


(3.3) 


Tt 


Pi 

9i 

ri 

pit 

9i* 

Pit 

0 

Pi 

9i 

0 

Pit 

0 

0 

0 

Pi 

0 

0 

0 

0 

Pti 

9u 

P* 

Pu 

0 

0 

P*i 

0 

/>! 

0 

0 

0 

P*i 

0 

pat 

Pt 

It  should  be  noted  that,  in  general,  two  different  matrices  of  this 
type  will  not  commute. 

When  the  M/  are  all  identical  with  Mi,  the  result  (2.7)  shows 
that  Ti  will  be  expressible  as  a  polynomial  in  A//,  and  in  fact, 
Pt  will  be  expressible  as  a  polynomial  in  Pi.  In  general  this  will 
not  be  possible,  and  it  will  not  be  possible  to  find  any  third 
matrix  such  that  both  Af/  and  Ti  are  polynomials  in  this  third 
matrix.  This  was  shown  by  Phillips,*  who  proved  that  the 
matrices: 


0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

are  commutative,  but  are  not  expressible  as  polynomials  in  any 
third  matrix.  The  discussion  just  given  shows  that  this  is  the 
simplest  example  of  such  a  pair.  For  an  alternative  proof,  see 
example  7  at  the  end  of  section  5. 

4.  Solutions  of  P{X)  »  A,  which  are  Polynomials  in  A .  We 
are  seeking  solutions  of  the  equation 


(4.1) 


PiX)  -  A, 


where  P{X)  is  a  polynomial  with  scalar  coefficients,  which  are 
•  L.c.,«  p.  275. 
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in  turn  expressible  in  the  form: 

(4.2)  X  -  UA), 


where  L  is  a  similar  polynomial.  If  the  matrix  A  is  reduced  to  a 
canonical  form  N,  built  up  of  blocks  Nu  by  means  of  a  matrix  R, 
the  result  of  (2.8)  applied  to  (4.2)  shows  that  R  reduces  X  to 
blocks  of  similar  type,  except  that  some  may  have  bi  zero.  In 
this  case  these  blocks  could  be  further  reduced,  and  a  matrix  R' 
would  exist  which,  applied  to  X  would  split  up  these  degenerate 
blocks  into  smaller  ones.  But,  on  applying  the  result  of  (2.8) 
to  (4.1),  we  see  that  the  matrix  R!  reduces  A  to  smaller  blocks 
than  those  in  its  canonical  form,  which  is  impossible.  Thus, 
under  the  hypothesis  of  both  the  relations  (4.1)  and  (4.2),  there 
will  be  no  degenerate  blocks,  and  any  matrix  which  reduces  A  to 
canonical  form  will  also  reduce  X.  Let,  then  R  be  such  a  matrix, 
so  that: 

(4.3)  A  -  R‘N‘R-\ 

X  -  R  V  R-\ 


and,  from  (4.1): 


P{V)  ~  N. 


If  we  call  a,b,c,  •  *  •  the  elements  of  a  typical  block  Nt  of  N,  and 
X,  y,s,  •  •  •  those  of  a  similar  block  Vt  of  V,  the  result  (2.7)  shows 
that: 

(4.4)  Fix)  -  a, 

yP'ix)  -  b, 

etc. 

For  an  consisting  of  a  single  element,  we  have  only  the  first 
of  these  equations,  which  may  always  be  solved.  For  an  Ni  of 
more  than  one  term,  the  second  equation  shows  that  we  must 
have  P"ix)  distinct  from  zero,  since  b  is  not  zero,  i.e.  *  must  be  a 
simple  root  of  the  first  equation.  This  proves:  ‘® 

'*  W.  E.  Roth,  l.c.,*  p.  588  gives  the  sufficiency  of  this  condition.  The 
necessity  is  stateil  in  the  footnote,  p.  589,  where  a  proof  is  outlined. 
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Theorem  I.  In  order  that  the  equation 
P{X)  -  A 

have  a  solution  expressible  in  the  form 

X  -  L{A), 

it  t5  necessary  that  the  equation 

P(x)  -  o, 

have  at  least  one  simple  root  for  each  root  at  yielding  a  block  Ni  of 
more  than  one  term. 

When  an  x  is  at  hand  satisfying  the  first  of  equations  (4.4) 
for  which  P'(x)  is  not  zero,  we  may  obtain  y,  z,  u,  etc.  in  succession 
from  the  equations  (4.4)  since  at  each  stage  the  coefficient  of  the 
term  to  be  found  is  distinct  from  zero.  Thus  we  may  find  blocks 
Vi  which  combine  to  give  a  V  satisfying  P(V)  N,  and  hence 
from  (4.3)  an  X  satisfying  (4.1).  We  must  now  show  that,  if  we 
take  the  same  root  x  for  any  two  blocks  Vi,  corresponding  to  a 
pair  of  blocks  Ni  with  identical  a<,  this  X  will  be  a  polynomial  in 
,  A.  Evidently  (4.2)  will  be 'satisfied,  provided  a  polynomial 
L{A)  is  at  hand  for  which 

L{N)  -  V. 

But  this,  by  the  result  (2.7)  is  equivalent  to: 

(4.5)  L{a)  -  X, 

bVia)  -  y, 

+  cL'ia)  -  », 

etc.  for  each  typical  block.  In  the  case  for  which  ail  the  Oi  for 
different  blocks  Ni  are  distinct,  these  equations  reduce  to  a  set  of 
conditions  on  the  value  of  a  polynomial  L{x)  and  its  derivatives 
at  certain  points,  and  can  always  be  satisfied  by  taking  a  poly¬ 
nomial  of  sufficiently  high  degree. 

We  must  show  that  if  two  different  blocks  Ni  have  identical  a<, 
when  we  take  the  same  simple  root  x  for  them,  and  then  de- 
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termine  the  y,  t,  u  etc.  for  each  block  from  the  equations  (4.4), 
these  values  inserted  in  (4.5)  do  not  lead  to  contradictory 
conditions.  We  first  suppose  we  have  two  blocks  of  the  same 
order,  say  Ni  and  Nt,  with  identical  at.  By  solving  (4.4)  we 
obtain  two  solutions,  V\  and  Vt,  with  the  same  x,  of  the  equations; 

Pm  -  Nt.  pm)  -  N^. 

Moreover,  the  matrices  Vi  and  Vt,  with  the  same  x,  are  equiva¬ 
lent,  so  that 

Vt  -  Q  VrQ-^, 

and  the  polynomial  relations  give  in  consequence  of  this: 

^1  -  Q  NrQ-^. 

If,  now,  L(A)  is  any  polynomial  such  that: 

L{Nt)  -  Vu 

the  two  last  equations  show  that  we  will  also  have: 

UNt)  -  Vt. 

This  shows  that  the  equations  (4.5),  which  determine  the  values 
of  the  function  and  its  derivatives  uniquely  at  at,  must  give  the 
same  values  for  the  two  different  blocks,  Ni,  Nt-  The  restriction 
that  the  blocks  were  of  the  same  order  is  not  an  essential  one, 
since  a  set  of  equations  (4.4)  or  (4.5)  m  in  number  may  always  be 
considered  as  the  first  m  of  a  set  for  a  larger  block,  containing  n 
equations,  and  the  only  part  used  in  computing  the  first  m 
derivatives.  , 

This  proves:  *• 

Tiikorkm  II.  The  necessary  condition  of  theorem  I  is  also 
sufficient. 

Evidently  for  any  a<  only  appearing  in  a  block  Nt  of  one  term, 
any  root  x  may  be  used,  otherwise  we  must  use  a  simple  root. 
This  immediately  leads  to  a  method  for  getting  all  the  solutions 
of  the  kind  sought. “ 

»  Cf.  Roth,  l.c.,*  p.  591. 
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We  note  that  while  the  are  always  distinct  from  zero,  some 
the  Oi  may  be  zero,  as  in  the: 

Example  1. 


X'  -I-  2X 


0  2 
0  0 


A. 


of 


■i 

» 


This  has  as  solutions  which  are  polynomials  in  A  : 


0 

1 

A 

or 

2 

-  1 

0 

0 

~  2  ’ 

0 

-  2 

5.  General  Solution  of  PiX)  ^  A.  We  now  proceed  to 
develop  an  algorithm  for  finding  all  the  solutions  of  the  equation 


P{X)  -  A. 


It  seems  natural,  at  first  sight,  to  consider  the  solutions  which  are 
commutative  with  i4  as  a  case  intermediate  between  the  poly¬ 
nomial  and  the  general  solution.  However,  since  the  coefficients 
of  PiX)  are  scalars,  we  have : 

X-PiX)  -  PiX)-X, 

and  so  all  solutions  of  our  equation  necessarily  commute  with  A. 
If  any  solution  X  is  reduced  to  canonical  form  V  by  means  of 

R. 

(5.1)  X~RVR-\ 

the  matrix  R  will  transform  /I  to  a  matrix  W, 


(5.2) 

where 


A  - 

P{V)  -  W. 


By  the  result  of  (2.7),  this  is  equivalent,  for  a  typical  block  Vu  to 


(5.3)  Pix)  ~  a, 

yP'ix)  -  b, 
^i>"(x)+sP'(x)  -c, 


I 


M 
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etc.,  where,  as  in  (4.4),  a,  b,  c,  etc.  are  the  elements  of  the  first 
row  of  a  typical  block  If',,  and  x,  y,  z,  etc.,  are  the  elements  of  the 
first  row  of  the  corresponding  Vi.  The  blocks  Wi  are  hence  seen 
to  be  similar  in  structure  to  (2.3),  except  that  we  no  longer  have 
the  restriction  on  the  b,  which  here  may  be  zero.  We  call  the 
matrix  built  up  of  such  blocks  Wi  a  quasi-canon ical  form.  We 
then  see  that  if  A  is  reduced  to  quasi-canonical  form  in  all 
possible  ways,  and  the  equations  (5.3)  solved  for  each  such 
reduction,  all  the  solutions  of  the  original  equation  will  be  found 
from  (5.1). 

If  we  know  a  single  solution,  X,  of  our  original  equation  we  may 
easily  obtain  from  it  ail  other  solutions  Xu  which  are  equivalent 
to  it.  For,  if  a  square,  non-singular  matrix  Q  exists  such  that: 

Xi  -  Q  X  Q-\ 

we  deduce  from 

Pix)  ~  pm  -  A, 

that 

A  -  Q  A-Q-\ 

so  that  Q  and  A  are  commutative.  To  have  Xi  a  solution 
distinct  from  X,  Q  and  X  must  not  commute.  Hence  the 
solutions  equivalent  to  X,  and  distinct  from  it  are  obtained  by 
transforming  it  with  all  matrices  which  commute  with  A,  but 
do  not  commute  with  X.  These  matrices  Q  are  thus  found  from 
section  3.  Evidently  two  distinct,  equivalent,  solutions  are 
neither  of  them  polynomials  in  A . 

The  structure  of  equations  (5.3)  shows  that  two  quasi-canonical 
forms  W  consisting  of  blocks  Wi  with  the  corresponding  blocks  of 
the  same  size  and  mutually  equivalent  will  lead  to  two  sets  of 
solutions  for  V,  such  that  each  member  of  the  one  set  is  equivalent 
to  some  member  of  the  other  set.  Hence  they  may  be  found 
from  one  another  by  the  method  just  described.  Thus,  in  setting 
up  the  Wi  from  which  the  equations  (5.3)  are  formed,  we  may 
confine  our  attention  to  the  classical  canonical  form,  together 
with  those  modifications  of  it  leading  to  blocks  of  different  sizes 
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with  b  ^  0.  For  example,  if  a  piart  of  the  canonical  form  were 


a 

1 

0 

0 

0 

0 

0 

a 

1 

0 

0 

0 

0 

0 

a 

0 

0 

0 

0 

0 

0 

a 

1 

0 

0 

0 

0 

0 

a 

0 

0 

0 

0 

0 

0 

a 

we  would  have  to  consider  two  forms  in  addition  to  this,  and 
might  take  them  as: 


a 

1 

0 

0 

0 

0 

a 

0 

1 

0 

0 

0 

0 

a 

1 

0 

0 

0 

0 

a 

0 

1 

0 

0 

0 

0 

a 

0 

0 

0 

and 

0 

0 

a 

0 

1 

0 

0 

0 

0 

a 

0 

1 

0 

0 

0 

a 

0 

0 

0 

0 

0 

0 

a 

0 

0 

0 

0 

0 

a 

0 

0 

0 

0 

0 

0 

a 

0 

0 

0 

0 

0 

a 

VV^hen  ail  the  at  for  the  different  blocks  of  the  canonical  form  are 
distinct,  there  is,  essentially  only  one  reduction.  In  fact,  in  this 
*  case  there  are  no  solutions  of  the  equation  besides  those  ex¬ 
pressible  as  polynomials  in  A  already  found  in  section  4. 

When,  in  (5.3),  5^0,  the  solution  proceeds  exactly  as  in  the 
case  of  (4.4).  That  is,  for  the  first  equation  we  take  for  x  any 
root  if  the  block  consists  of  but  one  term.  When  the  block  has 
more  than  one  term,  we  take  any  simple  root  to  insure  P'(x) 
being  different  from  zero.  If  there  are  no  simple  roots,  there  are 
no  solutions  for  this  particular  reduction  to  the  quasi-canonical 
form.  After  this  root  is  selected,  we  determine  y,  z,  u,  etc.,  in 
turn,  as  before.  If  two  different  blocks  have  identical  a<,  we  are 
no  longer  obliged  to  take  the  same  x  for  them,  but  may  use  any 
combination  of  simple  roots  for  blocks  of  more  than  one  term, 
and  simple  or  multiple  roots  for  blocks  of  a  single  term.  When 
5  »  0,  we  do  not  take  y  *  0,  since  this  would  lead  to  a  K  not  in 
canonical  form,  and  hence  equivalent  to  the  solution  for  a  different 
choice  of  Wi.  We  here  take  a  multiple  root,  which  makes 
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P*{x)  ■■  0.  In  general,  this  choice  will  lead  to  a  contradiction 
when  used  in  the  later  equations,  but  if  it  does  lead  to  a  system  of 
equations  solvable  for  y,  s,  u,  etc.,  we  have  a  solution  not  equiva¬ 
lent  to  those  already  found. 

We  are  now  in  a  position  to  describe  a  systematic  method  of 
finding  all  the  roots  of  the  equation  PiX)  »  A.  We  reduce  A 
to  the  classical  canonical  form,  and  also  to  the  quasi-canonical 
forms  obtained  from  this  by  suitable  interchanges  of  rows,  and 
corresponding  columns,  as  for  (5.4).  For  each  of  these  we  solve 
the  equations  (5.3),  if  p>08sible.  We  then  obtain  a  complete  set 
of  non-equivalent  solutions  by  using  (5.1),  for  V  from  the  ca¬ 
nonical  form,  and  the  same  R  for  V  from  the  quasi-canonical 
form  after  the  proper  interchanges  are  made.  Finally,  we 
transform  these  by  matrices  Q  commutative  with  A  to  obtain 
the  solutions  equivalent  to  these. 

When  the  elementary  divisors  of  A  are  all  prime  to  one  another, 
the  only  solutions  are  polynomial  solutions.  Hence  the  condition 
of  Theorem  I  must  be  satisfied,  and  there  are  only  a  finite 
number  of  solutions. 

When  the  elementary  divisors  are  not  all  prime,  there  will  still 
be  only  a  finite  number  of  non-equivalent  solutions,  but  in 
general  an  infinite  number  of  distinct  solutions. 

It  is  only  in  exceptional  cases  that  the  quasi-canonical  forms 
yield  any  additional  solutions. 

We  give  some  simple  illustrations  of  the  various  cases. 

Example  2.  The  equation 


or  the  analogous  equation 

-  X'-\-2aX 

have  no  solutions. 

Example  3.  The  equation 


a  1 
0  a 


X* 


1  0 
0  1 
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has  the  polynomial  solutions 


1  0 

-  1  0 

0  1 

0  -  1 

as  well  as  the  transforms  of 

1  0 
0  -  1 


by  any  matrix  commutative  with  the  right  member,  i.e.  any  non¬ 
singular  matrix  whatever.  These  may  be  reduced  to  the  form: 


a  (1  —  a*)/b 
b  —a 


(including  lim  after  a* 

»-o 


Example  4.  The  equation 


1 

2 

0 

.Y*  - 

0 

1 

0 

0 

0 

1 

has  the  polynomial  solutions 


0 

4 

1 

0 

0 

1 

0 

0 

0 

1 

together  with  the  transforms  of 


1 

1 

0 

± 

0 

I 

0 

0 

0 

-  1 

by  matrices  of  the  form 


Px 

9i 

Pxt 

0 

Px 

0 

0 

Pti 

Px 

which  may  be  reduced  to: 


1 

1  -f  at  a 

± 

0 

1  0 

0 

1 

1 

1). 


I 

1 


i 


( 
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Example  5.  The  equation 


0 

0 

0 

0 

has  the  polynomial  solution 


0 

0 

0 

0 

together  with  the  transforms  of 


0 

p 

0 

0 

by  any  matrix,  which  may  be  reduced  to  the  form: 

a  a'jb 
—  b  —a 

Example  6.  The  equation 


0 

1 

0 

X'  - 

0 

0 

0 

0 

1 

0 

0 

0 

# 

has  no  polynomial  solutions  (cf.  ex.  2.),  but  has  the  solutions: 


0 

c 

1 

± 

0 

0 

0 

0 

1 

0 

arising  from  the  quasi -canonical  form,  together  with  its  trans¬ 
forms  by  the  matrices  used  in  example  4,  which  may  be  reduced 
to  the  form: ' 


0 

a 

b 

0 

0 

0 

0 

\/b 

0 

Example  7.  Let  us  attempt  to  find  all  matrices  A',  such  that 
the  matrix: 


0 

1 

0 

A  - 

0 

0 

0 

0 

u 

() 
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ifl  expressibje  as  a  polynomial  in  X.  Since  X  will  be  of  the  third 
order,  it  is  a  root  of  a  cubic  equation,  i.e.  its  characteristic 
equation,  and  this  may  be  used  to  reduce  the  polynomial  which 
gives  A  to  one  of  the  second  order.  If  it  has  equal  roots,  we  may 
write: 

AT*  -  2rX  +  r*  ^ 


The  roots  of  this  (cf.  example  6)  are  found  to  be: 

r  a  tb 

AT,  -  0  r  0  . 

0  tjb  r 

If  the  quadratic  has  distinct  roots,  we  may  write: 

AT*  -  (r  +  s)X  +  r5  , 
- 

The  roots  of  this  are  found  to  be: 


r 

/ 

0 

r 

ab 

t - 

a 

0 

r 

0 

.  Af,  - 

0 

r  —  s 

r 

0 

0 

0 

r 

0 

b 

5 

together  with  the  matrices  obtained  from  them  by  interchanging 
r  and  5,  and  replacing  /  by  —  Obviously,  '\i  A  is  a  first  degree 
polynomial  in  a  matrix  AT,  this  must  have  the  form  Xt.  Thus, 
the  only  matrices  X  such  that  i4  is  a  polynomial  in  X  are  those  of 
the  form  Xu  Afi,  X». 

If,  in  place  of  A  above,  we  consider  the  matrix: 

0  0  1 

B  ~  0  0  0, 

0  0  0 


obtained  as  a  transform  from  A  by  interchanging  the  last  two 
rows  and  last  two  columns,  the  matrices  Y  such  that  B  is  a 
polynomial  in  Y  will  lie  those  obtained  from  Afi,  Aft,  Aft  by 
20 
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interchanginK  the  last  two  rows  and  last  two  columns.  Since  no 
matrix  so  obtained  as  a  K  is  a  possible  A*,  unless  /  «  0,  there  is 
no  matrix  such  that  A  and  B  are  both  expressible  as  polynomials 
in  it.  This  Rives  an  alternative  proof  of  the  fact  cited  *  at  the 
end  of  section  3.  The  example  also  indicates  a  systematic 
prtjcedure  for  hndinR  all  the  matrices  in  terms  of  which  a  given 
matrix  is  a  polynomial. 

6.  The  Exponential  and  Logarithmic  Function  of  a  Matrix. 
When  the  general  theory  of  analytic  functions  of  matrices  and 
their  Taylor  development  *  alK)ut  a  constant  matrix  is  applied  to 
the  expansion  of  the  exponential  function  about  the  zero  matrix, 
we  are  led  to  a  consideration  of  the  series, 

(6.1)  *  I  i4  -f"  y,  +  •  •  ’f 

the  symbol  on  the  left  side  of  this  equation  being  here  merely  the- 
abbreviation  for  the  series.  If  >1  is  a  square  matrix  of  the  mth 
order,  and  has  all  its  terms  numerically  less  than  Af,  A*  will  have 
all  its  terms  bounded  by  mAP,  and  the  terms  of  will  lie 
bounded  by  so  that  all  the  series  for  separate  terms  of 

the  matrix  will  converge,  and  the  series  defines  a  new  matrix  for 
any  matrix  /I. 

If  A  and  B  are  two  matrices  which  commute  with  one  another, 
the  characteristic  property  of  the  exponential  function  is  satisfied, 
namely: 

e*'e*  *  e^-e^  *  •  when  A’B  —  B-A 

I 

If  A  and  B  do  not  commute,  in  general  none  of  the  equations  just 
written  will  be  satisfied. 

If  the  matrix  R  transforms  A  to  canonical  form,  N,  as  in 
(2.4),  we  will  have: 

-  R  e^R-K 


The  matrix  will  be  formed  of  blocks  along  the  main  diagonal, 
which  may  be  evaluated  as  in  (2.7).  The  elements  of  the  first 
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row  of  a  typical  block  w’ill  be: 

6*  b* 

(6.2)  f,  bf,  f  +  ce*,  jje-  +  bee-  df, 

etc.  Since  6  0  for  a  block  of  the  canonical  form  .V,  and  e*  0, 

the  matrix  e'*  will  always  be  in  canonical  form,  and  have  the 
same  size  blocks  as  N, 

If  we  define  the  logarithmic  matrix  function,  as  any  inverse  of 
the  exponential  function,  then 

X  *  log  A ,  whenever  ^  A. 

Since  any  matrix  X  may  lie  normalized  by  a  matrix  Rio  a  normal 
form  V,  and  R  will  then  reduce  /I  to  a  normal  form  N,  we  reduce 
A  to  such  a  normal  form  and  then  have  to  solve 

e*'  -  N. 

By  the  relations  (6.2),  this  leads  for  a  characteristic  bUK'k  with 
a,  b,  c,  etc.,  as  the  elements  of  the  first  row  for  N,  and  x,  y,  z  as 
those  for  V,  to  the  equations: 

,  (6.3)  e*  *  a, 

ye*  -  b, 
y* 

— j  e*  +  ze*  ~  c, 


etc.  If  o  ^  0,  these  equations  may  be  solved  for  x,  y,  z,  etc.,  in 
turn,  while  If  a  —  0,  they  have  no  solution.  Thus  a  logarithmic 
function  exists  for  any  non-singular  matrix  A.  For  each  block 
we  take  a  particular  branch  of  the  ordinary  scalar  function 
X  ■»  log  o.  Since,  by  (6.2),  no  quasi-normal  forms  need  be 
considered,  a  single  reduction  of  the  matrix  A  to  normal  form 
will  yield  all  the  non-equivalent  solutions.  The  argument  used 
in  section  5  shows  that  the  solutions  equivalent  to  those  already 
•  found  may  l)e  obtained  by  transforming  them  by  matrices  which 
commute  with  A,  but  do  not  wmmute  with  the  solutions.  As 
before,  unless  there  are  several  bkxrks  with  equal  a’s,  there  will 
be  no  such  transforms. 
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The  logarithmic  function  just  found  is  not  analytic,  but  the 
solution  includes  those  which  are  analytic,  i.e.  expansible  in 
series  about  a  suitable  scalar,  or  matrix.  These  analytic  solu¬ 
tions  will  be  characterized  by  relations  between  the  branches 
taken  for  the  different  blocks. 

By  means  of  the  logarithmic  function  here  defined  we  may  find 
the  general  solution  of  the  equation  AT"  *  /I,  when  A  is  any  non¬ 
singular  matrix.  The  method  does  not  apply  when  A  is  singular, 
although  we  have  seen  (cf.  exatnples  5,  6)  that  the  equation  may 
well  have  roots  when  A  is  singular. 

The  procedure  we  have  employed  to  find  the  inverse  of  the 
exponential  function  may  be  extended  to  other  integral  functions. 
In  general,  we  will  not  only  have  to  solve  a  scalar  equation  for 
each  characteristic  root,  but  may  have  to  find  simple  roots,  as  we 
did  for  polynomials  in  Theorem  I.  As  an  illustration,  consider 
the  equation: 


A"*  X* 

sin  A'  “  ^  “  3?  +  "JT  +  '  ■  ■ 


1  0 
0  i 


This  equation  has  no  solution,  since  the  scalar  equation  sin  x  1 
has  no  simple  root.  The  result  is  confirmed  by  the  fact  that  the 
determination  of  cos  X  from  this  value  of  sin  X  leads  us,  es¬ 
sentially,  to  the  unsr)lvable  equation  of  example  2. 

7.  The  Generalized  Characteristic  Equation.  The  following 
theorem  on  matrices  was  proved  by  Phillips: 

If  two  sets  of  square  matrices,  A„  B,is  “  1,2,  •  •  •  k),  with  ele¬ 
ments  a„*  and  bii*{i,  j  ^  I,  2,  •••  n)  respectively,  satisfy  the 
equation  ‘ 

i:  A^.  ~  0, 


0 


then,  if  all  the  A,  commute  among  themselves,  they  satisfy  the 
equation: 


IZAM  -0, 


§ml 


“  L.c.,«  p.  267. 
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and  if  all  the  B,  commute  among  themselves,  they  satisfy  the  equation: 

I L  5/1./ 1  -0. 

(-1 

This  theorem  •*  leads  to  the  well  known  fact  that  every  square 
matrix  satisfies  its  characteristic  equation,  when  it  is  applied  to 
the  identity 

AI-  l  A  -  0, 

where  A  is  any  square  matrix,  and  I  is  the  identity  matrix  of  the 
same  order. 

Here  we  shall  use  it  to  obtain  an  equation  with  scalar  coeffi¬ 
cients  from  any  polynomial  (or  power  series)  matric  equation. 
For,  let  X  and  the  (m  -|-  1)  coefficients  A,  be  square  matrices  of 
order  n,  and  suppose  that  the  equation 

(7.1)  +  .••  +  /l.A  -F  /lo  -  0, 

is  satisfied.  Then,  since  the  identity  matrix  and  the  flowers  of 
X  all  commute  with  one  another,  the  theorem  quoted  shows  that 
X  satisfies  the  equation: 

(7.2)  +  00"-*^"-*  -f  •  •  •  Oi/A  +  a<,®|  -  0. 

We  observe  that  if  we  had  multiplied  X  and  its  powers  on  the 
left,  to  form  the  equation: 

(7.3)  +  •  •  •  +  /lo  »  0, 

we  would  have  found  the  same  equation  (7.2)  from  the  first  part 
of  the  theorem. 

If  the  equation  (7.2)  which  is  usually  of  the  mwth  degree  is  not 
identically  zero,  we  may  find  its  complete  solution  by  the 
algorithm  developed  in  section  5.  The  solution  will  in  general 
contain  parameters,  since  the  matrix  N  of  section  5  is  here  a 
scalar  times  the  identity,  and  so  has  all  its  characteristic  roots 
equal.  However,  there  will  only  be  a  finite  number  of  possible 
'*  The  fact  that  (7.2)  ia  a  consequence  of  (7.1),  and  is  an  aid  to  the  solution 
of  the  latter  equation  was  announced  by  Professor  C.  C.  MacDufTee  at  the 
meeting  of  the  American  Mathematical  Society,  September,  1931. 
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non-equivalent  solutions,  since  the  characteristic  roots  must  lie 
selected  from  the  roots  of  the  scalar  equation  corresponding  to 

(7.2) . 

The  srilutions  of  (7.1)  will  be  a  subset  of  the  solutions  of  (7.2), 
and  accordingly  we  have  merely  to  test  these  last  in  (7.1). 
Except  for  the  restriction  on  the  characteristic  values,  this  last 
process  may  prove  nearly  as  difficult  as  the  testing  of  a  general 
square  matrix.  However,  if  we  are  seeking  solutions  of  the 
ecjuation  (7.1)  which  are  commutative  with  a  given  matrix,  or 
polynomials  in  a  given  matrix,  we  need  only  find  solutions  of 
equation  (7.2)  having  these  properties,  and  the  problem  of 
testing  them  in  equation  (7.1)  becomes  one  practically  capable  of 
solution. 

Instead  of  restricting  the  a)efficients  of  the  equation  (7.1),  or 

(7.3)  to  lie  square  matrices,  we  may  take  them  as  rectangular 
matrices  of  n  columns  and  /  rows  (n  rows  and  t  columns  for 

(7.3) ).  This  case  is  in  one  sense  a  special  case  of  the  problem  for 
square  coefficients,  since  if  t  is  greater  than  n,  the  equation  will  be 
e<|uivalent  to  a  numlier  of  matrix  equations  with  square  coeffi¬ 
cients.  For  example,  we  may  form  s<|uare  coefficients  from  the 
first  «,  the  seamd  n,  etc.  as  well  as  the  last  n  rows  (which  will  of 
course  in  general  have  some  rows  in  common  w'ith  the  preceding 
equation).  The  rrxits  of  the  original  equation  will  be  the 
common  roots,  if  any,  of  this  series  of  equations.  In  particular, 
if  the  corresponding  equations  (7.2)  have  no  common  roots,  we 
know  at  once  that  the  given  equation  has  no  solutions.  If  /  is 
less  than  n,  we  form  an  equation  with  square  coefficients  by 
adding  to  each  cf)efficient  n  —  t  rows  with  arbitrarily  chosen 
elements.  The  roots  of  any  such  modified  equation  will  clearly 
.satisfy  the  original  equation. 

In  some  cases,  even  when  the  determinant  in  the  left  member 
of  equation  (7.2)  vanishes  identically,  W'e  may  still  find  such  a 
scalar  equation.  Namely,  when  the  vanishing  of  this  determinant 
is  due  to  the  fact  that  one  of  the  rows  of  all  the  coefficients  is 
linearly  dependent  on  the  remaining  rows.  For,  we  have  then 
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merely  to  replace  the  dependent  row  by  arbitrary  elements  of  an 
independent  row,  and  prcxwd  as  before.  However,  the  scalar 
equation  may  give  a  left  member  which  vanishes  identically 
without  all  the  determinants  of  the  coefficients  beini;  zero,  which 
precludes  the  existence  of  any  dependent  rows.  As  an  illustration 
of  the  first  situation,  we  may  write: 


1 

1 

X  - 

1 

1 

3 

3 

3 

3 

which  we  replace  by 


1 

1 

X  - 

1  1 

0 

1 

a  b 

where  a  and  b  are  arbitrary  numbers.  This  has  a  scalar  equation 
which  does  not  reduce  to  an  identity.  The  original  equation  has 
the  solution 


X 


On  the  other  hand,  the  equation: 


1  0 
0  0 


X'  + 


0  2 
3  0 


X  + 


0  0 
0  6 


0, 


has  a  scalar  equation  with  vanishing  left  member.  However,  its 
solution 


has  arbitrary,  in  general  distinct,  characteristic  roots,  which 
explains  why  no  scalar  equation  limiting  the  values  of  these 
roots  can  be  found.  In  this  illustration  Ao  and  Am  both  have 
zero  determinants.  This  is  a  necessary  condition  for  the  de¬ 
terminant  in  the  scalar  equation  to  vanish  identically,  since  the 
two  determinants  are  the  coefficients  of  the  constant  term,  and 
of  A""  in  (7.2).  This  proves  that  Ihe  equation  (7.1)  or  (7.3) 
ran  have  solutions  with  variable  characteristic  roots  only  when  the 
rank  of  A o  and  that  of  Am  are  each  less  than  n. 

Cf.*  I.C.,  p.  77. 
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8.  Solutions  of  P{A,  X)  »  0  which  are  Polynomials  in  A. 
When  we  are  dealing  with  an  equation  of  the  form: 

(8.1)  E  F,{A)X>  -  P{A,X)  -  0. 

•  -0 

where  the  coefficients  are  polynomials  with  scalar  coefficients  (or 
power  series)  in  a  matrix  A,  and  we  only  wish  solutions  which 
are  polynomials  in  A,  we  may  use  the  procedure  of  section  4. 
Any  matrix  R  which  reduces  A  to  normal  form  N,  will  reduce  X 
to  quasi-normal  form  V,  and  we  have  to  solve  the  equation 

P(N,  F)  *  0. 

Each  coefficient  F,{N)  will  be  in  quasi-normal  form.  We  call 
the  elements  of  the  first  row  of  a  typical  block  of  N,  a,  b,  c,  etc. 
and  of  F,{N),  a„  b„  c„  etc.,  and  the  elements  of  the  corresponding 
block  of  V,  X,  y,  z,  etc.  Then  for  each  block  we  have  a  set  of 
equations  analogous  to  (4.4) : 

(8.2)  L  “  L  F,ia)x‘  -  P(a,  x)  -  0, 

(-0  (aO 

E  (a^yx*-'  +  bx)  -  yPx(a,  x)  +  bP,{a,  x)  -  0, 

tmO 

^  Pxs  +  +  by  Pat  -f  cPa  4*  Jj  Pm*  “  0, 

etc.  In  these  equations,  subscripts  denote  partial  derivatives, 
and  use  has  been  made  of  (2.5),  (2.6)  and  (2.7).  Since  y,  z,  etc., 
appear  in  these  equations  for  the  first  time  with  the  coefficient 
Pg,  if  this  is  not  zero  for  some  .r  which  satisfies  the  first  equation, 
we  may  solve  for  them  in  turn.  This  establishes: 

Tiikorem  III.  A  sufficient  condition  for  the  equation 

E  F,{A)X^  -  P{A,  X) 

ImO 

to  have  a  solution  which  is  a  polynomial  in  A  is  the  existence  of  a 
simple  root  of  the  equation: 
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« 


for  e€uh  root  a  which  appears  in  a  block  of  more  than  one  term  in  N, 
the  canonical  form  of  A. 

This  condition  is  not  necessary,  as  is  seen  from  the  equation : 


where 


-  A*, 


0 

0 

1 

A  - 

0 

0 

0 

0 

1 

0 

For  this  equation  is  that  of  example  6,  so  that  it  has  the  solutions: 


0 

a 

b 

0 

0 

0 

0 

\/b 

0 

and  when  6  ■  ±  1,  this  reduces  to 


aA*  ±  A. 

which  is  a  solution  of  the  equation,  expressible  as  a  polynomial  in 
A. 

If  we  reduce  the  matrix  A.  to  normal  form,  and  in  addition 
consider  all  transpositions  of  rows,  and  corresponding  columns, 
which  give  quasi-normal  forms,  by  solving  in  each  case  for 
solutions  which  are  expressible  as  polynomials  in  i4,  we  will  have 
all  such  p>olynomial  solutions  of  the  original  equation. 

9.  Generalized  Conjugate  Matrices.  Many  proofs  in  the 
theory  of  matrices  may  be  simply  carried  out  by  introducing  the 
concept  of  conjugate  matrices.**  For  a  given  matrix.  Mi,  a  set 
of  (n  —  1)  matrices  Aft,  Mt,  •  •  •  A/,  are  called  a  set  of  conjugate 
matrices  of  Mi,  provided,  1.  the  n  matrices  Mi  all  commute  with 
one  another,  2.  the  symmetric  functions  of  these  n  matrices  are 
all  scalar  matrices,  and  equal  to  the  corresponding  symmetric 
functions  of  the  n  scalar  roots  of  the  characteristic  equation  of  Mi, 

*•  Taber,  ().,  "()n  Certain  Identities  in  the  Theory  of  Matrices,”  American 
Journal  of  Mathematics,  vol.  13  (1891),  p.  1S9.  Bennett,  A.  A.,  “Some 
Algebraic  Analogies  in  Matric  Theory,”  Annals  of  Mathematics,  vol.  23  (1921), 
p.  91. 
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each  multiplied  by  the  identity  matrix  of  order  n,  and  3.  each 
matrix  Afi  has  the  same  characteristic  equation  as  Aft. 

It  is  not  always  possible  to  find  a  set  of  conjugates  for  a  given 
matrix,  but  a  set  of  f^eneralized  conjugate  matrices,  satisfying 
conditions  1.  and  2.  only,  may  always  be  founds  Since  any  set 
of  conjugate  matrices  is  also  a  set  of  generalized  conjugate 
matrices,  if  we  find  all  possible  sets  of  generalized  conjugate 
matrices,  we  will  have  included  the  conjugate  sets,  when  they 
exist,  and  hence  have  a  method  of  determining  this  existence 
question. 

From  their  definition,  the  product  of  the  n  factors  X  —  Alt  will 
reproduce  the  characteristic  equation  of  Aft.  Conversely,  if  a 
factorization  of  this  type  exists,  with  the  A/<  commutative,  we 
have  a  generalized  conjugate  set.  Hence  all  the  generalized 
conjugate  matrices  are  to  be  found  among  the  roots  of  this 
equation,  which  commute  with  Aft.  These  may  be  found  by  the 
methods  of  section  5.  For  an  equation  with  only  a  finite  number 
of  roots,  the  matching  up  is  easily  accomplished.  However,  we 
may  do  this  systematically  by  noting  that,  if  X  and  A  are 
commutative  matrices,  the  factorization  of  X*  —  /!■  is  analogous 
to  that  for  the  scalar  function,  and  from  this  it  follows  that  if 
the  matric  polynomial  P{A,  X)  vanishes  for  X  *  Aft,  commu¬ 
tative  with  A,  it  is  divisible  by  X  —  Aft.  Hence  to  find  a 
generalized  conjugate  set,  we  divide  the  characteristic  equation 
by  A'  —  Aft,  then  select  any  root  of  this.  Aft,  commutative  with 
Aft,  and  divide  by  AT  —  Afj,  etc.  If  at  any  stage  we  meet  an 
equation  with  no  roots  commutative  with  the  Aft  already  found, 
these  will  not  form  part  of  a  generalized  conjugate  set.  The 
number  of  canonical  forms  for  the  roots  is  finite  at  each  stage,  so 
that  there  are  at  most  a  finite  number  of  non-equivalent  sets  Afi. 
The  transform  of  any  set,  by  a  matrix  commutative  with  Aft  but 
not  with  all  the  members  of  the  set,  will  give  a  distinct  set. 
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1.  Introuuctio.v 

The  problem  of  Plateau  is  to  prove  the  existence  of  a  minimal 
surface  with  a  given  boundary.  The  early  work  on  this  problem, 
by  Riemann,  Weierstrass  and  Schwarz,  was  confined  in  the  main 
to  a  polygonal  contour  and  was  carried  through  only  for  special 
skew  polygons  (e.g.,  the  skew  quadrilateral  obtained  by  removing 
a  pair  of  opposite  edges  from  a  regular  tetrahedron,  Schwarz). 
The  work  of  S.  Bernstein,  Ch.  H.  MUntz  and  A.  Haar  considered 
the  minimal  surface  in  the  form  *  —  /(x,  y)  and  assumed  the 
contour  to  have  a  simply-covered  convex  projection  on  the  xy- 
plane. 

It  is  only  in  the  last  few  years  that  the  Plateau  problem  has 
been  treated  for  a  contour  of  general  shape.  The  work  in  this 

'  Preaented  to  the  American  Mathematical  Society:  "A  General  Formula¬ 
tion  of  the  Problem  of  Plateau,”  Oct.  26,  1929;  “Solution  of  the  Problem  of 
Plateau  for  Two  Contours,”  Sept.  27,  1930;  abstracts  in  Bulletin  American 
Mathematical  Society,  vol.  36,  p.  50,  p.  797. 

The  seven  main  theorems  established  in  this  paper  have  been  communi¬ 
cated  to  the  National  Academy  of  Sciences  and  will  be  published  in  its 
Proceedings,  vol.  18,  no.  1  (Jan.  1932). 
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direction  was  by  R.  (»arnier,  the  present  writer*  and  T.  Rado. 
The  problem  was  first  definitively  solved  in  the  work  of  the  present 
writer;  not  only  did  this  establish  the  most  general  result:  that 
every  continuous,  closed,  non-self-intersecting  curve  (Jordan 
curve)  in  euclidean  space  of  any  number  of  dimensions  is  the 
boundary  of  a  simply-connected  portion  of  a  minimal  surface, 
but  the  methfxl  there  developed — based  on  a  certain  simple 
functional  i4(g)  whose  argument  is  a  variable  parametric  repre¬ 
sentation  of  the  given  contour — furnishes,  beyond  a  doubt,  the 
key  to  the  problem. 

It  may  perhaps  be  regarded  as  only  an  incident  that  the  present 
writer’s  work  was  the  first  to  show  that  the  number  of  dimen¬ 
sions  of  the  containing  space  is  indifferent;  all  the  other  work, 
without  exception,  is  restricted  to  a  three-dimensional  containing 
space.  But  to  use  n  dimensions  cannot  be  considered  entirely 
a  banal  generalization;  for  instance,  it  allows  us  to  put  n  »  2, 
whereupon  the  conformal  mapping  of  plane  regions  is  included 
as  a  special  case;  this  cannot  be  done  with  any  of  the  other 
theories. 

Up  to  now,  the  only  work  for  two  contours  has  been  the  classic 
case  of  two  coaxial  circles  determining  a  catenoid,  a  treatment  by 
Riemann  *  of  two  circles  in  parallel  planes  but  not  coaxial,  and 
of  any  two  polygons  in  parallel  planes,  and  the  treatment  by 
Schwarz  *  (a  special  case  of  the  preceding,  more  elaborately  con¬ 
sidered)  of  two  regular  polygons  in  the  position  of  opposite  bases 
of  a  regular  prism.  A  general  theory  is  therefore  completely 
outstanding.  ^The  present  paper,  the  first  of  any  generality  to 

'  BulUtin  American  Malhemaiicai  Society,  vol.  33  (1927),  pp.  143,  259;  vol. 
.34  (1928),  p.  405;  vol.  35  (1929),  p.  292;  vol.  36  (1930),  pp.  49-50,  189-190. 
A  comprehensive  and  didactic  presentation  was  published  in  Transactions 
American  Mathematical  Society,  vol.  33,  no.  1  (Jan.  1931):  "Solution  of  the 
l*robiem  of  Plateau.”  This  paper  will  tie  cited  hereafter  as  (I).  References 
to  the  other  work  on  the  problem  may  be  found  there. 

The  writer's  work  was  also  made  abundantly  known  during  the  year  1929 
by  his  lectures  in  mathematical  seminars  at  Paris,  (jbttingen  and  Hamburg. 

*  Werke,  Leipzig,  1892,  pp.  329-333,  446-454. 

*  Gesammelte  Abkandlunien,  vol.  1,  pp.  270-316. 
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deal  with  two  contours,  supplies  this  lack,  extending  to  two 
contours  the  methods  developed  in  the  jiaper  (I)  for  the  case 
of  a  single  contour.  The  main  results  here  established  may  be 
described  as  follows. 

Let  Fi,  r*  denote  the  given  contours,  which  we  suppose  to  be 
Jordan  curves  in  euclidean  space  of  n  dimensions.  Even  when 
explicit  mention  of  the  fact  is  omitted,  we  assume  throughout  that 
T]  atid  Ft  do  not  intersect  one  another. 

•  We  consider  the  totality  of  ways  of  representing  Fi,  Fi  para¬ 
metrically: 

Xi  -  Ru{9).  Xi  -  g,i(e)  (t  «  1,  2,  •  •  •,  n), 

9  denoting  respectively  the  polar  angle  on  two  concentric  circles 
Ci,  C|,  with  ratio  of  radii  equal  to  g,  0  <  q  <  1. 

Then  we  define  certain  functionals: 

/f(jff).  A(gug,;g) 

as  follows.  I^t 


(1.1)  Xi  »  p).  Xi  -  I/u(u,  v),  Xi  -  /Iiii(u,  v) 

denote  the  harmonic  functions  determined  respectively  in  the 
interior  of  C'l,  the  interior  of  Cj,  the  ring  between  Ct  and  C*  by 
the  boundary  values  gH(fl),  /?*<(^),  gii(9)  and  gti(9).  These  define 
harmonic  (therefore  analytic)  surfaces  bounded  respectively  by 
Fi,  Fi,  Fi  and  Ft;  let  the  fundamental  quantities  of  these  surfaces 
be  denoted  by  E,  F,  G  with  the  appropriate  subscripts.  Then 
by  definition : 


Aigi) 

(1.2)  A{gt) 
Aigi,  gt\  q) 


\ff{Ei-\-Gi)dudv  ) 
\f  f{Et  -H  Gi)dudv 
i//(£it  +  Ci,)d«dpJ 


iff 


each  double  integral  being  taken  over  the  appropriate  region. 

Since  the  integrand  is  an  essentially  positive  quantity,  the 
double  integrals  exist  either  as  finite  positive  values  or  as  -f-  <x>. 


318 


JESSE  DOUCLAS 


When  all  possible  parametric  representations  of  Fi,  Ft  and  values 
of  q  are  considered,  the  functionals  A  therefore  have  determinate 
lower  Imunds: 

m(Fi),  m(Ft),  m(Fi,  Ft) 

S  +  00  and  ^  0  (in  fact  >  0,  established  after  proof  that  these 
bounds  are  attained). 

The  quantities  m(F)  are  the  same  as  those  introduced  by 
Lebesgue  *  on  the  basis  of  his  definition  of  area  (inferior  limit 
of  the  areas  of  approaching  polyhedral  surfaces)  and  called  by 
him  the  "minimum  area"  of  the  contour.  It  is  however  their 
above  interpretation,  based  on  the  functional  A,  which  will  con¬ 
cern  us  exclusively  in  this  paper.  I^besgue’s  definition  is:  m(Fi) 
is  the  least  limit  which  can  be  approached  by  the  area  of  a  simply- 
connected  polyhedral  surface  whose  polygonal  boundary  tends 
to  F|,  with  a  similar  definition,  mutatis  mutandis,  for  m(F|,  Ft). 
These  are  also  the  lower  bounds  of  the  areas  of  continuous  sur¬ 
faces  bounded  respectively  by  F|,  by  Fi  and  Fi.*  The  main 
body  of  this  paper  is  concerned  with  the  case  where  the  quantities 
m(F)  are  finite;  a  sufficient  condition  for  this  is  that  the  contours 
be  rectifiable.  Later  (§  11),  extension  is  made  by  means  of  a 
limit  process  to  a  pair  of  arbitrary  Jordan  contours. 

Remark.  In  order  that  all  three  quantities  m(F)  be  finite  it 
is  necessary  and  sufficient  that  m(Fi,  Ft)  be  finite.  This  is 
easily  seen  in  §  11  in  connection  with  the  formulas  (11.2). 

With  our  definitions: 

m(Fi)  —  lower  bound  i4(gi), 

$ 

(1.3)  »«(Ft)  “  lower  bound /I  (ifi), 
m(Fi,  Ft)  -  lower  bound  Aigi,  gi;  q), 

we  have  always 

(1.4)  m(F„  Ft)  S  m(F,)  +  m(F,). 

Intdgrale,  fongurur,  aire,"  Annaiidi  Uatematica,  (3),  vol.  7  (1902), p. 304. 

*  Even  when  explicit  mention  of  the  fact  it  omitted,  we  understand  every 
surface  bounded  by  Fi  or  Ft  separately  to  be  simply -connected,  by  Fi,  Fi 
jointly,  doubly-connected. 
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This  follows  immediately  from  (5.6)  or  (6.3),  according  to  which, 
for  q  0, 

A  (f  1.  g,;q)  -*  A  (g,)  +  A  (g,). 

With  the  Lebesgue  interpretation  of  m(r)  the  relation  (1.4) 
is  obvious.  For  if  we  connect  by  a  straight  line  segment  two 
interior  vertices  belonging  respectively  to  two  simply-connected 
polyhedral  surfaces  with  boundaries  tending  to  Fi  and  Fj  and 
areas  to  m(F|)  and  m(F|),  we  may  say  that  we  have  a  doubly- 
connected  polyhedral  surface  with  area  tending  to  m(F|)  -f  m(Fi). 
()r  again:  if  a  point  on  a  surface  bounded  by  F|  and  with  area 
arbitrarily  close  to  m(Fj)  be  connected  by  a  straight  line  segment 
to  a  point  on  a  surface  bounded  by  Ft  and  with  area  arbitrarily 
close  to  m(Ft),  the  result  may  be  considered  a  doubly-connected 
surface  bounded  by  Fj,  Ft,  and  its  area  is  arbitrarily  close  to 
w(F|)  +  m(Fi). 

Now  suppose — with  m(Fi,  Ft)  finite  (and  hence,  by  the  above 
remark,  also  m(Fi)  and  w(Ft)  finite) — we  have  the  strict  in¬ 
equality: 

(1.5)  m(F„  Ft)  <;  m(F,)  +  m(Ft), 

then  the  main  theorem  of  this  paper  is  the  following. 

Theorem  I.  In  euclidean  space  of  n  dimensions,  let  Fi,  Ft 
be  two  Jordan  curves,  not  intersecting  one  another,  with  finite 
"»(ri.  Ft)  and  obeying  the  condition  (/.5). 

Then  there  exists  a  pair  of  concentric  circles  Ci,  Ct  and  n  functions 
Fi{w)  of  the  complex  variable  w,  holomorphic  in  the  ring  between 
C\  and  Ct,  obeying  there  identically  the  condition 

(1.6)  E  Ff\w)  -  0, 

and  whose  real  parts 

(1.7)  X,  -  9eF<(w) 

attach  continuously  to  boundary  values  on  C\,  Ct: 

xt  -  gu(,9),  xt  -  gti(9) 
which  are  parametric  representations  of  Fi,  Ft. 
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(1.7)  and  (1.6)  are  the  VVeierstrass  formulas  for  a  minimal 
surface;  in  other  words,  this  theorem  asserts  the  existence  of  a 
doubly-connected  minimal  surface  M  lM>unded  by  Fi,  Ft,  or  the 
solution  of  the  problem  of  Plateau  for  those  two  contours. 

Thr  area  of  M  is  immediately  seen  to  be  m(F|,  Ft),  for  the  condi¬ 
tion  (1.6)  is  equivalent  to 

E  -  a,  F  -  0, 

and  then  the  functional  A 

ff\{E  +  G)dudv 

is  equal  to  the  area 

ff<EG  -  r  dudv. 

Rut  to  be  able  to  infer  that  therefore  M  has  the  least  area  of 
any  surface  bounded  by  Fi,  F|,  we  need  to  know  the  identity  of 
the  Lel)esKue  interpretation  of  m(F|,  F|)  with  the  definition  (1.3) 
of  the  present  paper.  This  could  lie  established  quite  briefly, 
after  the  pattern  of  Fart  V  of  our  first  paper,  with  the  use  of  the 
conformal  mapping  of  a  (x)lyhedral  surface,  after  Koelie.  How¬ 
ever,  it  is  our  intention  to  avoid  Koebe’s  theory  of  conformal 
mapping  of  abstract  Kiemann  manifolds,^  and  we  therefore  post¬ 
pone  further  consideration  of  the  least  area  property  of  the 
minimal  surface  whose  existence  is  here  established  to  a  future 
paper,  where  we  expect  to  give  this  part  of  the  problem  a  direct 
treatment. 

One  reason  for  avoiding  the  use  of  any  extraneous  theory  of 
conformal  n^apping  in  the  present  paper  is  that  our  methods 
enable  us  to  give  an  independent  foundation  for  this  theory  in 
*  In  my  paper  "The  Mapping  Theorem  of  Koebe  and  the  Problem  of 
Pliileau,"  this  Joi'RNAL,  vol.  X  (1931),  pp.  106-130,  it  is  shown  that  the  poly¬ 
hedral  mapping  theorem — |>art  of  the  uniformisation  theory  of  Koebe — 
contains  all  that  is  difficult  in  the  problem  of  Plateau;  the  establishing  of  that 
theorem  practically  is  the  solution  of  the  problem  of  Plateau,  it  being  only 
necessary  to  adjoin  five  lemmas,  easy  of  statement  and  proof,  to  control  the 
limit  process  from  the  polyhedrons  to  the  minimal  surface.  An  idea  of  what 
is  required  to  develop  the  uniformisation  theory  may  be  had  by  consulting 
the  presentation  in  Bielierbach,  Lekrinuh  der  Funktumentheorie,  2d  etl.,  vol.  2. 
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the  case  of  plane  regions.  We  Rive,  namely,  in  {|  10,  a  proof 
independent  of  any  previous  one  of  the  existence  of  a  conformal 
map  of  the  region  between  any  two  non-intersecting  Jordan 
curves  in  the  plane  on  a  circular  ring  (Schottky  *)i  showing  at  the 
same  time  that  the  map  attaches  continuously  to  a  topological 
c-orrespondence  between  the  Ixiundaries  (Osgcxxl  and  Taylor*). 

Arbitrary  Jordan  Contours  {with  mfPi,  Pi)  infinite).  The  suffi¬ 
cient  condition  (1.5)  can  be  extended  so  as  to  apply  when  any 
of  the  quantities  m(P)  are  not  finite.  Let 

(1.8)  e(P,,  P,)  -  m(P,)  +  m(P,)  -  m(P„  P,)  S  0  (by  1.4); 

then  e(P|,  P*)  is  defined  for  all  pairs  of  contours  with  finite 
»w(Pi,  Pi).  Irrespective  of  whether  w(P|,  Pt)  is  finite  or  infinite, 
we  then  define: 

(1.9)  e(Pi,  Pt)  -  llm  sup  e(P|',  IV), 

where  P/,  P|'  are  contours  with  finite  w(P|',  Pt')  tending 
resF>ectively  to  P|,  Pt  in  the  sense  of  Frf'chet;  this  means  that 
d(Pi,  Pi')  — >  0,  d(Pt,  Pt')  ->0,  where,  considering  all  possible 
topological  correspondences  between  P  and  P',  d(P,  P')  is  the 
lower  bound  of  the  greatest  distance  between  corresponding 
points.  Then  if 

(1.10)  e(P„  Pt)  >  0, 

the  Jordan  curves  Pi,  Pt  lx)und  a  doubly-connected  minimal  sur¬ 
face;  the  proof  is  in  §  11. 

Interlacing  Contours.  An  interesting  and  entirely  new  result 
that  we  are  able  to  establish  relates  to  amtours  that  are  inter¬ 
laced.  We  prove  (8§  9,  11)  that  any  two  Jordan  curves  which 
'  F.  Schottky,  "Ueber  die  ronforme  Abbildung  mchrfach  zutammen- 
hangemler  etiener  Flachen,"  CretU,  vol.  83  (1877),  pp.  .KX>-351.  Also,  P 
Koebe,  ‘Wbhandlungen  lur  Theorie  der  konformcn  Abbildung,"  CrtUe,  vol. 
145  (1915),  pp.  177-223. 

*  W.  F.  Otgood  and  E.  H.  Taylor,  “Conformal  Transformations  on  the 
Boundaries  of  Their  Regions  of  Definition,”  Trans.  Amer.  Math.  Soc.,  vol.  14 
(19|3„  pp.  277-298. 
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interlace  bound  a  doubly  connected  minimal  surface;  of  course,  this 
surface  is  self-intersecting.  The  result  is  obtained  by  showing 
that  the  sufficient  a)ndition  (l.tO)  is  always  satisfied  by  inter¬ 
lacing  contours. 


Evident  Cases  of  Fulfillment  of  the  Sufficiency  Condition.  There 
are  certain  simple  cases  where  it  is  obvious  from  the  geometry 
of  the  figure  that  the  sufficiency  condition  (1.5)  is  satisfied  — 
provided  we  permit  ourselves  to  use  the  Lebesgue  interpretation 
of  m(r)  in  anticipation  of  proof  of  its  identity  with  the  present 
one.  Consider,  for  instance,  a  cylinder  or  frustum  of  a  cone  so 
Hat  that  the  lateral  area  is  less  than  the  sum  of  the  areas  of  the 
I)a8e8,  supposed  bounded  by  rectifiable  curves  T],  Ft.  Then, 
with  the  Lebesgue  interpretation  of  m(r),  the  sufficiency  condi¬ 
tion  is  satisfied,  and  Fi,  Fi  are  the  boundaries  of  a  doubly- 
connected  minimal  surface.  More  generally,  let  F/,  F/  be  any 
Jordan  curves  in  the  planes  of  F|,  Ft  respectively,  and  enclosing 
these  curves.  Then  the  area  of  the  surface  formed  by  joining 
the  ring-shaped  regions  between  F|,  F/  and  Ft,  F/  with  the 
cylindrical  or  conical  surface  is  evidently  less  than  the  sum  of  the 
plane  areas  bounded  by  F/  and  Ft',  so  that  F/,  Ft'  admit  a 
douljiy-connected  minimal  surface  sF>anned  between  them. 


2.  General  Formulas 

The  disposition  of  the  one-contour  case  in  the  paper  (I)  was 
based  on  the  functional 


^(i) 


a*  L  [giW  -  gi(¥>)7 


I  /»J»  /»!*  ^  LKO’'/  « 

Iff  - 

4t  Jo  */o  4  ^  ~ 

4  sin*  — T 


■dOdip, 


derivable  by  applying  Green’s  formula  to  the  less  explicit  defi¬ 
nition  (1.2).  After  proving  that  the  minimum  of  A(g)  was 

n 

attained,  the  condition  ^  F/*(tr)  »  0,  characteristic  of  a  mini- 
<•1 

mal  surface,  resulted  by  means  of  a  denumerable  infinity  of 
explicitly  given  variations,  expressing  the  vanishing  of  the  de- 
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numerable  infinity  of  coefficients  in  the  Taylor  expansion  of 

II 

Y.  about  w  -  0.  The  analogous  method  in  the  two- 

i-i 

fl 

contour  case  would  be  to  use  the  Laurent  expansion  of  ^  Fi*(u') 

<•1 

in  the  circular  ring  between  C|  and  Ct,  and  in  similar  fashion  to 
show  that  the  vanishing  of  the  first  variation  of  A(gi,  fit;  q) 
implied  the  vanishing  of  all  the  Laurent  coefficients.  However, 
this  would  lead  to  tedious  calculations,  and  a  method  is  therefore 

n 

desirable  which  will  give  the  condition  ^  Fi*(w)  «■  0  all  at 

<-i 

once.  Such  a  method  is  developed  here;  we  illustrate  it  first 
for  the  one-contour  case,  recasting  our  treatment  of  that  into 
a  more  elegant  form  and  one  more  suitable  for  a  generalization 
of  the  type  we  need  to  the  two-contour  case. 

To  solve  the  Dirichlet  problem  for  any  plane  region  R  bounded 
by  a  regular  contour  C,  consisting  of  one  or  any  finite  number  of 
pieces,  with  prescribed  boundary  values  k  for  the  required 
harmonic  function  //,  we  have  the  formula: 

(2.1) 

G{x,  y\  u,  »)  denoting  the  Green’s  function  of  the  region,  vanish¬ 
ing  on  C  and  expressible  in  its  interior  in  the  form 

G(x,  y;.M,  v)  -  /;(x,  y;  u,  v)  +  log  V(x  -  «)*  f  (y  -  r)*, 

where  g  is  harmonic  in  x,  y  and  regular  throughout  the  region; 

Q 

the  differentiation  —  is  in  the  sense  of  the  inner  normal. 
dn 

It  is  desirable  to  express  //(u,  v)  as  the  real  part  of  a  function 
of  a  complex  variable.  To  that  end,  we  first  so  express  G,  con¬ 
sidered  as  a  harmonic  function  of  x,  y;  introducing  the  notation 

s  —  X  +  »y.  w  —  tt  +  *»,  ■  M  —  Wf 

we  write 

(2.2)  G(x,  y;  u,v)  -  91  log  5(i;  w,  w,), 
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(the  notation  S  and  the  later  notation  Z,  P  are  meant  to  sug;gest 
the  elliptic  functions  <r,  f,  to  which  they  are  tantamount  in 
the  case  where  the  region  is  a  circular  ring;  the  periods  of  these 
elliptic  functions  are  2)r  and  2t  log  q,  q  the  ratio  of  the  radii). 
SupiK)se  C  to  consist  of  any  finite  number  of  ctrcles  C.: 

C  *  Cl,  or  C  *  Cl  +  Cj,  etc. 

Then  using  on  each  circle  polar  coordinates  referred  to  its  center, 
*  —  *  p«*,  we  have 

t  \  ^  I  c/  \  .dC 

(2.3)  (2  -  fla)— log  5(*:  u^,  u-o)  =  P- - t— ; 

02  op  do 


but  on  each  circular  boundary  C  »  0  identically,  so  that 
consequently,  with  the  notation 

d 


Z(2;  w,  u’o)  “  —  log  5(2;  w,  tPo), 
ot 


(2  -  a.)Z(2:  w,  tt-o)  -  P^ 
dp 


de 


(2.4) 
we  have 

(2.5) 
for  2  on  C.. 

On  each  circle  C«,  ^  *  ±  ^  according  as  C*  is  an  inner  or 
dn  dp 

an  outer  boundary,  so  that  with  ds  «=  pdd  and  (2.5),  formula 
(2.1)  becomes 


(2.6)  II{u,v) 


f  h-(z  —  ai)Z(z;  w,  Wo)d9 

-  ^  J*  A -(2  -  ai)Z(2;to,  tp,)dfl  -  etc., 


the  sense  of  integration  on  each  circle  being  counter-clock  (so  as 
to  give  positive  dO  and  therefore  positive  ds). 

The  Green’s  function  C(x,  y;  u,  v)  being  harmonic  in  u,  v 
(symmetry  property),  it  is  seen  from  (2.5)  that,  for  2  on  C.,  the 
function  (2  —  a«)Z(2;  u  -f  iv,  u  —  iv)  is  real-valued  and  harmonic 
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for  tt,  r  in  R. 
the  equation 

(2.7) 

hence  '* 


This  is  to  say,  in  terms  of  w  and  u>o,  that  Z  obeys 


d*Z 

dwdu’o 


0; 


(2.8)  Z(t;  u>,  u'o)  -  Z(r,  w)  -  Z,(z,  Wo), 

the  general  solution  of  (2.7),  or,  with  the  (for  the  moment,  con¬ 
stant)  factor  t  —  Oa". 

(2.8')  (r  —  a.)Z(s;tc,  U’o)  »  (2  —  aa)Z{s,w)  —  (z  —  a«)Zi(z,tt»o). 
From  (2.8)  it  follows,  returning  to  (2.4)  and  (2.2),  that 

(2.9)  Gix,  y\  «,  p)  -  9?  log  ^ 

and 

(2.10)  Z(z,  w)  =  ^log  5(2,  w) 


(the  similar  formula  with  the  subscript  1  will  not  be  needed). 

0  Now,  the  Cauchy-Riemann  equations  for  two  conjugate  har¬ 
monic  functions  M(u,  v),  N(u,  v)  are,  in  terms  of  the  minimal 
coordinates  w,  U’o: 

dM  _  a(iA0  dM  _  djiN) 
dw  dwo  ’  du’o  dw 

whereby  the  conjugate  to  the  real-valued  harmonic  function 
(2.8')  is,  with  the  factor  *  annexed: 

(z  -  aJ)Z(z,  w)  +  (z  -  aJZ,(z,  Wo)  +  7(2), 

the  last  term  entering  as  constant  of  integration. 

The  real-valued  harmonic  function  (2.8')  may  therefore  be 
expressed  as  the  real  F>art  of  a  function  of  the  complex  variable 
tp  »  M  +  tv  as  follows: 

(2.11)  (4  -  aJZ(z;w,u'o)  -  )K|2(2  -  a«)Z(r,tp)  -f  7.(2)  |. 

'*To  avoid  multiplying  notation  we  uae  the  same  symbol  Z  to  represent 
the  function  of  t;  w,  Wt  and  also  the  function  of  s,  w  derived  from  it.  The 
same  remark  applies  to  the  symbol  5  in  (2.2)  and  (2.9). 


! 

j 
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Using  this  in  (2.6),  with  the  observation  d$ 


ds 


for  2 


i{s  -  o.) 

on  Cm,  we  see  that  the  harmonic  function  //(u,  r)  may  be  expres.se(l 
in  the  form : 


(2.12) 


//(«,  r)  -  W, 

F{w)  -  — .  f  h-Z(s,  w)dz  4-  c, 
rt  Jc 


the  sense  of  integration  on  each  component  circle  C«  of  C  being 
such  that  the  region  R  is  on  the  left.  The  constant  c  is  equal  to 


-u. 


h-y(s)dd 


and  may  be  readily  determined  in  each  special  case,  for  instance, 
by  means  of  the  value  of  II  known  at  a  particular  point.  The 
function  7(2)  has  different  forms  7«(2)  on  the  different  circles  C«; 
it  may  be  taken  to  be  a  real-valued  function  of  the  complex 
point  2  whose  locus  is  C,  since  a  pure  imaginary  constant  added 
to  F{w)  evidently  does  not  change  //(«,  p). 

If  the  boundary  value  A  is  a  vector  function  of  n  components: 
)fn(*)  on  Ci,  gtiiz)  on  Cs,  etc.  (»  -  1,  2,  •  •  •,  n),  then  (2.12)  gives 
for  the  harmonic  surface  spoken  of  in  §  1 : 


(2.13) 


-  Iliiu,  v)  -  9If,(u;), 

Fiiw)  -  — .  E  r  w)dz  -I-  c. 

Tf  -  Jc. 


From  this, 
(2.14) 


Fi\w) 


-.1.  f 

•  Jcm 


{z)P{z,  w)dz, 


where 

(2.15) 

Hence 

(2.16,) 


d* 


dzdw 


log  5(f,  tp). 


E  Fi^{w)  -  -  E  f  r  L 


•P{z,  w)P{(,  w)dzd{, 


¥ 
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or,  in  a  more  geometric  form  (square  of  distance)  easily  seen  to 
be  equivalent: 

(2.16)  £  Ft''M  I  f  £  [«..(»)  - 

X  P{s,  •w)P{^,  w)dzd(. 

What  has  to  be  observed  for  this  equivalence  is  that 


f  P{s,w)dfO, 

obvious,  because  the  indefinite  integral  is,  by  (2.14),  the  uniform 
function  5,(*,  w)  +  S(x,  w). 

We  need  finally  an  expression  for  the  functional  >l(g)  defined 
in  (1.2)  explicitly  in  terms  of  the  boundary  (vector)  functions 
XmM-  To  this  end,  we  first  shrink  the  region  P  slightly  to  a 
region  P  by  contracting  somewhat  the  outer  bounding  circle  and 
expanding  the  inner  ones,  keeping  them  respectively  concentric 
to  themselves;  let  the  bounding  circles  of  P  be  denoted  by  CV 
Then,  in  view  of  (1.2),  we  define 


and  A  (g)  is  the  limit  of  A  (g)  when  Cg  tend  to  Cf. 

Green’s  formula  may  be  applied  to  (2.17)  to  express  the  surface 
integral  as  a  contour  integral: 

1  "  3// 

(2.170  A(g)-ji:  Zlii^pde, 

^  0  Jf  tml  Ofi 


account  being  taken  of  the  harmonic  character  of  Hi{u,  v).  By 
a  formula  analogous  to  (2.3),  viz. 


and 


dHi 
^  dp 


(w  -  a0)F/(w) 


-h  * 


dHi 

de  ’ 


de 


dw 

tfw  -  0$)  ’ 
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this  Ijecomes 


_  1  /*  "  i  P  *  fill 

A(k)  ^  jzE  I  E  IIi{u,v)Fi\w)dw  -Y.  I  L  Ui-^  de. 

'■0  '■0 

The  indefinite  integral  for  the  second  term  being  the  uniform 

1  " 

function  -  Y  tl*,  this  term  vanishes;  and  then  using  the  expres- 
^<•1 

sion  (2.14)  for  Fi{w)  together  with  a  device  like  that  employed 
to  pass  from  (2.16o)  to  (2.16),  we  have 


Hi{u,  v)yP{z,  w)dzdw. 


If  now  we  perform  formally  the  limit  process  Cf  -*  Cf,  then 
w  ^  u  tv  describing  €$  approaches  to  f  describing  Cg,  and 
//i(tt,  r)  to  gfiiii),  so  that  we  get 


(2.18)  A{g) 


/  /  L  LfiM 

4T  a0Jc^Jcptm  1 


-  Odzdr. 


and  there  is,  in  fact,  no  essential  difficulty  in  establishing  the 
function-theoretic  validity  of  this  limit  process.”  It  must  be 
observed  that  the  double  integral  expressing  A{g)  is  improper, 
since  the  factor  P{t,  f),  as  we  shall  see  in  formulas  (3.4)  and  (4.6), 


becomes  infinite  like 


1 


for  z  *  f.  The  integral  is  defined, 
z  —  f  1  >  €  and  then  taking 


(z  -  f)* 

of  course,  by  integrating  first  with 
the  limit  as  «  -»  0.  The  integral  for  A{g),  on  the  other  hand,  is 
proper,  since  the  circles  Q  have  no  point  in  common  with  the 
circles  C,,  and  therefore  in  A{g)  always  z  ^  w. 


3.  The  Case  of  a  Single  Contour 

We  shall  now  apply  the  formulas  just  developed  to  the  case  of 
a  single  contour. 

Taking  C  to  be  the  unit  circumference,  the  Green’s  function 
«  Cf.  (I),  1 21. 
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for  R,  the  unit  circular  disc,  is  seen  to  be 
^ .  t  —  w 


(3.1)  G(x,  y;  M,  p)  «  9?  log 


*wo  —  1 


I  SU’o  —  1 


(notation:  the  subscript  0  denotes  the  conjugate  complex  quan¬ 
tity),  this  evidently  having  all  the  requisite  properties:  logarith¬ 
mically  singular  at  s  —  w,  regular  harmonic  everywhere  else, 


vanishing  for  |s|  »  1 


Hence,  by  (2.9),  (2.10)  and  (2.15): 


(3.2) 

5(s,  w)  *>  log  (s  —  tp). 

(3.3) 

(3.4) 

By  (2.13),  the  harmonic  surface  with  the  boundary  para¬ 
metrically  represented  by  x*  —  gi{t)  is 

(3.5)  Xi  -  9iF<(tr), 

The  constant  c  can  be  determined  by  putting  w  *  0;  according 
to  the  mean  value  property  of  harmonic  functions  we  have 

and  we  may  as  well  write 

since  F<(w)  is  determined  only  up  to  an  additive  pure  imaginary 
constant.  This  gives,  then, 
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and  therefore 


(3.6) 


1  C  /  X  *  + 


The  formulas  (2.16)  and  (2.18)  take  the  form 


(3.7)  Y  F:^{w) 

f-i 


dzdf 


wm  -  w)*  ’ 


It  will  be  noticed  that,  although  complex  quantities  enter  into 
the  expression  for  A{g),  the  value  of  that  functional  is  always 
positive  real. 

The  properties  of  A(g)  can  be  derived  exactly  as  in  our  first 
paper:  its  invariance  under  linear  fractional  transformation  of  z 
(generally  converting  the  unit  circle  into  a  different  circle),  its 
lower  semi-continuity — as  limit  of  the  continuous  functional  A  (g). 
which  tends  to  it  in  increasing  because  of  the  positive  integrand 
J(£  +  G):  hence,  by  Fr6chet’s  thesis,  the  minimum  of  i4(g) 
when  all  parametric  representations  of  the  given  contour  are 
considered  is  attained  for  a  certain  representation 


Xi  -  «<•(*), 


which  can  be  proved  to  be  a  "proper"  representation,  as  in  the 
cited  paper.  ' 

The  point  is  to  show  that  the  vanishing  of  the  first  variation 
of  A{g)  for  g  ~  g*  leads  to  the  condition  for  a  minimal  surface: 


Y  -  0. 

This  we  easily  do  by  means  of  the  special  variation 


(3.9) 
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u'  denoting  any  fixed  point  interior  to  the  unit  circle.  Now 
this  is  not,  without  further  discussion,  an  admissible  variation, 
since  it  does  not  convert  the  unit  circle  1*|  »  1  into  itself  at 
all,  let  alone  in  a  monotonic  continuous  way;  but  if  the  reader 
will  follow  us  through  the  next  calculations,  we  will  readily 
justify  the  use  of  this  variation  immediately  afterwards. 

VV’e  drop  all  terms  beyond  the  first  power  of  X: 


r'  -  2  + 


r'  -  f + 


i  -w' 


*'  ■  I '  “'f'  ■  I' 


(f  - «’)’ 


‘"'■'f '  -  I  >  - 


-  f'  -  (« -  »  1  - 


ds'd(' 

(*'  -  f')* 


(z  -  w)(f  -  w)  I" 


'  (*  -  f)*L  1  (*  -  (f  -  tt’)*  (*  -  wXf  -  I  J 


The  coefficient  of  X  is 


(- — *-V 

\x  —  w  ^  —  w  / 


and  we  have — what  is  the  fundamental  algebraic  identity  of  the 
calculations: 

1  1  z  -  ( 

(3.10)  z  —  w  —  u>  (z  —  w)({  —  w)  ’ 

thus 

^  (2'  -  n*  “  (*  -  f)*  (» -  -  «')*  ’ 

We  apply  the  transformation  (3.9)  to  ./4(g*),  and  expand  in 
powers  of  X.  According  to  (3.11),  this  expansion  begins: 

(3,u)  AU-) - X. 
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but  here  the  coefficient  of  \  is,  apart  from  a  numerical  factor,  the 

11 

same  as  the  expression  (3.7)  for  so  that  the  vanishing 

of  that  coefficient  gives 

(3.13)  £  Fi^'iw)  ~  0. 

<•1 

It  remains  only  to  justify  the  use  of  the  variation  (3.9).  Now, 
while  this  is  not  itself  an  admissible  variation,  it  is  expressible 
as  a  linear  combination  of  admissible  variations. 

If  w  denote  any  fixed  point  interior  to  the  unit  circle,  s  a  point 
moving  over  the  unit  circumference,  and  X  a  real  parameter,  then 

1 

*o(ro  -  tfo) 


1 


t{f  —  Uf) 


and 


are  conjugate  imaginary,  so  that 
1  1 


and  tX 


1 


-I- 


1 


*(2  —  w)  2«(Zo  —  Wo)  I  I  *(*  —  »o(*o  —  tTo) 

are  pure  imaginary.  Hence  the  transformations 


(3.14.) 

(3.14,) 


u 


(_! - L_) 

.“‘I  »(!-»)  / 


convert  points  on  the  unit  circumference  again  into  such  points. 
Furthermore,  for  X  «  0  these  transformations  reduce  to  the 

dt! 

identity,  for<  which  *  1  identically.  Therefore,  on  account 

of  the  uniform  continuity  of  all  the  functions  involved  in  X  and  2 

{w  fixed),  —  stays  positive  for  all  2  on  C  if  [x]  is  small  enough, 
as 

and  (3.14)  therefore  represents  for  |X|  sufficiently  small  a  mono¬ 
tonic  continuous  transformation  of  the  unit  circumference  into 
itself. 

If  the  transformation  (3.14)  is  applied  to  the  minimizing 
representing  representation  Xi  ■*  gi*(*),  then  A(g)  becomes  a 
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function  of  X,  i4|(X),  having  at  X  «  0  an  absolute  minimum  with 
respect  to  a  certain  interval  about  that  value.  i4i(X)  is,  further¬ 
more,  representable  as  a  power  series  in  X: 

^,(x)  -  -hxr, 

obtained  by  formal  expansion  after  the  substitution  (3.14i)  for 
r',  r';  the  function-theoretic  justification  is  by  easy  application  of 
classic  theorems  (Cauchy  appraisal  formula,  Weierstrass  double¬ 
series  theorem),  see  (I),  §§  13,  14.  From  the  minimum  property 
of  /li(X)  follows  the  vanishing  of  its  first  derivative: 

(3.15,)  -  0. 


Using  similarly  the  transformation  (3.14i),  we  get 

^*(x)  -  ^(g*)  +  txr, -f- 


and  consequently 


(3.15,) 


V,  -  0. 


Now  the  transformations  (3.14)  may  be  expanded  in  power 
$  series  of  X: 

1  z 


z'  -  z  -I-  X 


(3.16) 


Z  —  W  Zo(Zo  —  tCo) 


z'  -  z  -I-  tX  I  — - - h  ^ 


Z  —  W  Z«(Zo  —  tt’o) 


and  evidently,  as  far  as  the  formal  calculations  are  concerned, 
the  same  values  would  be  obtained  for  F,,  F,  if  we  broke  off 
(3.16)  after  the  first  F>ower  of  X: 


z' 

z' 


z  -I-  X 


1 


Z  —  W  Z,(Zo  —  Wo)  j  ’ 


*  + 


*X  — ^- 
z  — 


W  Zo(Zo  —  Wo) 


(infinitesimal  transformations). 

As  is  well-known,  any  linear  combination  of  these  infinitesimal 
transformations  will  give  for  the  formal  variation  the  same  linear 
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combination  of  Vi  and  Ki;  we  choose  as  linear  combination  one- 
half  the  sum: 


which  will  give  as  formal  variation 

V,), 

and  by  (3.15|)  and  (3.15i)  we  have  the  right  to  put  this  equal 
to  zero. 


4.  Formulas  for  the  Two-contour  Case 
The  region  R  on  which  the  minimal  surface  will  be  represented 
conformally  is  here  a  circular  ring,  with  bounding  circles  Ci  and 
Cf  of  radii  1  and  9,  0  <  9  <  1 . 

The  first  step  is  to  find  the  Green’s  function  for  this  region.'* 
We  write,  as  in  (2.2): 


(4.1)  G{x,  y;  u,v)  *  log  S{z;  w,  Wo)  “  log  |5(z;  w,  u’o)  | , 


and  |5(z)|  (to  emphasize  only  its  dependence  on  z)  must  be 
identically  equal  to  unity  on  Ci,  C*.  It  follows  by  the  Schwarz 
symmetry  principle,  since  S{z)  thus  converts  the  circles  Ci,  Ct 
in  the  z-plane  into  the  unit  circle  in  the  5-piane,  that  points 


inverse  to  the  circle  C\ 


or  to  the  circle  Ct 


values  of  5  inverse  to  the  unit  circle 
functional  equations 


{‘i) 


give 


e.  we  have  the 


(4.2) 


1. 


the  bar  as  well  as  the  subscript  0  denoting  the  conjugate  complex 
quantity. 

“The  developments  here  follow  Courant-Hilbert,  Methoden  der  Malke- 
matischen  Physik,  I,  rhap.  V,  i  12,  no.  10.  The  statement  that  the  formula 
there  deri>’ed  is  valid  also  for  complex  values  of  c,  the  “Aufpunkt,”  is  a  slip; 
the  conjugate  complex  quantity  c*  must  intervene. 
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Combining  the  inversions  in  Ci  and  Ct,  we  see  that  5  must 
therefore  take  the  same  value  at  all  the  points 

»,  q**x,  q**x,  •  •  • 
and  the  value  at  the  points 

•j* 

1  £l*  ... 

*  t  f  *  *  • 

Sp  So 

Now  to  give  G  the  requisite  logarithmic  singularity  at  w,  the 
function  5(r)  must  have  a  zero  at  that  point,  and  therefore  zeros 
at  all  the  points 

w,  q**w,  q**w,  •  •  • , 
and  poles  at  all  the  points 

1,?!.*.^*.  •••• 

Wt'  Wo  '  Wo  ' 


A  function  with  these  zeros  and  poles  is 


(1  -  Woz)  II  (1  -  g*"ji-o2)  f  1  -  — ^ 

M.l  \  WoZ/ 


Trying  to  see  how  far  F(z)  obeys  the  functional  equations 
(4.2),  we  find 


\Zo/  wwo 


F(z)F{'L 


We  can  easily  modify  F{z)  with  a  factor  az*,  a  and  b  real : 
S(z)  *  az*F{z), 


so  that  the  functional  equations  (4.2)  will  be  verified.  The 
calculations  are: 


^3^ 
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SO  that  we  have  for  the  determination  of  a,  b  the  equations 


- 1,  oV*  -  1. 

WWq  ’ 


giving 


a  «  (tttt’o)''*,  6  —  — 


log  IVWq 
2  log  g 


Hence  the  Green’s  function  (4.1)  for  the  circular  ring  is 
(4.3)  G{x,  y\u,v) 

3?  log 


log  ly 

w} 

iiii 

1  w  > 

|<ig  s^ 

m 

(1  -  Wo*)  (1  -  ?*"Wo*)  1 

f'--) 

k  «’o*  / 

of  the  predicted  form  (2.9); 


G{x,  y:  tt,  e)  »  log 


with 


^'l(*,  tt'o) 


(4.4)  .S(.,«.)  -  u..vS;(,  _  i)n  (,  _ 

(we  shall  not  need  Si(z,  Wo)). 

By  the  definitions  (2.10),  (2.15): 

r.,  ^  log  tc  1  •  o*" 

(4.5)  Z(.,u.).-^..-+E^ 


2  log? 


+i.(rrk-0 


(4.6)  P{t.  w)~  2  log  s  ■  TO  +  .5.  (f-f-  !»)■  ■  '>• 

The  harmonic  surface  with  the  boundaries 

Xi  -  gu(*),  X{  -  gu(s) 

is.  by  (2.13), 

(4.7)  X,  -  yiFi(w), 

Fiiw)  gu(s)Z(s,  w)dt  +  “^  J*  gti(r)Z(z,  w)dz  +  c<. 
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and  the  constant  can  be  determined  by  using  the  Laurent 
expansion  and  equating  constant  terms  on  both  sides  (it  will  be 
recalled  that  an  additive  pure  imaginary  constant  may  be 
neglected  in  F<(te),  since  that  has  no  effect  on  we  thus 

find 

\  r  ..dz 

We  repeat  also  the  formulas  (2.18),  (2.16),  where  to  abbreviate 
we  leave  implicit  the  dependence  of  P(z,  }")  on  g: 

P(z,  f)  -  P(z,  f\q). 

(4.8)  A{gx,  «*:  9)  “  ^  j  J*  j  i)dtdi 

+  2  f  f  i:  [gu(t)  -  i')dzdc 

*'c,  VC,  <-• 

+  r  f  E  [«**(*)  -  jJt.(f)?/*(*,  t)dzd{-  }  . 

VC,  vr,  <-i  ) 

(4.9)  Lf/\w) 

“  2^  {  X  X  S  ~  gnU)7P(‘>  «')P(f,  w)dzdc 

+  2  f  f  E  [gu(t)  -  gtiU)7P(^.  v>)P(i;,  w)dzdc 

•/c,  VC,  l-l 

+  f  r  £[«*.(*)- «t.(r)?^(*,tp)i’(f,w)da/f}. 

Vc,VC,l-l  j 

The  sense  of  integration  is  such  that  the  interior  of  the  circular 
ring  is  on  the  left:  counter-clockwise  on  C|,  clockwise  on  C|. 

5.  The  Functional  A  in  Terms  of  Fourier  Coefficients 

We  shall  find  useful  the  expression  of  i4(gi,  gt;  9)  in  terms  of 
the  Fourier  coefficients  of  gi  and  gt. 
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Substituting  in  (5.3): 

(5.4) 

(1  +  (T-Xa.,.*  +  +  »■,.’) 

,  4-  bi.mbt.m)  , 

'^2t.r  1-9*" 

a  quadratic  form  in  the  infinitude  of  Fourier  coefficients,  which 
when  9  ■■  0  reduces  to  that  found  in  (I),  §  21  for  i4(jf).  It  is 
understood  that  the  squares  and  products  above  are  scalar 
products  of  vectors: 


(5.5) 


Ol,, 


L  a  Urn*, 

tml 


Ol.nOt.OT 


^  OlinOliiii. 

<•1 


The  formula  (5.4)  is  valuable  in  enabling  us  to  study  the 
functional  i4  in  the  neighborhood  of  9  «  0  and  9*1. 

In  the  neighborhood  of  9  *  0,  we  get  an  expansion  consisting 
of  the  reciprocal  of  a  logarithm  followed  by  a  power  series: 

(5.6)  44(if,, /fi;  9)  -  i4(jji) -f  44(f,)  + 

—  2rq{ai,iat,t  -f  b\,ibt,i)  +  •••; 


evidently  in  case  a  ^  0  the  (positive)  term 


4ira* 

-  log  9 


is  dominant 


for  9  near  to  zero^ 

Writing  9  *  1  —  c,  we  find  that,  asymptotically  in  the  neigh¬ 
borhood  of  9  —  1, 


(5.7)  A(fii,gt;g) 


3Ta*  -I-  ^  f  E  [/:u(»)  -  gMJde 

_ ^  «/o  <-l 

1  -  9 


moreover,  this  asymptotic  expression  holds  uniformly  for  9  -»  1 
provided  the  contours  Fi,  Ft  remain  in  some  fixed  finite  region 
of  space.  If  d  >  0  denote  the  (minimum)  distance  between  F| 
and  Ft,  we  have  for  the  numerator  the  appraisal 
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r 


.MO 


We  shall  need  too  the  asymptotic  expression  derived  by 
differentiation  of  (5.7)  as  to  q:  for  9  ->  1, 


(5.8) 


gf-q) 


3wa*  +  l  f  E  [/fi.(®)  -  llu(ff)J*de  , 

^•/o  <-i 


dq  (1  -  q)* 

and  the  same  remark  as  to  uniformity  applies  here. 


6.  The  Minimizing  Representation 

Suppose  Riven  the  two  contours  Ti,  Fi,  Jordan  curves  not 
intersecting  one  another,  with  finite  m(ri,  Ft),  and 

(6.1)  ni(F,,  F,)  <  m(F,)  +  m(F,). 

We  shall  term  the  system 


(6.2)  [gu,  gti’, 

a  representation  of  the  contours,'*  putting  thus  in  evidence  their 
parametric  equations 

*<  ■  gu{*),  Xi  -  gu{z), 

as  well  as  q,  the  ratio  of  the  radii  of  the  concentric  circles  Ci,  Ci 
described  by  the  complex  variable  *. 

It  was  shown  in  (I)  that  the  totality  of  parametric  representa¬ 
tions  of  a  given  contour  is  compact  provided  we  introduce 
improper  and  degenerate  representations  as  follows: 

improper  of  the  first  kind,  a  point  of  C  corresponds  to  an  arc 
of  F  less  than  all  of  F; 

2°  impropei'  of  the  second  kind,  an  arc  of  C  less  than  all  of  C 
corresponds  to  a  point  of  F; 

3°  degenerate,  all  of  C  corresponds  to  a  point  of  F  and  all  of  F 
to  a  point  of  C. 

(Graphically,  with  a  C  and  F  axis,  the  proper  representations 
are  depicted  by  properly  monotonic  continuous  curves;  type  1® 
has  discontinuities  with  unequal  left  and  right  limits  and  a 
"  Either  Mnae  of  defcription  may  be  fixed  on  Fi,  Fi  and  the  theory  carried 
through  aeparately  for  each  choice  (there  are  etientially  two). 
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finite  jump  between  these  limits,  representing  the  arc  of  F  to 
which  the  point  of  discontinuity  on  C  corresponds;  type  2®  has 
intervals  of  constancy,  representing  the  arcs  of  C  which  corre¬ 
spond  to  single  points  of  F;  type  3®  is  represented  by  a  parallel 
to  the  C  axis  together  with  a  parallel  to  the  F  axis. 

The  range  of  9,  0  <  9  <  1,  is  not  compact,  but  becomes  so  if 
we  include  the  extreme  values:  0  £  9  £  1. 

As  extended  by  the  above  conventions,  the  comptjsite  elements 

(6.2)  form  a  compact  set. 

We  must  next  extend  to  the  improper  representations  the 
definitions  of  A{gi,  f*;  9).  First  we  see  that  if  9  —  0,  P{z,  f) 

reduces  to  7 — r; ,  and  (4.8)  then  becomes,  with  reference  to 
(z  -  f)* 

(3.8): 

(6.3)  A{gt,  gt\0)  -  A{gx)  +  A{gt), 

the  integral  over  CtCt  vanishing  since  Ct  reduces  to  a  point 
(whereas  the  integral  over  CjC*  is  independent  of  the  radius  of  Ct). 

For  9  ->  1  we  have  the  asymptotic  expression  (5.7)  with  the 
appraisal  (5.7'),  and  therefore 

(6.4)  i4(f,,  g,;  1)  ■  -h  «. 

For  an  improper  representation  of  the  first  kind  we  have 
A(gi,  g»;  9)  ->  -F  00,  for  then  the  integrand  in  the  integral  over 
CiCi  (or  CtCs)  is,  in  the  neighborhood  of  the  point  of  discon¬ 
tinuity,  asymptotically  equal  to 

/* 

(*-f)*’ 

where  /  >  0  is  the  length  of  the  chord  of  discontinuity,  and  the 
order  to  which  this  becomes  infinite  when  z  *  f  implies  the  value 
+  oe  for  the  integral. 

In  a  degenerate  representation  the  arc  of  discontinuity  is  the 
whole  contour,  e.g.  Fs,  and  its  chord  /  is  zero,  so  that  the  preceding 
argument  no  longer  applies.  There  is,  however,  little  trouble 
in  seeing  that  if  we  define  A(gi,  gti  9)  for  degenerate  representa¬ 
tions  by  lower  semi-continuity,  i.e.  as  limit  inferior  of  the  values 
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in  the  integral  over  C|Ci,  only  the  term 


1 


(6.6)  Aigi,  gt-,q)  *  min  A{gi)  +  min  Aigt)  + 

>  m(r,)  +  m(r,). 


-log? 


of  A  for  approaching  proper  representations;  then  for  a  repre.- 
sentation  degenerate  as  to  Pi: 

(6.5)  Aigu  gt\q)  >  Aigx)  +  min  i4(f,), 

whence 

(6.5')  A(gu  gt]  q)  >  m(r,)  -f  m(ri). 

Proof.  If  gtiiz)  tends  towards  a  point  a,  of  Pt,  then  in  (4.8), 


in  P{t,  f)  is 


(»  -  f)* 

effective,  and  gives  as  limit  inferior  min  i4(f»),  since  in  the  neigh¬ 
borhood  of  a  degenerate  representation  the  functional  A{gt) 
takes  its  whole  stock  of  values — for  by  linear  fractional' trans¬ 
formation  of  Cl,  not  affecting  A{gt),  any  representation  can  be 
brought  arbitrarily  close  to  a  degenerate  one  ((I),  §  6). 

The  remaining  terms  in  (4.8)  evidently  represent,  according 
to  the  derivation  of  that  formula,  one-half  the  Dirichlet  integral 
formed  for  the  harmonic  vector  function  in  the  circular  ring 
whose  boundary  values  are 

gu(t)  on  C|,  Oi  on  Ct. 

If  this  function  be  prolonged  as  the  constant  Oi  into  the  interior 
of  Cl,  then  we  have  a  piece-wise  analytic  function  in  the  interior 
of  C|,  and  the  Dirichlet  integral  for  this  function  is  the  same  as 
for  the  original  function  in  the  ring  C|Ci,  since  the  contribution 
of  the  constant  part  is  zero.  Now  the  Dirichlet  integral  for  the 
function  of  two  pieces  is,  by  a  well-known  theorem,  greater  than 
for  the  functiop  harmonic  throughout  the  interior  of  C|  with  the 
boundary  values  guiz),  i.e.  greater  than  A{gi).  Consequently 
we  have  (6.5),  and  therefrom  (6.5'). 

A  similar  argument  shows  that  if  the  representation  is  doubly 
degenerate,  into  a  point  Oi  for  Pi  and  for  Pi  with  distance  / 
necessarily  >  0,  then 

IT 
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Summarizing,  we  sec  that  for  9  *  0, 9  —  1,  and  for  all  improper 
representations  of  types  1®  and  3®,  we  have 

(6.7)  A(iu  gtl  q)  S  m(ri)  -f  m(ri)  >  w(ri,  Ft). 

It  is  impossible  therefore  that  the  minimum  value  m(ri,  Ff)  of 
A{gu  gi;  q)  be  attained  for  q  ^  0,  or  q  ^  I,  or  for  any  improper 
representation  of  type  1®  or  3®. 

It  remains  to  exclude  the  improper  representations  of  type  2®. 
This  is  easily  done  if  we  permit  ourselves  to  anticipate  the  proof 
in  the  next  section  (no  vicious  circle)  that  the  vanishing  of  the 
first  variation  of  Aiiu  gtl  q)  leads  to  the  condition 

£  -  0. 

1-1 

For  under  that  condition  it  can  be  shown  with  Schwarzian  sym¬ 
metry  as  in  (I),  §  18,  that  the  vector  function  'SUFiiw)  cannot 
reduce  to  a  constant  on  an  arc  of  C|  or  Ct  without  reducing 
identically  to  a  constant:  now  this  cannot  be,  for  F|  and  Ft  have 
no  point  in  common. 

That  the  functional  A{gi,  gt;  q)  is  lower  semi-continuous  results 
immediately  from  its  expression  (1.2)  as  an  integral  with  positive 
integrand.  It  follows  by  Fr6chet*s  thesis  that  the  minimum  of 
A{gu  gt  \  q)  on  the  compact  closed  set  [gi,  gt;  qf  is  attained:  and 
we  have  seen  that  this  cannot  be  for  an  improper  representation. 
Therefore  there  exists  a  proper  minimizing  representation 

Xi  -  gu®(*),  Xi  -  gti*{t) 

with  a  value  q*  of  q,  >  0  and  <  1. 

7.  Vanishing  of  the  First  Variation  of  /l(gi,  g*;?) 

We  have  now  to  show  that  the  vanishing  of  the  first  variation 
of  A  for  the  minimizing  representation  gives  the  condition 

£  Fi'^iw)  -  0 
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characteristic  of  a  minimal  surface. 

Playing  a  central  role  in  the  calculation  is  the  following 
identity: 


(7.1)  I  tc*P(*,  w)  -  -P(z,  f)  |r*Z,(*,  +  w) ) 

+tflZ(z,  w)Pf(z,  f)+Z(f,  w)P.(s,  f)j| 


whose  proof  we  postpone  to  the  next  section.  This  will  here  take 
the  place  of  the  much  simpler  identity  (3.10): 

1 _ 1_  ^  _  z  -  {■ 

Z  —  W  i  —  W  (z  —  —  w) 

of  the  one-contour  case.  It  amounts  to  the  Weierstrass  partial 
differential  equation  for  the  elliptic  function  ^(z;  u>i,  ut)  con¬ 
sidered  as  dei^ending  on  all  three  arguments.** 

We  apply  to  the  minimizing  representation  the  special  variation 

(7.2)  r'  *  *  -|-  Xz*Z(*,  w), 

whose  use  may.be  justified  exactly  as  was  that  of  (3.9) 


z  —  w 


in  the  one-contour  case.  Making  the  substitution  (7.2)  and  the 
same  substitution  for  f  in  the  expression  (4.8)  for  A(gi,  gt;  q), 
then  expanding  in  powers  of  X  and  equating  the  coefficient  of  the 
first  power  of  X  to  zero,  we  get 

(7.3)  0  -  E  f  r  E  [«.-*(*)  -  f;/H*(f)]* 

X  [P(*,  f)|z*z,(«,  w)  -I-  f*Zf(r,  tc)} 

-f  2P(z,  f){*Z(*,  w)  +  fZ(f,  tr)| 

+  z'P,{z,  f)Z(*,  w)  +  f*Pf(z,  f)Z(f,  w)'}izdi. 

“  See  C.  Jordan,  Cours  d' Analyse,  2d  ed.,  vol.  2,  p.  457. 
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Denoting  by  [  3  expression  in  the  scjuare  bracket,  we  have 
by  addition  with^the  identity  (7.1): 

-  «Z(f,  w){tP,{t,  f)  +  2P(t,  f)  +  iPfit,  f)| 

-|-fZ(f,  ir)|sP.(f,  f)  +  2P{t,  f)  +  iPf{z,  f)) 

+  r). 

2  dq. 

By  the  homogeneity  of  the  minus  second  degree  of  /*(«,  f),  the 
curved  brackets  vanish : 

tP,(s,  f)  4-  f)  -  -  2P(t.  r), 

so  that 

(7.4)  w^Piz,  w)PU,  «»)--[]  +  /*(*.  r). 

2  dq 

Now,  besides  (7.3),  expressing  the  vanishing  of  the  first  varia¬ 
tion  when  the  parametric  representations  of  Fi  and  Ft  are  varied, 
we  have  also  the  vanishing  of  the  partial  derivative  as  to  9  of 
^i.Zu  Zt  \  q)  for  the  minimizing  representation,  i.e. 

(7.5)  0-zff  i: [«-•(«) 

for  q  •  q*. 

Combining  (7.3)  and  (7.5)  by  means  of  (7.4),  we  obtain 

(7.6)  o~zf  f  i:Lgai*{z)  -  zti*ii)JPit,w)P(t,w)dzdi:, 

at  Jcm*'C0ial 

and  by  formula  (4.9)  this  is  the  same  as 

f;  Fi'^iw)  -  0. 

i>i 

8.  Proof  of  the  Fundamental  Identity 

To  complete  the  argument  it  remains  only  to  prove  the  funda¬ 
mental  identity  (7.1).  For  this  purpose  we  start  with 

_ w _  ^  1  I  9*"*  _  1 

(w  —  g^"z){w  —  g*"f)  5*"*  —  (tc  —  w  —  5*"FJ 

23  • 
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Squarinf^,  we  get 

U-* 


1  I 


(w  —  qr"z  —  [w  —  5*"r  w  —  9*"f  J 

and  introduction  of  the  factor  this  becomes,  after  simple 

transformations  of  the  exponents  of  q: 


(«•  —  ^"Z)*  (tt’  —  (2  —  ?*"  -‘"f)*  (U’  —  ^*"2)* 

^n~tm 

■  (2  -  ■  {w  -  9*-r)* 


Taking  the  derivative  with  respect  to  ic: 


(tr  —  ^"2)*  (u’  —  9*"r)*J 


1 

9 

W  —  ^*"2 

1 

(*  -  9*"-*"r) 

•  U'  — 

0  w: 

tm 

2^" 

1 

1 

(tt’  —  ^"2)* 

^n~tm 

2^" 

(2  - 

(tt’  - 

9*" 

(2  - 

(M’  -  <7*"2)* 

</*• 

(2  —  (w  —  3*’*n* 


In  this  formula  we  allow  the  indices  m,  n  to  vary  independently 
m  —  00  to  +  «  and  sum;  evidently  the  pairs  of  indices 
-  m,m  and  n  —  m,n  then  also  vary  independently  from  —  « 
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to  +  « ,  and  we  may  therefore  replace  them  in  the  summation 
simply  by  m,  n,  writing 

(8.1)  ^(t^-£  ^ 

^  I  «•(«’-  •  (tt'  - 


-**.E 

m 

-  f-E 

m 

+  •  L 

m 

-trz 


E 

2q*- 

(*-9*-f)*  T(W 

-  </*•*)» 

E 

2q*» 

(«  -  v*"f)*  «  (tf 

-  9*-f)* 

2</<"  r' 

9*" 

(S  -  n  (ur 

-  <7*-s)* 

2(/»- 

9*" 

(s  -  9*"f)*  ,  (w 

-  9*-^* 

Now,  if  for  the  moment  we  separate  the  logarithmic  term 
from  P{z,  f)  (formula  4.6),  writing 

f)  “  -  TT~  •  i  +  C?(*.  f). 


(?(*.  f)  -  E 


2  log  ? 


then  the  terms  of  (8.1)  are  simply  Q  and  its  derivatives: 

_  2<^ 


(?.(*.  f) 
f) 


E 

m 

E 


(*  -  9*-f)*’ 

2q*m 


^  (*  -  ?*"r)*  ’ 

accordingly  (8.1)  may  be  written: 

(8.1')  £;|tc*(?(*,tr)(?(f,ui)| 

-  -  **Q(*,  f)C,(«,  w)  -  f*C(*,  f)0r(f,  w) 

+  »rC(*,  w)Qfit,  f)  +  *fC(f,  w)C.(*,  f). 
If  then  we  substitute  back  in  this 

1  1 


Q(z,  r)  -  P(t,  f)  + 


2  log  5  rf  ’ 
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it  turns  out  that,  curiously  enough,  ive  get  the  same  identity  in  P\ 

(8.2)  ^  { u*P{z,  w)P{i,  w)  I 

-  -  z'P{t,  f)P.(z.  w)  -  r»P(z.  f)Pr(f.  w) 
+  ‘U))Pf{z,  f)  +  w)P.{z,  f). 

The  principle  (X)int  in  the  calculation  is  the  cancellation  of 
tu<P{z,  w)  -H  fifPCf,  w)  -I-  zu*P„(z,  w)  +  w) 

on  the  left,  with 


zfPft,  f)  -  zhvP.iz,  w)  +  zfP(z,  f)  -  f*tcPf(f,  tc) 

-  zwPiz,  w)  -H  zf*Pf(*,  f)  -  rtcP(f,  w)  +  z*CP,iz,  f) 

on  the  right,  in  virtue  of  the  Euler  equation  for  the  homogeneous 
function  P  of  degree  —  2: 

zP.it,  f)  +  fPf(r.  f)  +  2P(z.  f)  -  0. 

with  the  analogous  equations  in  z,  w  and  f,  w. 

Next,  we  integrate  both  sides  of  (8.2)  as  to  w,  and  get 

ic*P(r,  tc)P(f,  tc)  -  -  z*P(z,  C)Z,(z,  w)  -  i'Piz,  f)Zf(f,  w) 

+  *fZ(*,  w)Pfiz,  f)  -f  *fZ(f,  w)P.(*,  f) 

+  f)» 


the  last  term  being  the  constant  of  integration.  It  can  be 
evaluated  by  identifying  the  constant  terms  in  the  Laurent 
expansion  as  to  w  of  the  two  members  of  the  equation ;  with  the 
use  of  the  Liurent  expansion  of  P(z,  f): 


Pit,  r)  *  "T  L  1 — •  t;;  ( for “  0*  \ — "i::, 

zf.ri,  1-9*"  r"  \  1-9*" 

we  thus  find 

^(*.  r)  - 


1 

2  log  9 


)• 


and  have  the  desired  identity  (7.1). 
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9.  Interlacing  Contours 

Let  gi  minimize  the  functional  A(g)  for  the  contour  Fi  and  gt 
for  the  contour  Pi;  then  gi  and  gt  determine  respectively  a  mini- 
'  mal  surface  Mi  bounded  by  Pi  and  a  minimal  surface  Mt  bounded 
by  P|.  Without  alteration  of  Mi  or  Mt,  gi  and  gt  are  each  subject 

at  b 

to  arbitrary  linear  transformation  z  —  - ^  of  the  circles  Ci 

^  cx  +  d 

and  Ct  into  themselves  respectively.  We  can  adjust  the  three 
constants  involved  so  that  any  chosen  point  and  (sensed)  direc¬ 
tion  on  Ml  correspond  by  the  equations  of  Mi,  jc<  *  ^tFniw),  to 
the  origin  tt'  «  0  and  the  direction  of  the  positive  real  axis;  and 
similarly  for  Mt. 

By  the  expansion  “ 

^  +  (om  -  ibui)w  +  (o,j,  -  ibut)vF  +  •  •  •, 

we  see  that  the  point  w  >  0  and  the  unit  vector  in  the  direction 
.  of  the  positive  real  axis  go  over,  by  the  equations  of  Mu  respec- 
^  tively  into  the  point  P  of  coordinates 

P:  f,jf  hMd, 

and  the  vector  am;  the  unit  vector  along  the  imaginary  axis  is 
converted  into  the  vector  bm  perpendicular  to  am;  both  these 
vectors  have  the  same  length  mi' 

M.  -  VE(aH.)*  - 

1  I  < 

representing  the  linear  stretching  factor  of  the  conformal  trans¬ 
formation  from  the  circular  disc  to  the  minimal  surface.  We 
suppose  Ml  >  0.  Under  this  condition  the  point  P  is  called 
regular;  otherwise  it  is  singular.  The  singular  points  are  neces¬ 
sarily  isolated ;  there  are  at  most  a  finite  number  of  them  in  any 
region  contained  with  its  boundary  in  the  interior  of  Mu 
**  Refer  back  to  i  5  for  the  notation  of  Fourier  coefficients. 


'p' 


•t 

\\ 


A 
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Suppose  now  that  the  minimal  surfaces  Mi  and  M%  have  a 
point  P  in  common  that  is  regular  for  both  of  them : 

E  E  >0. 

1.1  1.1 

We  can  then  dispose  of  two  of  the  constants  involved  in  gi,  gt 
respectively  to  make  P  correspond  to  w  -  0  on  both  M\  and  A/*; 
thus 

(9.1)  ^  jT  lum9  -  ^  jf  iii(W 

We  next  make  the  supposition  that  the  tangent  planes  at  P  to 
Ml  and  Mt  are  not  absolutely  perpendicular.  Absolutely  per¬ 
pendicular  means  that  every  direction  in  the  one  is  perpendicular 
to  every  direction  in  the  other.  This  supposition  may  be 
omitted  if  we  restrict  the  problem  to  three-dimensional  space, 
being  then  satisfied  of  itself. 

Let  then  two  directions  making  with  one  another  an  angle 

o  <  ^  be  selected  respectively  in  the  tangent  planes  at  P\  by 

making  use  of  the  third  arbitrary  constant  in  fi,  ft  we  can  arrange 
that  the  vectors  oki,  Oiii  take  these  prescribed  directions;  then 
their  scalar  product 

(9.2)  ^aiiiOtii  ■>  Mi><iC08a  >  0. 

With  a  possible  reflection  in  the  real  axis,  we  can  then  arrange 

that  the  vectors  5in,  bu\  make  with  each  other  an  angle  P 

$  ^ 

so  that 

(9.2')  E^ui^m  “  S  0; 

« 

hence  with  (9.2): 

(9.3)  ^(oiiiOiii  +  biiibui)  >  0. 

Thus  the  coefficient  of  q  in  the  expansion  (5.6)  is  negative, 
strictly  <  0.  But  also,  by  (9.1)  o  —  0  (refer  to  5.2),  so  that 
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the  term  containing  the  reciprocal  of  —  log  9  disappears  and 
the  term  in  q  becomes  dominant  for  all  sufficiently  small  q\ 
therefore  for  q  small  enough : 

A(ii,  h:  9)  <  ^(it)  -I-  A(g,)  -  m(ri)  +  m(ri). 

Consequently, 

m(r,.  r.)  <  m(r,)  +  m(r,), 

our  basic  sufficient  condition,  and  we  have  the  following  theorem: 

Theorem  II.  In  euclidean  space  of  n  dimensions,  let  Fi,  Ff  be 
two  Jordan  curves  which  do  not  intersect  one  another  arid  for  which 
wfFi,  F|)  is  finite. 

If  the  minimal  surfaces  M\  and  Mt  determined  by  F|  and  Fi 
lahen  separately  have  in  common  a  point  P  that  is  regular  for  both 
of  them  and  where  the  tangent  planes  to  Mi  and  Mt  are  not  absolutely 
perpendicular,  then  there  exists  a  doubly  connected  minimal  surface 
Mil  bounded  by  Fi  and  Ft. 

The  area  of  Mu  is  less  than  the  sum  of  the  areas  of  Mi  and  M|. 

As  has  been  remarked,  in  the  most  important  case  n  —  3  the 
condition  that  the  tangent  planes  be  not  absolutely  perpendicular 
is  satisfied  automatically,  and  may  be  omitted  from  the  statement 
of  the  theorem. 

An  interesting  and  immediate  corollary  of  this  theorem  refers 
to  the  case  when  the  two  contours  interlace.  It  is  evident,  as 
a  matter  of  topology,  that  the  surfaces  M|  and  Mt  then  have  in 
common  a  point  P,  non-singular  because  it  may  be  taken  any¬ 
where  on  the  (analytic)  curve  of  intersection  of  M|  and  M|, 
whereas  the  singular  points  of  these  surfaces  are  isolated.  Hence: 

Theorem  III.  In  three-dimensional  euclidean  space,  let  F|  and 
Ft  be  Jordan  curves  with  finite  m(Fi,  Ft)  which  interlace. 

Then  Fi  and  Ft  are  the  boundaries  of  a  doubly-connected  minimal 
surface. 

The  area  of  this  surface  is  less  than  the  sum  of  the  areas  of  the 
simply-connected  minimal  surfaces  determined  by  Fi  and  Ft  sepa¬ 
rately. 
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10,  Conformal  Mapping 

The  conformal  mapping  of  a  doubly-connected  plane  region 
lK)unded  by  two  Jordan  curves  on  a  circular  ring  is  nothing  but 
the  special  case  «  —  2  of  the  preceding  theory. 

That  a  Jordan  curve  in  the  plane  has  hnite  m(r)  is  known 
from  (I),  §24;  in  fact,  m{r)  is  equal  to  the  inner  area  of  the 
region  enclosed  by  F  (upper  bound  of  the  areas  of  polygons 
which,  with  their  boundaries,  lie  in  the  interior  of  the  region). 
Hence  m(ri,  Fi)  £  »i(Fi)  +  m(F|)  is  finite. 

The  minimal  surfaces  Mi  and  Mt  of  Theorem  II  are  here 
simply  the  plane  regions  enclosed  by  Fj  and  by  Ft,  so  that  all 
the  hypotheses  of  that  theorem  are  satisfied  if  we  take  for  P 
any  point  interior  to  the  region  enclosed  by  the  inner  contour  F|. 

Therefore  we  can  conclude  the  existence  of  two  harmonic 
functions 

(10.1)  jfi  -  9?Fi(w),  *1  -  9iF|(tc), 

where  Fi  and  Ft  are  homomorphic  in  the  interior  of  a  certain 
circular  ring  Ci,  Ct  and  obey  there  identically  the  relation 

(10'.2)  Fi'^iw)  +  Ft'^iw)  -  0. 

Moreover,  the  transformation  (10.1),  from  w  to  (xi,  Xt)  remains 
continuous  on  the  boundaries  Ci,  Ct  and  converts  them  in  a  topo¬ 
logical  way  into  F|  and  Ft. 

The  condition  (10.2)  implies  that  the  functions  (10.1)  are  con¬ 
jugate  harmonic,  so  that 

(10.3)  jci  +  txt  -  f’(tt'), 

monogenic  and  regular  in  the  circular  ring.  From  the  fact  that 
F{w)  converts  the  bounding  circles  in  a  one-one  continuous  way 
into  Fi,  Ft,  it  follows  by  elementary  facts  of  complex  function 
theory  (I,  §  23)  that  F{w)  establishes  a  one-one  and  conformal 
map  (no  singularities,  F\w)  f*  0)  between  the  circular  ring  and 
the  ring  between  F|  and  Ft. 


~~'y. 
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Thus  we  have  a  result  combining  the  classic  conformal  mapping 
theorem  of  Schottky  relating  to  the  interiors  of  doubly-connected 
regions  with  the  theorem  of  ()sg(K)d  relating  to  the  behavior  of 
the  conformal  map  on  the  boundaries. 

We  summarize  as  follows: 

Theorem  IV'.  Let  Fi,  Ft  denote  any  two  Jordan  curves  in  the 
phne  which  enclose  between  them  a  region  R.  In  the  equations 

Z  -  gi{z),  Z  -  ui(*), 

where  Z  and  z  denote  complex  variables,  let  Z  describe  Fi,  F*  respec^ 
tively  when  z  describes  the  two  concentric  circles  Ci,  Ci:  |z|  —  1, 

1  z  I  —  5  with  0  <  q  <  1 , 

The  range  of  values  oj  the  functional 

f  f  l«.W  -  ccnl’n*.  f,q)dtd(. 

mf  Jc^  Jc0 

when  all  parametric  representations  jji,  gf  of  Fi,  Ft  and  all  values 
f  of  q  are  considered,  will  consist  exactly  of  all  positive  real  numbers 

2  the  inner  area  of  the  region  R.  This  minimum  value  will  be 
attained  for  a  certain  {essentially  uniquely  determined)  parametric 
representation 

Z  -  Z  -  gt*{z) 

together  with  a  unique  value  q*  of  q. 

Then  the  integral  formula  of  Cauchy: 

"  2ri  Jc^  z  -  w  2vi  Jc,  *  -  a> 

defines  a  conformal  transformation  w  -*  W  of  the  circular  ring 
between  Ci  and  C\  into  the  region  R  between  F|  and  Ft;  and  this 
conformal  transformation  attaches  continuously  to  the  topological 
correspondence  gt*,  gt*  between  the  boundaries. 
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II.  Arbitrary  Jordan  Contours 
If  we  separate  from  the  expansion  (4.6)  of  P{t,  f)  the  term 


I 


(*  -  f)* 


,  writing 


(11.1)  p{t,  r)  -  (,—7)1  -t-  D. 


(ii.r)  /?(*.  f)-- 


1 


2\^^q  *f 


the  accent  attached  to  the  summation  sign  indicating  that  m  is 
not  to  take  the  value  zero;  then,  for  q  bounded  away  from  1, 
the  function  /?(*,  f)  stays  finite  as  *,  f  vary  independently  over 
the  circles  Ci,  Ct,  and  we  are  led  to  write 


(11.2)  Aigugt;q)  -  >I(fi)  +  >IGii)  -  Bigugtiq), 

or 

(11.2')  B(gi,gt;q)  -  A{gx)  +  /l(jfi)  -  ^(gi.g«:s), 
with 

(11.2")  B(g,,g,:g)  ~  ~  f  f  L  [gmi(x)  -  gMJ 

m0  •JCf,  *'V0  I— I 

X  /?(*,  (:q)dtd!: 


dtdj 
1)' 


B  may  lie  called  the  finite  part  of  the  functional  A,  for  such 
is  its  character,  since  its  integrand  stays  bounded  provided  q  is 
Imunded  away  from  1;  only  the  terms  i4(|'i),  A(gt)  can  cause 
the  value  of  A(gi,  gt’,  q)  to  be  infinite.  B  is  moreover  a  con* 
tinuous  functional,  since  the  boundedness  of  its  integrand  is 
uniform  provided  the  contours  Pi,  Pi  remain  in  a  fixed  finite 
region  of  spiace. 

By  these  remarks  we  see  that  if  either  Aigi)  or  A{gt)  is  iden¬ 
tically  +  I  so  also  is  A  (gt,  gt’,q),  and  conversely:  in  other  words, 
if  either  m(Pi)  or  w(Pi)  —  -f  qo,  then  m(P|,  Pi)  —  +  «,  and 
conversely. 
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The  problem  now  is  to  extend  the  preceding  existence  theory 
to  the  case  w(ri,  I'l)  —  -f-  ae .  To  this  end  we  introduce  first  the 
functional  of  two  contours 

(11.3)  e(r,.  r,)  -  m(r,)  +  m(r,)  -  m(r„  r.), 

defined  by  this  formula  for  all  pairs  of  contours  with  finite 
rnffi,  Ft);  we  have  seen,  relation  (1.4),  that  always  e(ri,  Ft)  2  0. 
Based  on  this,  we  then  define 

(11.4)  ?(F,,  F,)  -  lim  sup  e(F/,  F,') 

when  F/,  F/,  contours  with  finite  m(F/,  Fi'),  approach  Fi,  Fi 
in  all  the  possible  ways.’*  The  functional  2(F|,  Ft)  is  thus  well* 
defined  for  every  pair  of  contours,  irrespective  of  whether 
m(Fi,  Ft)  is  finite  or  infinite;  and  always  2(F|,  Ft)  2  0. 

We  can  now  state 

Theorem  V.  Any  hvo  Jordan  curves  Fi,  Ft,  not  intersecting  one 
another,  for  which 

«(F„  Ft)  >  0 

are  the  boundaries  of  a  doubly-connected  minimal  surface. 

As  a  preliminary  to  the  proof,  we  develop  certain  inequalities 
(11.5,  11.6)  for  the  case  of  finite  m(F|,  F|).  Consider  the  mini¬ 
mizing  representation  g,*,  gt*;  q*  of  A{gi,  g,;  q)  and  also  gi,  it 
which  respectively  minimize  Aijg)  for  Fi  and  for  Ft.  By  (11.2')i 

B{g,\  gi*i  q*)  -  A(g,*)  +  A{gr)  -  A{gt*,  gt*-,  q*), 

B(gi,  gt’,  <i)  -  ^(ii)  -f  A(gt)  -  >l(ii,  it:  g). 

■*  If,  for  instance,  Fi,  Ft  are  respectively  the  outer  and  inner  boundaries  of 
a  ring-shape<l  plane  region,  and  Ft  (the  curve,  or  thread,  itself)  has  positive 
area  a,  so  that  the  inner  and  outer  areas  /,  O  of  the  region  interior  to  Ft  differ 
by  a;  then,  as  is  easy  to  see, 

i(Fi,  F|)  «  lim  sup  s(Fi',  Ft')  ■■  20, 

{(F„  F.)  -  lim  inf  «(F,',  F,')  -  21, 
e(F„  F.)  -  /  -f-  O. 

The  approaching  contours  F/,  F/  are  supposed  to  remain  in  the  plane. 
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In  the  first  of  these  formulas,  the  negative  term  has  its  mini* 
mum  value,  while  the  positive  terms  are  2  their  minimum 
values;  hence 

(11.5)  2  m(r,)  +  m(r,)  -  m(r.,  r,)  -  e(r,.  r,). 

In  the  second  formula,  the  positive  terms  have  their  minimum 
values,  while  the  negative  term  is  2  its  minimum:  hence,  for 
all  q, 

(11.6)  BQu  it:  q)  £  w(r,)  +  m(r,)  -  m(r,.  r,)  -  e(r„  r,). 

Let  r/,  I'l'  be  a  variable  pair  of  contours  with  finite  mfr/,  F/) 
tending  to  Ft,  Ft  and  such  that  m(F/,  F/)  tends  to  its  superior 
limit: 

(11.7)  lim  c(F/,  F,')  -  ?(F,.  F,)  >  0. 

Then  at  every  stage  in  its  variation  F/,  Fi'  has  a  minimizing 
representation  'gi*,  'gi*;  By  the  compactness  of  the  totality 
of  parametric  representations  of  a  given  contour,  as  used  in  (I), 
(  19,  we  can  select  a  sub-sequence  of  F/,  F|'  so  that  'gi*  and  'gt* 
tend  respectively  to  proper,  improper  or  degenerate  representa¬ 
tions  and  gt”  of  F|  and  Ft,  while  'q*  tends  to  a  limit  90  ~  0 
and  £  1. 

We  must  first  exclude  the  possibility  of  the  extreme  values  0 
and  1  for  qt. 

To  obviate  the  possibility  90  ■  0,  we  observe  that,  since  'gi*, 
'gt*  remain  uniformly  bounded,  then  if  '9*  ->  0,  we  have  by 

(11.2"),  (11. r). 

'  BCgi*,'g,*/q*)-*0 

(the  last  term  in  (11.2")  approaching  to  zero  because  the  circle 
C't  of  radius  '9*  shrinks  to  a  point).  According  to  this,  it  would 
follow  from  (11.5)  that  the  non-negative  quantity  e(Fi',  F|') 
approaches  to  zero;  i.e.  by  (11.7), 

<(F„  F.)  -  0, 


contrary  to  hypothesis. 
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To  eliminate  90  *  1,  we  remark  that  'q*  is  a  root  of  the 
e<]uation 


q) 

dq 


0. 


1: 


and  by  (5.8)  we  have  for  q  ■ 

3V  +  J  pi:  ['«.*(»)  -  W9)?>ie 

Ja  f.i 


V(v) 


(1  -  </)* 


moreover,  this  asymptotic  expression  applies  uniformly  to  all  the 
contour-pairs  P/,  Pi'  since  these  remain  in  a  hnite  region  of 
space.  I^t  d  >  0  denote  the  distance  between  Pi  and  P»,  and 
di  any  positive  value  <  d;  then  from  a  certain  stage  on  in  the 
variation  of  P/,  P*'  we  have 


V(9)  > 


irdi* 

(I  -  V)*’ 


which  makes  it  impossible  for  VC?)  to  have  a  rcxit  tending  to  1. 
Thus  is  >  <  li  and. gives  a  proper  circular  ring  Ci,  Cy. 

The  harmonic  functions  xi  —  in  this  circular  ring  with 

the  boundary  values  ki",  must  obey  the  condition  for  a 
minimal  surface: 

E  Ft*(w)  -  0, 

!•! 


since  they  are  the  limits  of  functions  always  ot)eying  this  condi¬ 
tion. 

That  the  representations  /fi“,  /ft"  cannot  be  improper  results 
by  the  same  arguments  as  in  (I),  18,  20.  First,  /fi°,  jfi°  cannot 

be  improper  of  types  2°  or  3^  (see  §  6),  for,  as  has  been  said. 

n 

under  the  condition  E  Fi*{u')  ■  0,  the  vector  function  !!RF<(u») 

i>i 

cannot  reduce  to  a  constant  on  an  arc  of  Ci  or  Ct  without  reducing 
to  a  constant  identically;  now  this  cannot  be,  because  the  con¬ 
tours  P|,  Pf  are  supposed  to  have  no  point  in  common. 
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The  possibility  of  jji*  or  being  improper  of  type  1*  can  be 
ruled  out,  as  in  (I),  §  20,  by  an  inversion  of  the  circular  ring 
with  respect  to  a  circle  orthogonal  to  the  one  which  carries  the 
supposed  point  P  of  discontinuity,  for  instance  C\.  If  the  circle 
of  inversion,  always  remaining  orthogonal  to  C|,  shrinks  towards 
the  point  P,  then  Ct  shrinks  towards  the  same  point,  and  its 
contribution  to  the  value  of  the  harmonic  function 
becomes  less  and  less  indefinitely,  so  that  we  have  essentially 
the  same  situation  as  in  the  one-contour  case. 

In  sum,  we  have  proved  Theorem  V. 


As  a  corollary  to  Theorem  V,  we  conclude  by  extending 
Theorems  II  and  III  to  arbitrary  Jordan  contours. 

It  is  first  to  be  remarked  that  from  the  inequality  (11.6),  estab¬ 
lished  for  finite  mfPi,  Ft),  we  can  easily  deduce 


(11.8) 


Bih,  hi  q)s  2(r„  r,) 


for  all  q,  applicable  also  in  the  case  of  infinite  m(ri,  I'l),  provided 
h  ace  interpreted  as  representations  of  Pi,  Pi  which  give  the 
minimal  surfaces  A/i  and  A/’t  determined  by  P|  and  Pi  separately; 
the  existence  of  gi,  h  was  proved  in  (I),  Part  II.  For  we  can 
arrange  a  sequence  of  contours  P/,  Pi'  with  finite  m(Pi',  Pi'), 
tending  to  P|,  Pi  and  such  that 


lim  e(P,',  Pi')  -  «(P„  Pi), 


while  the  separate  minimizing  representations  '|i,  'gt  of  I'/,  P/ 
tend  to  |i.  It.  Then  because  the  functional  B  is  continuous. 


lim  B{'gu  'hi  q)  -  Bill,  «i;  q) 


for  any  fixed  q.  But  since  always  during  the  limit  process,  by 

(11.6), 

BCh.  'hi  a)  s  «(r,'.  Pi'), 

it  follows  that 


(11.8)  5(|„|i;g)  2  2(P„  Pi) 

for  all  q,  which  was  to  be  proved. 
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Now  if  the  minimal  surfaces  Mt,  Mt  have  a  regular  point  in 
common,  where  the  tangent  planes  are  not  absolutely  perpen¬ 
dicular,  then,  exactly  as  in  §  9,  with  simply  our  new  notation  B, 
i.e.: 

4FOt* 

gi'.q)  ^  +  2ir?(oi.iat.t  +  6i.i*i.i)  +  •  •  • 

(being  (5.6)  rewritten  in  accordance  with  (11.2)),  we  have 
^(2i.  Ii:  q)  >  0 

for  all  sufficiently  small  q.  Hence  by  (11.8),  e(ri,  F*)  >  0,  the 
sufficient  condition  of  Theorem  V,  and  we  therefore  have: 

Theorem  VI.  In  euclidean  space  of  n  dimensions,  let  Ft,  F* 
be  two  Jordan  curves  which  do  not  intersect  one  another. 

If  the  minimal  surfaces  Mi  and  Afj  determined  by  Fi  and  Fi 
taken  separately  have  in  common  a  point  P  that  is  regular  for  both 
of  them  and  where  the  tangent  planes  to  Mi  and  Mi  are  not  abso¬ 
lutely  perpendicular,  then  there  exists  a  doubly-connected  minimal 
surface  Mu  bounded  by  F|  and  F|. 

In  the  most  important  case  n  »  3  the  condition  that  the 
tangent  planes  at  P  be  not  absolutely  fierpendicular  is  satisfied 
of  itself  and  may  be  omitted  from  the  statement  of  the  theorem. 

As  an  immediate  corollary  to  Theorem  VI  there  follows,  as  in 
§  9,  the  following  theorem  with  respect  to  interlacing  contours. 

Theorem  VII.  In  three-dimensional  euclidean  space,  let  F| 
and  Fi  be  any  two  Jordan  curves  which  interlace. 

Then  Fj,  Fi  are  the  boundaries  of  a  doubly-connected  minimal 
surface. 
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